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Abstract

A reactive system is a system that continuously interacts with its (uncontrollable)
environment. Controllers for reactive systems are notoriously difficult to design,
due to the possibly infinite behaviours that the environment may exhibit. This
motivates the need for approaches to automatically design controllers. Reactive
synthesis allows one to obtain a correct-by-construction controller automatically
from a formal specification. The synthesis problem can be solved by means
of a game-theoretic approach: we model the interaction of the system and the
environment as a game and compute well-performing strategies of the system
in this game. A strategy of the system player in such a game is the formal
counterpart of a controller of the system.

A central question is to understand how complex strategies must be to
enforce specifications. A classical representation of a strategy is via a Mealy
machine, i.e., a finite automaton with outputs along its transitions. This model
is used to define a classical measure of strategy complexity: the size of the
smallest Mealy machine inducing it. This is known as the memory of the
strategy. We explore different visions of strategy complexity: starting from
this classical model, moving on to randomisation and finally to alternative
representations.

First, we consider strategy complexity in the memory framework in multi-
player turn-based games played on deterministic graphs. We consider multi-
player games with (variants of) reachability objectives, and focus on Nash
equilibria, a classical solution concept in multi-player games. We study the
sufficient amount of memory to design Nash equilibria in which a given set of

players win. We obtain that the memory needed in games with reachability
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objectives for such Nash equilibria depends only on the number of players, and
that finite memory suffices if all players aim to visit their targets infinitely often
rather than only once.

Second, we consider randomisation in strategies. Randomisation is useful to
balance different goals or to hide one’s intentions from others. Randomisation in
strategies can be integrated into decision making in different ways. With mized
strategies, one tosses a coin at the start of a play to select a deterministic strategy
(possibly among infinitely many), and follows this strategy for the entire play.
With behavioural strategies, one tosses a coin at each step to select an action.
Kuhn’s theorem, a seminal result in game theory, asserts the equivalence of
these two models of randomisation in a broad class of games, called games with
perfect recall. We investigate an analogue of Kuhn’s theorem for finite-memory
strategies: we classify the different variants of randomised strategies based on
stochastic Mealy machines with respect to their expressiveness and obtain a
hierarchy of randomised finite-memory strategies.

As all models of randomisation do not share the same expressiveness, it
yields another measure of strategy complexity. This measure is not directly
related to memory requirements: there can be a trade-off between memory
and randomisation requirements in general. We thus investigate randomisation
requirements in a setting in which randomisation is required: Markov decision
processes (MDPs) with multiple objectives. An MDP is a one-player game where
the environment is fully stochastic. Each strategy in an MDP with multiple
objectives yields a vector of expected payoffs: we investigate the structure of
the set of such expectation vectors under all strategies. We obtain that in
this setting, under wide-ranging assumptions, a limited form of randomisation

suffices.

Finally, we study an alternative representation of strategies in a class of
infinite-state MDPs. We study one-counter MDPs: finite MDPs augmented
with a counter that can be decremented, incremented, or left unchanged on
each transition. In this setting, strategies with no memory need not admit a
finite representation. We consider a natural class of counter-based strategies
that admit finite representations based on partitions of counter values into
intervals. For two reachability-based objectives, we provide PSPACE algorithms
to solve the problem of checking whether a strategy enforces the objective



iii

with high enough probability and to solve the problem of determining whether
there exists a well-performing strategy whose representation satisfies constraints
either its structure.

Our results highlight the multi-dimensional nature of strategy complexity.
We explore several of these dimensions with the goal of providing building

blocks for an extensive framework of strategy complexity.






Résumé

Un systéme réactif est un systéme qui maintient une interaction continue avec
son environnement incontrélable. Les contréleurs pour des systémes réactifs
sont particuliérement difficiles & concevoir, au vu du nombre potentiellement
infini de comportements que ’environnement peut adopter. Cette difficulté
motive le besoin d’approches pour automatiquement concevoir des contrdleurs
pour des systémes réactifs. La synthése réactive est une approche automatique
qui permet d’obtenir un bon contréleur & partir d’une spécification formelle.
Le probléme de synthése peut étre résolu au moyen d’une approche basée sur
la théorie des jeuzr : linteraction du systéme et de son environnement est
modélisée par le biais d’un jeu et on y calcule des stratégies performantes du
joueur systéme. Une stratégie de ce joueur correspond a un modéle formel d’un
contréleur du systéme.

Une question centrale est de comprendre a quel point les stratégies doivent
étre complexes pour satisfaire des spécifications. Une fagon classique de représen-
ter une stratégie peut se faire par le biais d’'une machine de Mealy, c’est-a-dire
un automate fini avec des sorties sur ses transitions. Ce modéle permet égale-
ment de définir une mesure classique de complexité pour les stratégies : la
mémoire de la stratégie, quantifiée par la taille de la plus petite machine de
Mealy induisant la stratégie. Dans ce manuscrit, on considére différentes visions
de complexité des stratégies : le modéle classique de mémoire, ’aléatoire dans
la prise de décision et, finalement, les représentations alternatives de stratégies.

Tout d’abord, on étudie la complexité des stratégies par le biais de la
mémoire dans des jeux multi-joueurs joués sur des graphes déterministes. On

considére les équilibres de Nash dans des jeux avec des variantes d’objectifs
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d’accessibilité. On étudie la quantité de mémoire suffisante pour construire
un équilibre de Nash dans lequel un sous-ensemble donné de joueurs gagne.
On montre que la mémoire suffisante dans les jeux d’accessibilité pour de tels
équilibres de Nash ne dépend que du nombre de joueurs, et qu’il suffit d’avoir
de la mémoire finie si I’objectif de tous les joueurs est d’atteindre leur cible

infiniment souvent plutét qu’une seule fois.

Ensuite, on s’intéresse a ’aléatoire dans les stratégies. Intégrer de 1'aléatoire
dans ses décisions permet, par exemple, de cacher ses intentions a ses adversaires,
et cette intégration peut se faire de diverses maniéres. D’une part, avec une
stratégie mizte, on tire au sort une stratégie déterministe au début d’une partie
(parmi un ensemble potentiellement infini) que 'on suit pour U'intégralité de la
partie. D’autre part, avec une stratégie comportementale, on tire au sort une
action a chaque étape de la partie. Un théoréme célébre de Kuhn affirme que
ces deux classes de stratégies aléatoires sont équivalentes dans une grande classe
de jeux. On propose un analogue au théoréme de Kuhn pour les stratégies a
mémoire finie : on fournit une hiérarchie des différentes variantes des stratégies
aléatoires basées sur des machines de Mealy selon leur expressivité.

Etant donné que tous les modéles d’aléatoire ne sont pas équivalents, le type
d’aléatoire constitue une autre mesure de complexité des stratégies. Cette mesure
n’est pas directement correlée a la mémoire : il peut y avoir un compromis
entre la mémoire et ’aléatoire en général. On étudie les besoins d’aléatoire dans
un contexte ot il est nécessaire : les processus de décision de Markov (PDM)
avec plusieurs objectifs. Un PDM est un jeu & un joueur ot ’environnement est
entiérement stochastique. Chaque stratégie dans un PDM a plusieurs objectifs
fournit un vecteur de gains espérés : on étudie la structure de I'ensemble de ces
espérances pour toutes les stratégies. On conclut que dans ce contexte, sous

des hypothéses peu restrictives, une forme restreinte d’aléatoire suffit.

Finalement, on décrit une représentation alternative de stratégies dans une
classe de PDM & espace d’états infini. On étudie les PDM & un compteur : des
PDM finis avec un compteur qui peut étre incrémenté, décrémenté ou laissé tel
quel sur chaque transition. Dans ce contexte, méme les stratégies sans mémoire
n’admettent pas toujours de représentations finies. On considére des stratégies
qui peuvent étre représentées par une partition constituée d’intervalles finiment

représentable de ’ensemble des valeurs de compteurs. Pour deux objectifs
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dérivés de l’accessibilité, on propose des algorithmes en espace polynomial
pour résoudre un probléme de vérification (une stratégie donnée satisfait-elle
lobjectif avec une probabilité suffisante 7) et deux problémes de réalisabilité
étant donné des contraintes sur la structure de la stratégie (existe-t-il une
stratégie suffisamment bonne respectant les contraintes imposées 7).

Les résultats de cette thése soulignent la nature multi-dimensionnelle de la
complexité des stratégies. On explore différentes facettes de la complexité des
stratégies dans le but de contribuer & la conception d’un cadre formel extensif

pour la complexité des stratégies.
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CHAPTER 1

Introduction

1.1 Context

An era of ever-present computation. In the modern day, computer
systems are deeply integrated in many aspects of society and life, e.g., in enter-
tainment, transportation, healthcare and communication, and we constantly
interact with them. As with most things in life, it is most desirable that these
computer systems operate correctly. This is all the more true for contexts in
which safety is critical, e.g., a software issue in a car susceptible to cause a
crash should be corrected before the car goes on the market. This motivates

the need for reliable mechanisms to ascertain the correctness of systems.

Detecting errors. A classical technique to detect faults in computer
systems is through testing. While the usefulness of testing cannot be contested,
it is not a foolproof method: tests can only demonstrate the presence of
bugs, not guarantee their absence. In particular, when dealing with reactive
systems [HP85], i.e., systems that constantly interact with an uncontrollable
environment through inputs and outputs, exhaustive testing is unrealistic or
impossible. This is due to the different behaviours that can be adopted by the
environment, of which there can be infinitely many.

Formal methods offer another avenue to check the correctness of systems.
Model checking is a technique that automatically checks whether a formal model
of a system satisfies a specification formulated in some formalism such as linear

temporal logic [Pnu77]. In other words, model checking provides mathematical
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guarantees on the behaviour of a (model of a) system. The guarantees obtained
through model checking are with respect to the input model: an accurate
model (with respect to the specification) is necessary to apply this technique
in practice. Model checking emerged in the eighties in independent works by
Clarke and Emerson [CE81| and Queille and Sifakis [QS82|. Similarly to logic
(e.g., [Biic62|), automata play a major role in model checking [VW86]. We refer
the reader to the books |[BK08, CHVBI18]| for extensive presentations of model
checking,.

Automatic design. Model checking requires a model of the system to
be verified. In some cases, it is desirable to start from the specification and
automatically design a system satisfying the specification. This corresponds to
the synthesis problem. This problem was introduced by Church [Chu57]: he
asked whether there exists an algorithm to synthesise a logical circuit from
a specification in monadic second order logic. This problem was solved by
Rabin [Rab69], and Biichi and Landweber [BL69] in the late sixties.

A variant of the synthesis problem, of particular relevance for reactive
systems, is the controller synthesis problem. Instead of building a system directly
from a formula, the goal is to automatically design a controller for an incomplete
(reactive) system that enforces the required specification. This variant of the
synthesis problem was first studied by Ramadge and Wonham |[RW89] for
discrete event systems. The (controller) synthesis problem can be tackled
by framing the interaction of the system and its environment as a game and
exploiting models from game theory.

Game theory. Game theory is a mathematical field studying models of
strategic interactions between agents called players. The roots of modern game
theory come from Morgenstern and von Neumann’s book “Theory of Games
and Economic Behavior” [vM44]. We also refer the reader to the seminal book
on game theory of Obsorne and Rubinstein [OR94], which incorporates many
advances made since the inception of the field. In a game, players are rational:
they aim to maximise their utility, are aware of the alternatives available to
them, make decisions based only on the facts at their disposal, are capable to

determine the best decisions and will (selfishly) select these alternatives.
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The goal of controller synthesis is to design a controller that enforces a
specification regardless of the behaviour of the environment. Therefore, the
controller synthesis problem amounts to studying two-player games in which
the system player and environment player are adversaries. Such games are
called zero-sum games: their goals are the opposite of one another. The goal
in the analysis of a zero-sum game is to find a decision-making plan, called a
strategy, for each player that yields a good outcome regardless of the decisions
of the other player.

Models in which players are not competing also exist: these are called
non-zero-sum games, in which there can be more than two players. Multi-player
non-zero-sum games are also of interest for controller design. For instance, if
the goal is to control a system consisting of several components, each with its
own specification, it may prove too restrictive to assume that all components
are adversarial to one another. In multi-player non-zero-sum games, Nash
equilibria [Nasb0| are a classical formalisation of rational behaviour. Intuitively,
a Nash equilibrium is a contract between the players, described by one strategy
per player, such that none can benefit by unilaterally breaking it.

1.2 A myriad of game models for synthesis

Game-theoretic approaches for synthesis utilise games played on graphs |GTWO02,
BCJ18, FBB'23]. There exist many variants of this model. We first describe
one of the simplest models: (non-terminating) two-player games played in a
turn-based fashion on a finite graph. We then comment on the extensions that

are considered in this manuscript below.

Basic model. We consider a finite directed graph whose vertices, called
states are partitioned between the two players and whose edges are labelled by
actions. We start by placing a pebble on an initial state. In each round, the
player in control of the current state chooses an action labelling an outgoing
edge of the state, and moves the pebble along the edge. This interaction goes
on forever and yields an infinite play.

The players are allowed to make use of all of the information of the ongoing

play in their decision making. This yields the following formalisation of a
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strategy: a function that assigns, to each finite play prefix, an action to be
chosen after this prefix. For controller synthesis, strategies of the system player
constitute formal blueprints for the sought controller for the system.

Extending the model. The structure on which a game is played, like
the partitioned graph in the above description, is called an arena. The above
arena model is turn-based, deterministic, finite and the player are perfectly
informed. Tt can be used to model games that respect all of these conditions,
such as chess. We can generalise this arena model in several directions, and we
can combine these various generalisations.

First, we can incorporate randomness in the transitions of the arena: in each
round, after an action is selected, the next state is selected by a distribution
that depends only on the current state and chosen action. This yields stochastic
game arenas (e.g., [Con92|). A stochastic game arena can be used to model
games in which dice are used, e.g., backgammon.

A special case of particular interest is that of one-player stochastic arenas.
Such arenas are known as Markov decision processes (MDPs). MDPs are a
classical framework for decision making in uncertain environments, which are
notably used not only in the fields of formal methods (e.g., [BK08, FBBT23]),
but also in reinforcement learning (e.g., [SB18]).

Second, we can extend the model to have the players make their decisions
concurrently, i.e., the players make their decisions simultaneously and without
communicating, in each round (e.g., [{AH00, dAHKO7]). A simple example
of a concurrent game is rock paper scissors. We call arenas concurrent if
the players choose their actions simultaneously and turn-based otherwise. We
remark that one-shot concurrent games are one of the foundational models of
game theory |[Bor21, von28].

Third, the model described above assumes that the players are perfectly
informed when making decisions. This assumption is not realistic for some
applications, e.g., when dealing with systems with imprecise or unreliable
sensors. Games with imperfect information (e.g., [OR94, CD12b, BGG17]) can
be used to model such situations. In such games, players perceive observations
that may correspond to several states at once, and must make their decisions

based on these observations. For instance, card games such as poker, in which
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one only perceives their own hand and not that of the other players, is a game
of imperfect information.

Fourth, we can also consider arenas with infinitely many states or infinitely
many actions. This can model games in which there can be infinitely many
configurations, such as Monopoly (the bank has unlimited funds). Another ex-
ample is the class of one-counter MDPs |BBE110], which are finitely-presented
MDPs with a countable state space. As we study one-counter MDPs in the
latter part of this manuscript, we postpone an explanation of this model to the

sequel.

1.3 Strategy complexity

Regardless of the arena model, strategies are defined in a similar way and
constitute the formal counterpart of controllers in game-based approaches to
synthesis. Therefore, in practice, the simpler the strategy, the better. On the
one hand, small controllers are preferable, e.g., for deployment on resource-
constrained embedded systems. On the other hand, it is preferable to have a
controller that is understandable to one that is opaque. This motivates a key

question: what makes a strateqy complex?

Memory. A classical measure of the complexity of a strategy is the size
of its memory, which quantifies the information that the player has to retain to
execute the strategy. More precisely, a finite-memory strategy is a strategy that
can be represented by a Mealy machine [Meab5|, i.e., a finite automaton with
outputs along its edges. The amount of memory of a strategy is the size of the
smallest Mealy machine that encodes it. According to this measure, strategies
with less memory are preferable and the simplest strategies are memoryless
strategies, i.e., strategies that disregard the past and make decisions based only
on the latest observation.

For many classical specifications in simpler arenas, memoryless strategies
suffice. For the sake of illustration, let us consider reachability objectives: a
reachability objective requires that we visit a target set of states in the arena.
Reachability objectives are central in synthesis (see [BGMR23| and references

therein). In two-player turn-based zero-sum games on infinite deterministic
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arenas, memoryless strategies suffice to force a visit to the target whenever
possible [GTWO02|. Similarly, in two-player turn-based zero-sum games on finite
stochastic arenas (in MDPs in particular), memoryless strategies suffice to
maximise the worst-case probability of visiting the target [Con92|. In countable
MDPs, while there need not exist an optimal strategy, memoryless strategies are
as powerful as general strategies to maximise reachability probabilities [Orn69,
KMS*20].

Of course, some specifications require strategies with memory to be enforced.
In contrast to the above, infinite memory may be required to play (almost)
optimally for a reachability objective in countable stochastic arenas [KMST24].
Another example consists of conjunctions of reachability objectives (e.g. [FH13])
for which the goal is to visit several targets. In this case, memory is necessary
already in finite one-player deterministic arenas.

Randomised decision making. Regardless of memory, the definition
of a strategy we have used up to now is not well-suited to concurrent and
imperfect information settings. This can be observed already with rock paper
scissors: regardless of the chosen action, the worst-case outcome is a loss. This
highlights a need for richer strategies. In this case, we can do better with
randomised strategies.

Strategies with randomisation may prove necessary when balancing mul-
tiple objectives (e.g., [EKVY08, RRS17, DKQR20|), in concurrent games
(e.g., [IAHKO7|) and in contexts of partial information (e.g., [CD12b, BGG17]).
Whether a strategy is randomised or not can be seen as another aspect of its
complexity.

Strategies that deterministically assign actions to each play history are
called pure. There exist two classical definitions of randomised strategies. On
the one hand, mized strategies are distributions over pure strategies. When
playing according to a mixed strategy, a pure strategy is drawn at the beginning
and is followed throughout the play. On the other hand, behavioural strategies
assign distributions over available actions to each history. When following a
behavioural strategy, actions are drawn randomly at each step according to the
distributions it provides.

In the most general settings, the classes of mixed and behavioural strategies
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are not equivalent in terms of the outcomes they can generate [OR94, Chap. 11].
Kuhn’s theorem |[Kuh53, Aum64| asserts their equivalence in the perfect recall
setting, i.e., if players never forget their prior knowledge and can observe their
own actions. We will see that in our setting, even with imperfect recall, all
behavioural strategies are equivalent to some mixed strategy (cf. Theorem 2.47).

Mealy machines can be augmented with randomisation to obtain finite-
memory randomised strategies. The way that randomisation is integrated
in Mealy machines can have an impact in many respects. In several works,
stochastic Mealy machines are either defined with stochastic outputs and
deterministic updates (i.e., automaton transitions) or stochastic outputs and
updates. Both definitions encompass memoryless randomised (behavioural)

strategies.

The chosen definition of stochastic Mealy machines can impact several
aspects. First, more general models can allow one to obtain smaller winning
strategies in games. For instance, for almost-surely winning strategies in turn-
based stochastic Muller games, while pure finite-memory strategies suffice to win
almost surely, smaller Mealy machines can be obtained by allowing stochastic
outputs [Cha07]| and even smaller Mealy machines can be obtained by allowing
both stochastic outputs and updates [Hor09]. Second, some behaviours that
can be achieved with the stochastic update model cannot be obtained with
deterministic updates [dAHKO07, CDH10]: there is a gap in expressiveness
between the two models. Finally, in spite of the previous two points, it is not
necessarily desirable to default to the most expressive model, as model checking
them is undecidable in general [GO10].

We highlight two consequences of the above. On the one hand, in spite
of Kuhn’s theorem, not all classes of randomised strategies, including those
that are Mealy machine-based, are equally expressive, powerful or concise.
We thus can distinguish different classes of randomised strategies, and study
randomisation requirements similarly to memory requirements. On the other
hand, there can be a trade-off between memory requirements and randomisation
requirements. In a nutshell, there are several contributing factors to strategy

complexity, i.e., it should be seen as a multi-dimensional measure.
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Representing strategies. Pure memoryless strategies are the simplest
strategies with respect to the complexity measures described above. We can
argue, however, that all such strategies are not equally simple. For instance, a
constant strategy is much more simple than a strategy that assigns a different
action to each state. This indicates that memory and randomisation do not
fully characterise the complexity of strategies.

In practice, when designing controllers for systems with limited resources
(e.g., embedded systems), these controllers must be have a compact repre-
sentation. Already for memoryless strategies, an explicit representation as
a table assigning (distributions over) actions to each state can contain a lot
of redundancy, seeing as state spaces are often large. This motivates a need
for efficient representations of strategies. Similarly, for infinite arenas, pure
memoryless strategies need not admit a finite representation, and thus cannot
be implemented in practice. For such settings, we need tailored models to deal
with infinite state spaces.

The size of representations of strategies thus provides another measure of
(part of) the complexity of a strategy. For instance, [Gell4| presents a model
based on Turing machines, and defines three ad hoc complexity measures: the
size of the machine and the time and space complexity of the computations
made throughout a play. The need for small representations is also a core
motivation of a series of works on decision tree representations of memoryless
strategies [BCCT15, BCKT18, JKW23|, which exploit the structure of the state
space to obtain small controllers.

1.4 Contributions

One of our main goals is to refine our understanding of strategy complexity. To
tackle this wide-ranging question, we consider various factors that contribute to
the complexity of strategies. In this thesis, we focus on three different aspects
of strategy complexity. First, we consider memory requirements measured via
Mealy machines, due to its well-established relevance. We then move on to
randomisation, which allows for a richer classes of strategies, and is necessary
in some instances. We study both the expressiveness of randomised strategies

and randomisation requirements for a given class of MDPs. Finally, we study
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alternative representations of strategies (with respect to Mealy machines):
alternative representations can provide insight into the structure underlying
the decision-making rules of a strategy and yield more compact representations
than Mealy machines. Each of these three directions give information regarding
a facet of strateqy complexity and highlight the multi-dimensional nature of
strategy complexity.

In the remainder of this section, we provide a brief description of our main
contributions. We refer the reader to Chapter 3 for an extended description of

each contribution and its context.

Memory for Nash equilibria. We first focus on a classical measure
of strategy complexity: memory. We consider a class of non-zero-sum games
played on turn-based deterministic arenas, in which all players have a goal of
the same type. We focus on variants of reachability specifications. We consider
games where all players have a reachability objective, games where all players
have a Biichi objective and games where all players have a shortest-path cost
function. While reachability objectives are satisfied after visiting a target set
once, Biichi objectives require visiting a target infinitely often. Shortest-path
cost functions model a quantitative version of reachability: each transition in
the arena is assigned a non-negative integer weight, and the shortest-path cost
assigns the sum of weights to the first occurrence of a target to each play, or
positive infinity if no target is visited. The goal of the players is to minimise
their cost. In our setting, we assume that the weights are the same for all
players.

Our main goal is to understand how much memory is sufficient to implement
a Nash equilibrium (NE). In the games we study, there can exist several NEs
from a given initial state. Furthermore, NEs in which all players lose can coexist
with NEs in which all players win. NEs of the latter kind are preferable to those
of the former type. For instance, when modelling different system components
as players, it is preferable that as many component specifications as possible are
satisfied. For this reason, we study how much memory is sufficient to obtain a
preferable NE (i.e., with which all players lose no utility) from a given NE. In
other words, we study upper bounds on the sufficient amount of memory to

implement a constrained Nash equilibrium. This contribution is based on the
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single-author paper [Mai24].

We focus on move-independent Mealy machines, i.e., a model of strategy
representation for which memory updates depend only on the states seen along
the play (this definition is used, e.g., in [CRR14, CHVB18, BBGT21|). For
multi-player reachability and shortest-path games, we obtain memory upper
bounds that are quadratic in the number of players and are independent of the
arena. For multi-player Biichi games, we obtain that finite memory suffices,
and that arena-independent bounds cannot be obtained.

Randomisation and expressiveness. We move on to another aspect of
strategy complexity: randomisation. First, we focus on the expressiveness of
models of randomised strategies based on Mealy machine. This contribution is
based on joint work with Mickaél Randour [MR24].

Kuhn’s theorem provide a sufficient condition yielding the equivalence of
mixed and behavioural strategies. A natural question, inspired by this result,
is to understand the expressiveness of different variants of stochastic Mealy
machines as representations of strategies with respect to each other. We study
this question in finite multi-player concurrent arenas with perfect recall, and in
the more general settings that do not assume that the arena is finite, that there
is perfect recall or that either assumption holds (although we restrict ourselves
to countable arenas in all cases).

We provide a full taxonomy of classes of randomised finite-memory strategies
in terms of expressiveness, i.e., in terms of the distributions over plays that
can arise when using strategies from a given class. More precisely, we use the
same criterion that is used to compare mixed and behavioural strategies in
Kuhn’s theorem: outcome equivalence. Two strategies of a player in an arena
are outcome-equivalent if they induce the same distributions over plays no
matter the strategy of the other players. In particular, this criterion is agnostic
to whatever specification we consider: two outcome-equivalent strategies will
perform equally well for all goals.

Randomisation complexity. We study randomisation requirements in a
setting in which randomisation is necessary. We consider multi-objective MDPs,

i.e., MDPs with multi-dimensional payoff functions. A payoff function assigns
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a numerical value to each play. In multi-objective MDPs, the goal is typically
to achieve a vector (from an initial state), i.e., find a strategy whose expected
payoff vector is greater than the given vector (for the component-wise order).
Achieving vectors requires randomisation in general. We study the structure
of sets of expected payoff vectors in multi-objective MDPs and its impact on
randomisation requirements. These results are based on joint work with Mickagl
Randour [MR25|.

First, we study the relationship between the set of expected payoff vectors
obtained through pure strategies and the set of all expected payoffs in countable
MDPs. We focus on universally unambiguously integrable payoffs, i.e., payoffs
whose expectation is well-defined for all strategies. We show that any expected
payoff vector can be approximated with a conver combination of pure expected
payoffs. We obtain finer results for universally integrable payoffs, i.e., payoff
whose expectation is finite for all strategies: all expected payoff vectors are
convex combinations of pure expected payoffs. For both cases, it follows that
mixed strategies with a finite support (i.e., that randomise over a finite set)
often suffice to achieve vectors.

While unrelated to randomisation requirements, we also provide sufficient
conditions on continuous payoff functions in finite MDPs that guarantee that

the set of expected payoffs is closed.

Finite representations of strategies. Finally, we investigate finite
representations of memoryless strategies in one-counter MDPs. One-counter
MDPs [BBET10| are finite MDPs augmented with a counter that can be
incremented (by one), decremented (by one) or left unchanged on each transition.
An OC-MDP induces a possibly infinite MDP over a set of configurations given
by states of the underlying MDP and counter values. In this induced MDP,
any play that reaches counter value zero is interrupted; this event is called
termination. We consider two variants of the model: unbounded OC-MDPs,
where counter values can grow arbitrarily large, and bounded OC-MDUPs, in
which plays are interrupted when a fixed counter upper bound is reached.

The counter in OC-MDPs can, e.g., model resource consumption along
plays [BBET10|, or serve as an abstraction of unbounded data types and
structures [BKK11]. It can also model the passage of time: OC-MDPs generalise
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finite-horizon MDPs, in which a bound is imposed on the number of steps
(see, e.g., [BKNT19]). OC-MDPs can be also seen as an extension of one-
counter Markov chains with non-determinism. One-counter Markov chains are
equivalent to (discrete-time) quasi-birth-death processes [EWY10], a model
studied in queuing theory.

We consider two objectives in OC-MDPs: state-reachability, i.e., reaching a
target set of states, and selective termination, i.e., reaching a target set of states
with counter value zero, thus generalising termination. The synthesis problem
for the latter is not known to be decidable and is connected to major open
problems in number theory [PB24, OW14|. Furthermore, even memoryless
strategies in OC-MDPs might be impossible to build in practice due to the
possibly infinite configuration space. To overcome these obstacles, we introduce
two classes of concisely represented strategies based on a (possibly infinite)
partition of counter values in intervals. We collectively refer to these strategies
as interval strategies.

For both classes of strategies, and both objectives, we study the verification
problem and two synthesis problems. On the one hand, the verification problem
asks whether a given strategy ensures a high enough probability for the objective.
On the other hand, our synthesis problems asks for structurally-constrained
strategies. For the first problem, we fix the interval partition of the strategy
as an input. For the other problem, we give parameters constraining the
representation of the interval partition. We develop a generic approach based
on a compression of the induced countable MDP that yields decidability in all
cases, with all complexities within PSPACE. These contributions originate from
joint work with Michal Ajdaréw, Petr Novotny and Mickaél Randour [AMNR25].

1.5 Outline

This manuscript is divided into six parts. At the end of this manuscript, the
reader can find an index of technical terms and a table of notations. We
illustrate the overall structure of the manuscript in Figure 1.1.

Part I introduces the background and the contributions of this thesis. In
Chapter 2, we introduce basic mathematical notation, background and all game

models related to our contributions. Appendix A complements this chapter:
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Figure 1.1: Overview of the structure of this thesis.

it includes the proofs of the results of Chapter 2 and additional background.
Chapter 3 provides an extended high-level presentation of each contribution
outlined above. Reading up to Chapter 3 should give the reader a global
overview of the results of this thesis.

Parts II-V are dedicated to the contributions highlighted in the previous
section. Chapters 4, 8, 12 and 16 are the first of their respective part and serve
as local introductions. They complement Chapter 3 by providing a summary-
like outline of their part. We provide a brief description of the content of each
part, and refer to these chapters for an extended presentation.

Part II presents our results regarding memory requirements for constrained
Nash equilibria. In Chapter 5, we discuss constrained Nash equilibria and
the model of Mealy machines we use. Chapter 6 provides an overview of
existing results, and adaptations, when necessary, on zero-sum and non-zero-
sum games on graphs that we use to construct NEs. Finally, we present our
results regarding memory in Chapter 7.

We study the expressiveness of randomised strategies in Part III. Chapter 9

provides a discussion of the definition of outcome-equivalence and a proof of
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Kuhn’s theorem. Chapters 10 and 11 respectively showcase inclusions and
non-inclusions between classes of finite-memory strategies.

We focus on multi-objective MDPs in Part IV. We introduce multi-objective-
specific notation in Chapter 13, along with some essential integration-related
results for the next chapter. Chapter 14 presents our results relating sets of
pure expected payoffs with sets of all expected payoffs. We study continuous
payoffs in multi-objective MDPs in Chapter 15.

Part V is dedicated to interval strategies in OC-MDPs. We define interval
strategies, discuss some basic properties and formalise our decision problems
in Chapter 17. We present our compression idea in Chapter 18. Chapter 19
and 20 provide algorithms for verification and synthesis respectively based on
the compression approach. Finally, we complement the upper bounds obtained
through these algorithms with lower bounds in Chapter 21.

We conclude in Part VI, which consists of a single chapter, Chapter 22.

1.6 Publication history

Contributions in this thesis originate from four published articles [MR22, MR24,
Mai24, AMNR25]|, where the journal paper [MR24| extends the conference
paper [MR22]|, and one technical report [MR25]. We briefly comment on the
other publications of the author as they have contributed to shaping the current
vision of the author.

We first discuss work on timed automata and games. A timed automa-
ton [AD94] is a finite automaton augmented with real-valued variables called
clocks that increase at the same rate. Clocks model the passage of time.
A timed game is played on a timed automaton by two players. We follow
the game model of [IAFHT03]: in each round, the two players concurrently
select a delay and an action, and a transition is taken following the move
with least delay. In joint work with Mickaél Randour and Jeremy Spros-
ton [MRS21, MRS22|, we study window parity objectives in timed automata
and games. These objectives are a variant of the classical parity objective with
timing constraints; see also [BHR16, BDOR20] for the study of window parity
objectives in discrete-time models. We provide verification algorithms for timed

automata and synthesis algorithms in timed games for window parity objectives
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with matching lower and upper complexity bounds.

Second, we mention an invited contribution co-authored with Thomas
Brihaye, Aline Goeminne and Mickaél Randour [BGMR23]. This work is a
(non-exhaustive) survey on (variants of) reachability games on graphs. We
explore two notions of complexity: the computational probability of solving
games and the strategy complexity required to play optimally.

1.7 Related work

We only discuss related works connected to several parts of the manuscript.
Additional references can be found in the additional context described in
Chapter 3, and some related work is discussed at the end of the introductory
chapters of each part.

We refer the reader to [BKO§| for a general introduction to model check-
ing and Markov decision processes, to [BCJ18| for a presentation of reactive
synthesis and games and to [FBBT23| as a general reference on games on
graphs.

We first discuss memory requirements. Many works that provide synthesis
algorithms also study how much memory is necessary and how much memory is
sufficient to enforce the specification (which can be winning in a zero-sum game
or achieving a vector in a multi-objective MDP); examples of such endeavours
can found, e.g., in [FH13, CD12a, CRR14, RRS17, BGHM17|. Understanding
memory bounds can also yield complexity-theoretic results. For instance,
the existence of memoryless winning strategies for both players in zero-sum
parity [EJ88] and mean-payoff [EM79] games on deterministic turn-based finite
arenas can be used to show that the complexity of determining the winner in
such games is in NP N co-NP.

Memory requirements are sensitive to the way that strategies are defined.
As explained previously, whether we allow randomisation or not can impact
memory requirements. The power and conciseness of strategies also depends
on the information they are allowed to register to update their memory. For
instance, if objectives and payoffs are defined via sequences of colours labelling
transitions (as in, e.g., [GZ05, BLO"22, BRV23|) and only colours may be used

in memory updates, the amount of memory to win in a game can be greater
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than with general strategies [Koz24].

By colouring transitions, we can define objectives (i.e., sets of winning plays),
payoffs and, more generally, preference relations over plays independently of
the arena. This formalism can be used to characterise the power of finite-
memory strategies for all games with the same winning condition. There are
several works endeavouring to understand when finite memory is sufficient; all
of the (non-exhaustive) works we mention below are in the turn-based perfect
information setting. Gimbert and Zielonka, and Colcombet and Niwinski provide
characterisations of winning conditions for which optimal memoryless strategies
exist for both players in zero-sum games on finite [GZ05] and infinite [CNOG6]
arenas respectively. Bouyer et al. provide characterisations for games in which
arena-independent finite-memory strategies (i.e., the same colour-based update
scheme can be used to win in all arenas) suffice for both players in finite
deterministic arenas [BLOT22|, finite stochastic arenas [BORV23| and infinite
deterministic arenas [BRV23|. There also exist sufficient conditions on winning
conditions that ensure the existence of memoryless strategies: see |[GK23|
for zero-sum games on finite stochastic arenas and |Gim07| for finite MDPs.
In the same vein, Le Roux and Pauly provide conditions on games on finite
deterministic arenas such that finite-memory NEs exist in non-zero-sum games

whenever certain conditions on the corresponding zero-sum games hold [LP18].

The last direction we discuss is related to the representation of strategies.
We mention a few strategy representations. First, we highlight the previously
mentioned model of Gelderie based on Turing machines [Gell4]. Turing machine
models have also been used to quantify the reasoning ability of players by means
of computational complexity classes [D.J23]. We have also mentioned decision
tree representations of memoryless strategies [BCCT15, BCKT18, JKW23|;
recently this approach was extended to strategies with memory by combining
Mealy machines with decision trees [ACKK24|. In reinforcement learning,
neural networks are used to compute and represent strategies [SB18]. For
strategies with memory, recurrent neural networks can be used (e.g., [KFG19,
CJWT19, CJT20]). Finally, we mention [SFM24|, which studies programmatic
policies, i.e., strategies represented by programs.
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CHAPTER 2

Preliminaries

This chapter introduces the background of this thesis and the notation used
in the subsequent chapters. Section 2.1 presents the general mathematical
notation and recalls some geometric results. Sections 2.2 to 2.8 introduce the
models of games considered in this manuscript and related relevant notions,
such as strategies, payoff functions and objectives. We defer some additional
material, most notably basic topology definitions and the proofs of some results
stated in this chapter to Appendix A (Page 399).
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2.1 Mathematical background

2.1.1 Sets, functions and words

We write N, Q and R for the sets of non-negative integers, rational numbers
and real numbers respectively. We denote the extended real line by R =
R U {—o0,+00}. We let N5g = N\ {0} denote the set of positive integers, and
let N = NU {+00} and Nog = Nog U {+cc}. Given n,n’ € N, we let [n,n’]
denote the set {k € N | n < k < n'} of natural numbers ranging between n
and n/, and if n = 0, we shorten the notation to [n']. In particular, with this
notation, we have [oo]] = N.

Let A C A and B’ C B be sets and f: A — B be a function. We let
14: A— {0,1} denote the indicator function of A’. We let Im(f) = f(A4) =
{f(a) | a € A} denote the image of f. We let f~1(B') = {a € A| f(a) € B'}
denote the inverse image of B’ by f. For any b € B, we write f~!(b) instead of
F71({b}) to lighten notation.
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The cardinality of A is denoted by |A|. We let A*, AT and A“ respectively
denote the set of finite, non-empty finite and infinite words over A. We write ¢
for the empty word. A subset £ C A* is prefiz-free if no word of L is a strict
prefix of another word of L.

2.1.2 Probability theory

Let A be a countable set. We write D(A) for the set of probability distributions
over A, i.e., the set of functions p: A — [0,1] such that ) ., p(a) = 1. The
support of a distribution p € D(A) is supp(p) = {a € A| p(a) > 0}. A Dirac
distribution is a distribution u € D(A) such that [supp(p)| = 1, i.e., there exists
a € A such that u(a) = 1.

Given a set B and a o-algebra F over B, we denote by D(B, F) the set of
probability distributions over the measurable space (B, F). Let u € D(B,F)
and f: B — R be a measurable function. We say that f is p-integrable if it
is integrable with respect to u, i.e., if fB |fldp € R. We extend the Lebesgue
integral to non-positive functions in the following way: if f is non-positive, we
let [ fdu = — [z —fdp. If f is non-negative, non-positive or p-integrable, we
say that [, fdu is the p-integral of f.

2.1.3 Topology notation

We only provide some notation in this section. We recall some classical defi-
nitions and results in Appendix A.1, including the definitions of the product
topology, continuity, compactness and the usual topology of R.

Let (X,7T) be a Hausdorff topological space. For all D C X, we let cl(D)
and int(D) denote the closure and interior of D. The boundary of D C X is
the set bd(D) = cl(D) \ int(D).

2.1.4 Vectors and geometry

Vector spaces

Vectors are written in boldface to distinguish them from scalars. Let d € Nsg.

We let 04 and 14 € R? respectively be the vectors of R% where all components
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are zero and one respectively. We omit the dimension subscript whenever there
is no ambiguity on the dimension of the space.

Given v = (v;)1<j<a, W = (w;)1<j<a € RY, we let (v, w) = Z;l:l
denote the scalar product of v and w. We let ||-||2 denote the Euclidean norm
on RY, defined by ||v|j2 = 1/(v,v) for all v € R%.

Given a linear map L: R? — R? (where d’ € Ns), we let ker(L) denote
the kernel of L, i.e., the set {v € R? | L(v) = 0g}. A linear form is a linear
map whose co-domain is R. We denote linear forms by x*, y*, ...

The affine span of a set D C RY, which we denote by aff(D), is the smallest

affine set (i.e., translation of a vector subspace of R?) in which D is included.

vjwj

Subsets of R? whose affine span is not R? have empty interior: strict affine
subspaces of R? cannot contain any ball with positive radius (the affine span
of any such ball is R%). Instead of considering the interior of such sets, we
consider their relative interior. The relative interior of a set D C R%, denoted
by ri(D), is the interior of D as a subset of aff(D) (with the induced topology).

Let D C R The interior of D is a subset of ri(D) by definition. Fur-
thermore, int(D) and ri(D) coincide if and only if aff(D) = R or ri(D) = 0.
Otherwise, these sets differ. For instance, the segment [02, 15] C R? has empty
interior. However, we have ri([02,12]) = |02, 12] (because aff([02, 12]) is the
line of equation z = y).

Ordering vectors

We consider two order relations on R%: the component-wise order and the
lexicographic order. Let q = (g;)1<j<a and p = (pj)1<j<a € R% For the
component-wise order, we write q < p if and only if g; < p; for all 1 < j < d.
For the lexicographic ordering over R?, we write q <jex p if and only if q = p
or ¢j < p; where j = min{j’ < d | qy # py}. We write q <jex P if q <jex P
and q # p. We recall that the component-wise order is partial, whereas the
lexicographic order is a total order.

Let D C R?. We say that q € D is a Pareto-optimal element of D if it is
maximal for the component-wise order, i.e., if there does not exist p € D such
that q < p and q # p. We say that D is downward-closed if for all q € D
and p € R?, p < q implies p € D. We let down(D) denote the downward
closure of D, which is defined as the smallest (with respect to set inclusion)
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downward-closed set in which D is included. A set and its downward closure
have the same set of Pareto-optimal elements.

Convexity

A convex combination of vectors vi, ..., v, € R% is a linear combination
> o1 Qi - Vi such that o, ..., @, € 0,1] and >, | oy = 1. We refer to a
sequence of coefficients oy, ..., ay € [0,1] such that Y | ., = 1 as convex

combination coefficients. Given v, w € R% we let [v,w] = {a-v + (1 — a)w |
a € [0,1]} denote the (closed) segment from v to w; it is the set of convex
combinations of v and w. Open and half-open segments are defined analogously.

Let D C R?. The conver hull of D, denoted by conv(D), is the set of all
convex combinations of elements of D. The set D is convex if for all v, w € D,
[v,w] C D, or, equivalently, if D = conv(D). If D is convex, we say that
q € D is an extreme point of D if q ¢ conv(D \ {q}), i.e., if q is not a convex
combination of elements of D other than q and we let extr(D) denote the set
of extreme points of D. Extreme points generalise the notion of vertices of
polytopes.

The definition of a convex combination does not bound the number of
involved vectors. However, in RY, it is sufficient to only consider convex
combinations involving no more than d 4+ 1 vectors. This is formalised by the
following theorem.

Theorem 2.1 (Carathéodory’s theorem for convex hulls [Roc70, Thm. 17.1]).
Let D C R and q € conv(D). There exists D' C D such that |D'| < d+ 1 and
q € conv(D’).

Carathéodory’s theorem can be used to show that the convex hull of a
compact subset D of R? is itself compact. It follows from the theorem that a
sequence of elements in conv(D) can be described by d + 1 sequences of vectors
in the compact set D and d + 1 sequences of convex combination coefficients
in the compact interval [0,1]. We can use the compactness of all of these sets
to extract a convergent sequence from any sequence in conv(D). We provide a
formal argument in Appendix A.3.



26 Chapter 2 — Preliminaries

Lemma 2.2. Let d € Nog. Let D C RY. If D is compact, then conv(D) is also

compact.

Convexity does not generalise to R?. Most notably, convex combinations of
vectors of R? (defined in the same way as above) may be ill-defined. Although
we consider convex combinations of elements of R? in Part IV, these are
always guaranteed to be well-defined: we will not consider convex combinations
where +00 and —oo both occur on a dimension in two vectors of the convex

combination.

Hyperplane separation

A hyperplane H of RY is a set of the form {v € R? | z*(v) = a} for some
non-zero linear form z* and a € R. Let Dy and Dy C R%. The sets D and
Dy are strongly separated by a hyperplane if there exists a non-zero linear
form z* such that infqep, 2*(q) > suppep, #*(p). A convex set D C R? is
supported by a hyperplane at q € D if there exists a non-zero linear form z*
such that, for all p € D, 2*(p) < 2*(q); a supporting hyperplane in this case is
H = {v e R?| z*(v) = 2*(q)}. We provide an illustration of the notions of
separating and supporting hyperplanes in Figure 2.1.

We recall a variant of the hyperplane separation theorem and the supporting
hyperplane theorem. We first outline a sufficient condition such that two disjoint

convex sets can be strongly separated.

Theorem 2.3 (Hyperplane separation theorem [Roc70, Cor. 11.4.2]). Let Dy
and Dy be two convex subsets of RE. If cl(Dy) Ncl(Dy) = 0 and Dy or Doy is
bounded, then there exists a hyperplane strongly separating D1 and Do.

Figure 2.1a illustrates a setup in which we can apply the theorem. Theo-
rem 2.3 can be applied whenever Dy is a singleton set {q} (it is bounded) and
q ¢ cl(D2) to separate q from cl(D2). The next theorem provides a sufficient
condition for the existence of a supporting hyperplane at a given point of a

convex set.
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(a) The dashed blue line (z +y = I) (b) The dashed blue line (z +y = v/2)
strongly separates D; and Ds: they lie  supports the unit ball for the Euclidean
on a different side of the line and there norm in R? at q = gl.

is a strip around the line that is disjoint

from Dq and Ds.

Figure 2.1: Illustration of separating and supporting hyperplanes.

Theorem 2.4 (Supporting hyperplane theorem [Roc70, Thm. 11.6]). Let D C
R? be conver and q € D. If q ¢ ri(D), then there exists a hyperplane H
supporting D at q such that D ¢ H.

2.2 Arenas and Markov decision processes

All game models that we study in the sequel can be formalised as a special case
of multi-player concurrent stochastic games played on graphs.

When considering an n-player game (where n € N5), we denote player ¢
by P; for all ¢ € [[1,n]. At the start of a play, a pebble is placed on some initial
state (i.e., a vertex of the graph). In each round, all players simultaneously
select an action available in the current state and the next state is chosen
randomly following a distribution depending only on the current state and the
actions chosen by the players. The game proceeds for an infinite number of
rounds, yielding an infinite play.

The formal structures on which such games are played are called arenas.
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lose (r.p) play (P, 1) win
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Figure 2.2: A concurrent arena modelling rock-paper-scissors. The self-loops of

o

states win and lose can be taken with all pairs of actions.

Definition 2.5 (Multi-player concurrent stochastic arena). Let n € N5g. An n-
player (perfect-information) concurrent stochastic arena, or simply an arena, is a
tuple A = (S, (A(i))ie[[lm]], §) where S is a non-empty countable set of states, A®)
is a countable set of actions for each i € [1,n] and §: S X [L;cp1 AW - D(S)
is a (partial) probabilistic transition function. The arena A is finite if S is finite
and AW is finite for all i € [1,n].

For two-player arenas, we slightly change the notation and denote them by
tuples (.S, AWM AR ). A one-player arena is called a Markov decision process
(MDP), and we denote MDPs by M = (S, A,J).

We fix an n-player arena A = (.5, (A("))Z-e[[l,nﬂ,é). We let A = [icpi o A6,
Elements of A are called action profiles. We denote action profiles with a
bar to emphasise that they are tuples of actions. Given a € A, we adopt the
convention that @ is given by the tuple (aV), ... a(™).

For any state s € S, we let A(s) = {a € A | §(s,a) is defined} and
require that there exist subsets A®(s) of A® for all i € [1,n] such that
A(s) = [icping AW (s). In other words, the actions available to a player in a
state are not constrained by the choices of the others. We assume without loss
of generality that for all s € S, A(s) is non-empty, i.e., there are no deadlocks
in the arena.

We now present a simple two-player arena and an MDP to illustrate the
definition of an arena.

Example 2.1 (Rock paper scissors). Rock paper scissors is a two-player game

where two players simultaneously choose an action among rock, paper and
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bike | 30 1\ meet | 0
Figure 2.3: An MDP. The numerical weights next to actions represent the time

taken by each action.

scissors. In this game, rock beats scissors, scissors beats paper and paper beats
rock; the player whose action beats the action of the other wins. This game
can be modelled by the two-player arena depicted in Figure 2.2, in which it is
assumed that players replay whenever a tie occurs. Formally, this arena is given
by the tuple (S, A, AP §) where S = {play, win, lose}, A = A®) = {r p, s}
where the actions r, p, s respectively represent rock, paper and scissors, and
the (deterministic) transition function § is as depicted in the figure, e.g., we

have d(play, r, p)(lose) = d(play,s, p)(win) =1 . <

Example 2.2. Figure 2.3 depicts an MDP M representing a situation where
a person can choose between taking their bicycle or the train to reach work.
Whether a delay occurs is modelled by the stochastic transition between states
home and ride. In this example, a numerical weight is assigned to each state-
action pair: weights represent the time taken by each action, and model the
fact that taking the train to work takes less time than taking the bicycle.
Formally, we have M = (S, A,0) where S = {home,ride,work}, A =
{train, bike, meet} and the transition function ¢ is as depicted on the illus-
tration, e.g., 6(home, train)(ride) = 1 — §(home, train)(home) = 1. <
A play of A is an infinite sequence spdgsy ... € (SA)¥ such that for all
CeN, 6(sg,ap)(ser1) > 0. A history is a finite prefix of a play ending in a state.
Given a play m = spagpsia; ... and £ € N, we write m<, for the prefix history
504 - . . Gy—15¢ and m> for the suffix play syagse+1 .. ., and use the same notation
for prefixes and suffixes of histories. For any history h = spag ... ar_15;, we

let first(h) = so and last(h) = si. Similarly, for a play 7, we denote its first
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state by first(r). We write Plays(.A) to denote the set of plays of A, Hist(G) to
denote the set of histories of A. Given some initial state sjniz € S, we write
Hist(A, sinit) for the set of histories starting in state sinit.

Let h = spagsy...ap—18¢ and b/ = SgGpy1S¢+1 - - - Gr—1Sy be two histories
such that last(h) = first(h'). We let h-h' = spaos1 - .. Gp—15¢Gp+18¢+1 - - - Gr—1Sy
denote the concatenation of h and h’ without repeating state s,. We abusively
call h - I/ the concatenation of h and h'. The concatenation h - 7 of a history h
and a play 7 such that last(h) = first(7) is defined similarly.

Concurrent stochastic multi-player arenas subsume several models that have
been studied in their own right. First, there are the previously mentioned
special cases of finite arenas, MDPs and two-player arenas. Second, there is
the class of turn-based arenas. An arena is turn-based if at each round, only

one player can influence the next transition.

Definition 2.6. The arena A = (S, (A("))ie[[l,n]], 9) is turn-based if for all states
s € S, there exists i* € [1,n] such that, for all i € [1,n] \ {i*}, |AD(s)| = 1;

we say that P controls s.

Turn-based arenas are traditionally described by a partition of the state
space into states controlled by the different players. We use this presentation
when dealing with turn-based arenas. Formally, if A = (S, (A(i))ie[[lmﬂ, J) is
turn-based, we present it as a tuple ((Si)ic[i,n]; 4,9") where (Si)icqin] is a
partition of S, A = Uie[[l,n]] AW is the set of all actions and, for all i € [1,n],
se Sjand ae A(s), 8'(s,aV) = d(s,a).

Assume that A is turn-based. In this case, we view the plays of A as
elements of (SA)“ instead of elements of (SA)¥. Similarly, histories are seen
as elements of (SA)*S. Intuitively, we omit the information related to players
who have no choice. Definitions presented in the sequel for concurrent arenas
can be adapted to the turn-based setting in this way. We let, for all i € [1, n],
Hist;(A) = Hist(A) N (SA)*S; denote the set of histories ending in a state
controlled by P;.

A class of arenas of particular interest consists of the arenas with transitions
that are not subject to randomness.
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Definition 2.7. An arena A = (S, (A(i))ie[[lm]],é) is deterministic if for all
s€ S and ac A(s), (s,a) is a Dirac distribution.

When dealing with a deterministic arena, we view the transition function
d as a function §: S x A — S. For instance, the arena of Example 2.1 is
deterministic, unlike the MDP of Example 2.2. A deterministic MDP is a graph
whose edges are labelled by actions.

Markov chains are a class of stochastic processes. We view Markov chains
as a special case of arenas: a Markov chain can be seen as an arena where all
players only have one action. Due to the absence of action choices, we omit

actions from Markov chains, and use the following definition.

Definition 2.8. A (discrete-time) Markov chain is a tuple C = (S, 0) where S is
a countable set of states and 0: .S — D(S) is a probabilistic transition function.

Let 0: S — D(S) be a Markov chain. Plays and histories of C are defined
similarly to those of an arena, except we omit actions. More precisely, a play
of C is a sequence sps152... € S¥ such that, for all £ € N, §(s¢)(s¢+1) > 0. A
history of C is a finite prefix of a play of C. We use the notation Plays(C) and
Hist(C) for the set of histories and plays of C, like for arenas.

2.3 Topology on the set of plays

We present the usual topology on the set of plays of an arena. Probability
distributions over the set of plays of an arena (when the non-determinism is
resolved) or of a Markov chain are defined over the Borel o-algebra for this
topology, i.e., the o-algebra generated by open sets of plays.

Let A= (S, (A(i))z‘e[[l,n]]75) be an n-player arena. We endow Plays(A) with
a metrisable topology as follows. First, we equip (SA)¥ with the product
topology, where S and A are both equipped with the discrete topology. It
follows that (SA)“ is a metrisable topological space (as a countable product
of metrisable spaces). The topology of Plays(A) is the topology induced on
Plays(.A) by the topology of (SA)~.

A base of the topology of Plays(.A) is the set of cylinder sets (in the sense
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of general topology, see Appendix A.1). We define, for any h € Hist(A),
the cylinder of h as the set Cyl, (h) = {m € Plays(A) | h is a prefix of 7},
consisting of plays that extend h. For any set of histories H C Hist(A), we
write Cyl4 (H) = Upey Cyla (R). Two history cylinders intersect if and only
if one of the histories is a prefix of another. In particular, for a prefix-free
H C Hist(.A), the union defining Cyl 4, (#) is disjoint. We drop the subscript A

from the notation of cylinders when the arena is clear for the context.

It can be shown that the set of cylinders of histories are also a base of the
topology of Plays(.A). We provide a proof in Appendix A.4.

Lemma 2.9. The set {Cyl (h) | h € Hist(A)} of history cylinders is a base of
the topology of Plays(.A).

Since Hist(.A) is countably infinite, Lemma 2.9 implies that all open subsets
of Plays(A) are countable unions of history cylinders. Therefore, the topology
of Plays(A) is a subset of the o-algebra generated by history cylinders. In
particular, the o-algebra generated by history cylinders is the Borel o-algebra
(for the standard topology) of Plays(.A).

As mentioned above, the topology of Plays(A) is metrisable. It is induced,
e.g., by the metric distyj,, over Plays(A) defined by, for all m, 7" € Plays(M),
distpiay (7, 7') = 277, where r = 0 if first(m) # first(n’), and, otherwise, r =
sup{¢ € Nyo | m<¢—1 = 7_,_,}. This distance can be derived from the discrete
metric and a standard a;gument to prove that countable products of metric
spaces are metrisable. Open balls with a positive radius for distylay are history
cylinders; it follows from Lemma 2.9 that disty,, induces the usual topology of
Plays(.A).

Finite topological spaces are compact. Therefore, if A is finite, (SA)“ is
a compact space: any product of compact topological spaces is compact (see
Theorem A.3 for countable products). We show in Appendix A.4 that Plays(.A)
is a closed subset of (SA)“, and is therefore also a compact space whenever A

is finite.

Lemma 2.10. The set Plays(A) is a closed subset of (SA)“. In particular,
Plays(A) is a compact space whenever A is finite.
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2.4 Strategies

2.4.1 Definition

A strategy is a function that describes how a player should play. In the perfect
information setting, players observe the entirety of the play history when making
decisions. Arenas with imperfect information, in which players must make their
choices based on observations that could represent several states rather than

the states themselves, are introduced in Section 2.7.

In general, a strategy can use the whole past of the current play in its
decision making, i.e., a strategy can use an unbounded amount of memory.
Furthermore, players need not act in a deterministic fashion: they can use
randomisation to select an action. Formally, strategies are defined as follows.

Definition 2.11. A (behavioural) strategy of P; is a function o;: Hist(A) —
D(A®M) such that for all histories h € Hist(A), supp(ci(h)) € A® (last(h)).

In other words, a strategy assigns, to any history, a distribution over the
actions available to P; in the last state of the history. In the turn-based setting,
we view strategies of P; as functions over the set of histories ending in a state
controlled by P; (i.e., Hist;(A)).

A strategy that only uses information on the current state of the play
is called memoryless: a strategy o; of P; is memoryless if for all histories
h,h' € Hist(A), last(h) = last(h’) implies o;(h) = 0;(h’). Memoryless strategies
can be viewed as functions S — D(A®). A strategy is called pure if it does
not use randomisation. A pure strategy of P; can be viewed as a function
Hist(A) — A®). Strategies that are both memoryless and pure can be viewed
as functions S — A®).

We write X¢(A) for the set of all (behavioural) strategies of P; in A and
%! (A) for the set of pure strategies of P; in A.

pure

A strategy profile is a tuple made of one strategy per player.

Definition 2.12. A strategy profile is a tuple o = (0;);c[1,5] of strategies where
o; is a strategy of P; for all i € [1,n].
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For all ¢ € [1,n], to highlight the strategy of P; in a strategy profile
0 = (0i)ie[1,n], We write 0 = (0;,0_;); we (abusively) say that o_; is a strategy
profile of the players other than P;.

We say that a strategy profile is pure (resp. memoryless) if all strategies in
the profile are pure (resp. memoryless).

We change our terminology and notation slightly whenever A is an MDP,
i.e., when there is only a single player. Instead of referring to strategies of the
unique player, we instead refer to strategies of the MDP. We denote strategies
without any reference to a player, e.g., we write o instead of o1. For sets of
strategies, we drop the exponent from the notations %!(A) and X1, .(A), and
write X(A) and Xpyre(A) respectively.

2.4.2 Outcomes and probabilities over plays

Let i € [1,n], o; be a strategy of P; and o be a strategy profile. A play or
play prefix sgagpsy ... is consistent with o; if for all action indices /¢, it holds
that o;(soag . .. Sg)(agi)) > 0.1 A play or play prefix is consistent with o if it is
consistent with all strategies in . A play that is consistent with o; (respectively
o) is called an outcome of o; (respectively o).

Let 0 = (0:)ic1,n] be a strategy profile and siniy be an initial state. The
strategy profile o induces a Markov chain over the set of histories of A starting
in s, which yields a distribution over plays of .A. We do not formalise this
Markov chain, and instead directly define the distribution over Borel subsets of
Plays(.A). This presentation allows us to avoid having to formalise distributions
over plays of Markov chains first.

We write F4 for the Borel o-algebra of Plays(.A). We define the probability
measure P9 . € D(Plays(A), F4) induced by following o from sinit in A as
follows. For any history h = spag ... s, € Hist(.A, sinit), we define

r—1 n '
Pl (O () = ] (5(53,54)@“1) ] ei(s0ao .. .sw(aé”)) .

=0 i=1

For any history h € Hist(.A) \ Hist(A, sinit), we set P7_(Cyl 4 (h)) = 0. By the

Sinit
Ionescu-Tulcea extension theorem [Kal21, Thm. 8.24]|, the measure described

We use the terminology of consistency not only for plays and histories, but also for
prefixes of plays that end with an action profile.
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above can be extended in a unique fashion to (Plays(A), F.4). Whenever A is
clear from the context, we drop it from the notation, i.e., we write PP _ instead
of IEDiT‘L“)‘init'

Remark 2.13 (Probability of inconsistent plays). Let ¢ € [1,n] and o; be a
strategy of P;. For any history h € Hist(A), if h is not consistent with o;, then
Pgig@a(Cyl (h)) = 0 for all strategy profiles o_; of the players other than P;.
Since the set of plays that is inconsistent with ¢; can be written as the union
of the cylinders of histories that are inconsistent with o;, it follows that the
probability of this set when P; follows o; is zero no matter the initial state and

strategy profile of the other players. <

For a Markov chain C with state space .5, the cylinder of a history is defined
similarly for arenas, and so is the distribution over plays of C. As there are no
action choices in C, we omit the strategy from the notation above: we write
Pc s, to highlight C, and, if C is clear from the context, we write Py, . .

If A is deterministic and o; is pure for all i € [1,n], then for all states s,
there is a single play consistent with o starting in s; we denote this unique play
by Out (0, s).

When dealing with memoryless strategy profiles, we can seen the Markov
chains induced by the strategy profile as a Markov chain over S. We use this
vision of induced Markov chains in Part V to study the probability of some
events in large and countable Markov decision processes. For this reason (and
to lighten the notation), we only provide a formal decision for Markov decision

processes.

Definition 2.14. Let M = (S, A,0) be an MDP and o be a memoryless strategy
of M. We define the Markov chain induced by o on M as the Markov chain
(S,0") such that, for all 5, s € 5, 6'(s)(s") = X ,ea(5) 7(8)(a) - 6(s,a)(s").

While this definition does abstract actions away from plays and histories, it
preserves the probability of reaching one state from another in the MDP when

following the strategy.
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2.4.3 Mixed strategies

Randomised strategies in the sense of Definition 2.11 are called behavioural
strategies. Intuitively, a behavioural strategy casts a die at each step of the
play to select an action. Another way of integrating randomisation in decision
making is through mizing: a mized strategy is a distribution over pure strategies.
When playing with a mixed strategy, a pure strategy is chosen at the beginning
of the play and is followed for the whole play. With respect to the previous
intuition, in this case, we cast a die once at the start of a play then no longer
use randomisation.

To formally define mixed strategies, we must introduce a o-algebra over the
set of pure strategies of A. The set of pure strategies Zpure(.A) of P; in A can
be written as []j,cpist(a) A (last(h)). We let Fsi,.(4) denote the o-algebra
generated by sets of the form

{o; € Eéure ) | 0i(h) = 7i(h) for all h € H}

where 7; € ¥, .(A) and H is a finite set of histories. Such sets are cylinders of
[Themistca) A®(last(h)) in the sense of the product topology, when we endow
the subsets of A® in the previous product with the discrete topology. We
formalise mixed strategies as follows.

Definition 2.15. A mized strategy of P; in A is a probability distribution
pi € DX (A)"FEéure(A))' A mized strategy profile is a tuple of the form

pure

(1i)ieq1,n) Where p; is a mixed strategy of P; for all i € [1,n].

We assume that pure strategies are a special case of mixed strategies by
identifying pure strategies with the corresponding Dirac mixed strategy.

Let 1 = (pi)ie[1,n) be a mixed strategy profile and siniy € S be an initial
state. The distribution P/, Ay, OVET Plays(A) induced by u from sjn;; is defined,
for all histories h = soaosi ...ar—1s, € Hist(A), by P/ s (CYI(R)) = 0 if
S0 # Sinit, and, otherwise, is defined by

r—1
Pl (@ () = | T m(=h) '<H5(Se,@z)(85+1)>

i€[1,n] =0
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where X} = {0, € X!

pure

(A) | his consistent with o;} for all i € [1,n]. The
Ionescu-Tulcea extension theorem ensures that the partially-defined measure
above can be extended in a unique fashion to (Plays(.A), F4).

Alternatively, the distribution induced by a profile of mixed strategies
can be written as an integral over all pure strategies profiles for the product
distribution. We require the following technical property to formally present
this definition. We defer its proof, based on induction on the Borel hierarchy;,
to Appendix A.5.

Lemma 2.16. Let 2 C Plays(A) be measurable and let s € S. The function
Po: [T 2t e (A) = [0,1] : 0 — PI(2) is measurable.

pure

The following lemma provides an equivalent definition of the distribution
induced by a mixed strategy. A proof is also provided in Appendix A.5.

Lemma 2.17. Let j1 = (f1i)ic1,n] be a mized strategy profile and sinix € S be

an initial state. Let py X --- X p, denote the (unique) product measure over
[T Shue(A) obtained from puy,- -, pin. For all measurable Q C Plays(A), we
have

Piysinit(Q) - / ) Pivsinit<ﬂ)d(ul Xowee X Nn)(a)'
UEH?:I E;‘Jure(“‘l)

In the perfect recall setting, i.e., when players can remember all of their
past information and the actions they have chosen, behavioural and mixed
strategies share the same expressive power. This result is known as Kuhn’s
theorem [Aum64|. Perfect information and perfect recall are not equivalent:
perfect information is a special case of perfect recall, where players are fully
informed. In Section 2.7, we define arenas with imperfect information and

formalise perfect recall. We also formally state Kuhn’s theorem in that section.

2.4.4 Finite-memory strategies

A strategy is said to be finite-memory if it can be encoded by a Mealy machine,
i.e., an automaton with outputs along its edges. We can include randomisation

in the initialisation, outputs and updates (i.e., transitions) of the Mealy machine.
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This yields the following definition.

Definition 2.18. Let ¢ € [1,n]. A (stochastic) Mealy machine of P; is a
tuple 9 = (M, Linit, NXton, upgy), where M is a finite set of memory states,
Linit € D(M) is an initial distribution, nxtgy: M x S — D(A®) is a (stochastic)
next-move function and upgy: M x S x A® — D(M) is a (stochastic) update
function.

Let M = (M, tinit, NXton, upgy) be a Mealy machine of P;. If its initial
distribution piny is a Dirac distribution for some miyy € M, we write I as
(M, minit, nxton, upgyy). We say that 9 has a deterministic update (resp. next-
move) function if the image of upgy (resp. nxtgy) only contains Dirac distributions.
We assume that deterministic update (resp. next-move) functions are of the
type M x S x A — M (resp. M x S — A®). A Mealy machine is deterministic
if its initial distribution is a Dirac distribution and its update and next-move
functions are deterministic.

We describe how 9t works. Let so € S. At the start of a play, an initial
memory state mg is selected randomly following puinit. Then, at each step £
of the play, an action profile a € A(sy) is sampled where agi) of P; is chosen
following the distribution nxtgy(1my, s¢) and the actions of the other players are
independently chosen according to their respective strategies. The memory
state my4 is then randomly updated following the distribution upgy(my, s¢, @)
and the arena state sgiq is chosen following the distribution §(ss, ay), with

these two choices being made independently.

We now explain how to derive a strategy from a Mealy machine. When
in a memory state m € M and arena state s € S, the probability of an
action a® € A (s) being chosen is given by nxtg(m,s)(a?). Therefore,
the probability of choosing the action a € A® after some history h = ws
(where w € (SA)* and s = last(h)) is given by the sum, for each memory state
m € M, of the probability that m was reached after w has taken place (i.e.,
after 9 processes w), multiplied by nxtoy(m, s)(a(?). Therefore, to provide
a formal definition of the strategy induced by 9, we require a description of
the distribution over memory states of 90 after elements of (SA)* take place
(under the strategy induced by 90t).
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We provide an inductive definition of the distribution over memory states
of M after some element of (SA)* has taken place. This inductive formula
can be derived by analysing the Markov chain obtained when fixing a Mealy
machine of P; and strategies of the other players. We defer the derivation of the
inductive formula, which relies on conditional probabilities, to Appendix A.6.

The distribution g over memory states after the empty word ¢ (i.e., nothing)
has taken place is by definition pini. Assume inductively that we know the
distribution g, for w = spag . .. sy—1a¢—1. We explain how to derive fi,5,5, from
fy for any state sy € supp(d(s¢_1,ar_1)) and for any pair of actions a, € A(sy).

In general, the choice of an action by P; conditions what the predecessor
memory states could be. First, we note that if nxtgy(m/, 3@)(@?) = 0 holds
for all memory states m’ € supp(iuy), then the action aéi) is actually never
chosen. We leave this case undefined (the related conditional probabilities are
ill-defined) and assume that aéi) € supp(nxtgn(m’, sp)) for some m’ € supp(py)-
The equation for fi,s,a, uses the likelihood of being in a memory state knowing
that the action agi) was chosen, and not p,, directly. We have, for any memory
state m € M,

S wens () - upan(m’, ¢, @) (m) - nxtan(m, s7) (al?)
S et thw(m?) - nxton (m!, sg)(al)

Hws,ag (m) = (2.1)

This quotient is not well-defined whenever nxtgn(m/, Sg)(aéi)) = 0 holds for all
m’ € supp(iy ), further justifying the distinction above.

Using these distributions, we formally define the (partial) strategy o™
induced by the Mealy machine 9 = (M, pinit, nxton, upgy) as the strategy
o Hist(A) — D(A®) such that for all histories h = ws, for all actions
a® e AW (s),

oT(M)(@?) = 37 pu(m) - nxtan(m, )(a ).

meM

This strategy is only partially defined because distributions p,, are not defined
for all w € (SA)*. Due to the inductive definition of p,,, all histories for
which a?ﬁ is undefined are of the form hah’ such that a?n is defined for h and
o™ (h)(a')) = 0. In other words, ¢ is only undefined over histories with

a prefix that is inconsistent with J?ﬁ. Therefore, no matter how the partial



40 Chapter 2 — Preliminaries

definition of o given above is extended, it does not influence the induced
probability distribution over plays involving this strategy. We define finite-
memory strategies as strategies whose behaviour can be induced by using a
Mealy machine.

Definition 2.19. A strategy o; of P; is a finite-memory strategy if there exists
a Mealy machine 97 of P; such that o; agrees with U?ﬁ over the domain of latter.

We say that a strategy profile is a finite-memory strategy profile if all
strategies within are finite-memory.

Let 9t be a Mealy machine of P; with a deterministic initialisation and
deterministic updates. In this case, the distribution over memory states of 9t
after a history prefix takes place is a Dirac distribution. This state can be
determined by iterating memory updates from the initial memory state.

Definition 2.20. Let 0t = (M, minit, nxton, upgy) be a Mealy machine of P; with
a deterministic initialisation and a deterministic update function upgy: M xS x
A — M. We define the iterated memory update function Upgy: (SA)* — M by
induction, by letting, Upgy(€) = minix and, for any wsa € (SA)T, apgy(wsa) =

Upsm(@(w)’ S, ZL).

2.5 Specifications

2.5.1 Objectives and payoffs

An arena describes the interaction of the players without specifying their goals.
These goals can be modelled in several ways depending on the considered
specification. We consider two ways of formalising the goals of players. First,
the goal of a player can be specified through a set of good plays, which we call

an objective.
Definition 2.21. An objective is a measurable set of plays.

We say that a play m € Plays(.A) satisfies an objective 2 C Plays(.A) if
m € . Intuitively, the goal of a player is to have their objective be satisfied
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with high probability.
Second, we consider specifications modelled by assigning a numerical value
to plays.

Definition 2.22. A payoff function (or payoff for short) is a measurable function
f: Plays(M) — R.

In general, players strive to obtain a high expected payoff. When a payoff
function models a cost to be minimised, we highlight this by referring to the
function as a cost function.

Remark 2.23. A payoff function can be used to model the specification given
by an objective: in a probability space, the expectation of the indicator of an
event is the probability of the event. Therefore, to an objective §2, we associate
the payoff 1. Similarly, to an objective §2, we associate the cost function
Lpjays(ay\o- It follows that all definitions for payoffs and cost functions directly
extend to objectives. <

We define a game as an arena along with payoffs (or costs) for each player.

Definition 2.24. A game (over A) is a pair G = (A, (fi)ic[1,n)) where f; is the
payoff (or cost) function of P; for all i € [1,n].

Given a game G = (A, (1g,)ic1,n)) Where the payoffs are indicators of
objectives Q1, ..., 2, we abuse notation and write G = (A, (;);c[1,,]) instead.

2.5.2 Expected payoffs

Let f: Plays(A) — R be a payoff function. Let o be a strategy profile and
s € S be a state of A. The P7-integral of f is only formally defined whenever
f is non-negative, non-positive or PZ7-integrable. If f is such a payoff, we let
E?(f) = fwePIays(M) f(m)dPI(m); E7(f) is the expected payoff of the strategy
profile o from s (for f). We also generalise the notion of expected payoff to a
broader class of payoff functions as follows.
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Definition 2.25. Let fT = max(f,0) and f~ = max(—f,0) denote the non-
negative and non-positive parts of f. We say that f has an unambiguous
P7-integral if EZ(f*) € R or EZ(f~) € R. If f has an unambiguous P7-integral,
we abuse notation and let E7(f) = EJ(f1) —EZ(f).

We reserve the notation E for the expectation of payoffs, and use integrals
for other probability spaces.

In Part IV, we study MDPs with multiple payoff functions (for the unique
player) and provide general results for this setting. In this context, we limit
ourselves to payoffs for which the expected payoff is unambiguously defined
under all strategies from all initial states.

Definition 2.26. The payoff f is universally unambiguously integrable if f has

an unambiguous PJ-integral for all strategy profiles o and all s € S.

In particular, all non-negative and non-positive payoffs are universally
unambiguously integrable. We will see that payoffs that are integrable no
matter the strategy and initial state are of particular interest.

Definition 2.27. The payoft f is universally integrable if it is P7-integrable,
e, if E7(|f]) € R, for all strategy profiles o and all s € S.

All bounded functions are universally integrable. In particular, the indicator

of any objective falls into this category.

2.5.3 Continuous payoffs

Let f: Plays(A) — R be a payoff. We say that f is continuous at a play 7 to
mean that it is continuous at 7 with respect to the usual topologies of Plays(.A)
and R. Since all open subsets of Plays(A) are unions of history cylinders,
continuity at a play can be characterised as follows.

Definition 2.28. Let f: Plays(M) — R be a payoff and let 7 € Plays(M).

o If f(m) € R, then f is continuous at 7 if and only if for all € > 0, there
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exists £ € N such that for all 7’ € Cyl (1<y), |f(7) — f(7')| < e.

o If f(7m) = 400 (resp. —0), then f is continuous at 7 if and only if for
all M € R, there exists £ € N such that for all plays 7’ € Cyl (7<),
F(x') > M (resp. f(x') < —M).

The payoff f is continuous if it is continuous at all plays.

When A is finite, Plays(.A) is compact. Therefore, continuous real-valued
payoffs over finite arenas are uniformly continuous, which is a stronger form of
continuity. In general, uniformly continuous payoffs can be defined as follows.

Definition 2.29. Let f: Plays(.A) — R be a real-valued payoff. The payoff f is
uniformly continuous if and only if for all € > 0, there exists £ € N such that
for all plays m, 7’ € Plays(M), m<¢ = 7, implies that [f(7) — f(7')| < e.

We provide some examples of continuous payoffs in Appendix A.9.

2.5.4 Some classical objectives

We now present some classical objectives. A core objective in verification and
synthesis is the reachability objective. A reachability objective requires that a

set of target states be visited.

Definition 2.30. Let ' C S be a target (i.e., a set of target states). The
reachability objective Reach(T) is the set {spapsia... € Plays(A) | 3¢ €
N, s, € T}. If T = {t}, we write Reach(t) instead of Reach({t}).

For instance, in the model of rock paper scissors of Example 2.1, the goal
of winning for P; can be modelled by the reachability objective Reach(win).
The complement of a reachability objective is called a safety objective: it

requires that a set of unsafe states never be visited.

Definition 2.31. Let U C S be a set of unsafe states. The safety objective
Safe(U) is the set Plays(.A) \ Reach(U). If U = {t}, we write Safe(t) instead of
Safe({t}).
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The reachability objective requires visiting a target once. Biichi objectives
model the requirement of visiting a target infinitely often.

Definition 2.32. Let 7' C S be a target. The Biichi objective Biichi(T") is the
set {spapsiay ... € Plays(A) |V£ e N, Ir > ¢, s, € T}. If T = {t}, we write
Biichi(t) instead of Biichi({t}).

A Biichi objective can be used, e.g., to model the requirement of having to
win infinitely often in a variant of the rock paper scissors arena of Example 2.1
in which players replay after each round even when there is not a draw.

Finally, the complement of a Biichi objective is the co-Biichi objective. It

requires avoiding a set of unsafe states from some point on.

Definition 2.33. Let U C S be a set of unsafe states. The co-Biichi objective
coBiichi(U) is the set Plays(.A) \ Biichi(U). If U = {t}, we write coBiichi(t)
instead of coBiichi({t}).

2.5.5 Some classical payoff functions

We consider payoff functions that are defined from numerical weights that
are assigned to transitions of A. Formally, a weight function is a function
w: S x A— R. We fix a weight function w.

A discounted-sum payoff is defined as an accumulated sum of weights

multiplied by powers of a discount factor in [0, 1[.

Definition 2.34 (Discounted-sum payoff). Let A € [0, 1[ be a discount factor.
We let DSum?) : Plays(.A) — R be the payoff function defined by DSum?) () =
Yo Maw(se, ag) for all plays ™ = spdgpsia - .. € Plays(A).

When w is bounded in absolute value (this holds by default in finite arenas),
any discounted-sum payoff built from w is well-defined and bounded. This
implies that discounted-sum payoffs are universally integrable whenever w is
bounded. We can also show that discounted-sum are uniformly continuous
when w is bounded (see Lemma A.12).

A total-reward payoff corresponds to the accumulated weights along a play
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with no discounting.

Definition 2.35 (Total reward payoff). We let TRew,,: Plays(A) — R be
the payoff function defined by liminf, .o ,_,w(ss,ae) for all plays m =
$0apS81a1 - - - € PIays(A).

We use a limit-inferior to ensure that this payoff is well-defined for all plays,
as the series of weights along a play need not converge.

A shortest-path cost function can be seen as a quantitative variant of
reachability and is defined as the accumulated sum of weights up to the first
visit of the target set. We refer to this function as a cost function, as it is often

used to model the goal of minimising the time or cost to reach a target.

Definition 2.36 (Shortest-path cost). Let T C S be a target. We let
SPathl: Plays(A) — R be the payoff function defined by, for all plays 7= =
50805131 - - ., SPathl (1) = 400 if m ¢ Reach(T) and, otherwise, SPathZ (r) =
S0 w(se, @) where r = min{¢ € N | s, € T}.

We attribute an infinite cost to plays that do not visit the target to give
them the largest possible penalty. A shortest-path cost function is continuous

whenever there exists a positive lower bound on weights (see Lemma A.13).

Remark 2.37. If A is turn-based, we consider weight functions to be of the form
w: S x A — R (where A denotes the set of all actions of all players). The
payoffs defined above can be directly adapted to accommodate this change. <

2.6 Solution concepts

We consider two types of games: two-player zero-sum games and multi-player
games. In a two-player zero-sum game (Section 2.6.1), the two players compete
for opposite goals. In multi-player games (Section 2.6.2), each player has their
own goal they aim to optimise, and their respective goals need not be opposite

to one another.
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2.6.1 Zero-sum games

Assume that n = 2. Intuitively, a game on A is zero-sum if the goal of P; is
to maximise a payoff and the goal of P2 is to minimise the same payoff. We
formalise this as follows.

Definition 2.38. A two-player game G = (A, (f1, f2)) is a zero-sum game if
fo=—-f1.

We drop the payoff of Py from the notation of zero-sum games, i.e., we
write G = (A, f) instead of (A, (f,—f)). We fix a (universally unambiguously
integrable) payoff f and the zero-sum game G = (A, f) for the following
definitions.

We present definitions with a maximisation point of view, i.e., we assume
that the goal of P; is to maximise the expectation of f. If the goal of P; is to
minimise the expectation of f, i.e., if f is a cost function, it suffices to exchange
the roles of the two players in the following.

Definition 2.39 (Value). Let sj,ix € S be an initial state. If

ey i E(ST'1302 f = inf sup Egl,az f ) 2.2
UlEEl(A)02€E2(A) init ( ) ( ( ) ( )

we refer to the above as the value of sinix in G and denote it by Valg(sinit). A
game is determined if the value is well-defined in all states.

A strategy o1 of P; ensures € R from sini¢ if for all strategies oo of Po,

E0'170'2
Sinit

(f) > 0. Symmetrically, a strategy oo of Py ensures 0 € R from sinj; if
for all strategies o1 of Py, EgL72(f) < 6. A strategy o; of P; is optimal from
sinit 1f it ensures Valg(Sinit) from sinit, and o; is uniformly optimal if it ensures

Valg(s) from s for all s € S.

Example 2.3 (Optimal strategies in rock paper scissors). In rock paper scissors,
if one player plays uniformly at random, they can ensure a probability of
% of winning. We show this by reasoning on the arena A modelling rock
paper scissors presented in Example 2.1, and the zero-sum reachability game
G = (A, Reach(win)). In G, the goal of P; is to maximise their probability of
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Wl
Wl

lose ‘ win

r7p7s @ r7p7s

Figure 2.4: The MDP obtained from the rock paper scissors arena of Example 2.1
by fixing a uniform randomised strategy for one of the players.

winning, whereas the goal of Ps is to prevent P; from winning. Let o1 and o9
be the memoryless strategies of A that select an action uniformly at random in
state play.

We show that these strategies ensure % for both players. Fix i € {1,2}.
Figure 2.4 illustrates the MDP induced on A when fixing the strategy of P; to
be o;. It can be constructed by noting that, regardless of the choice of P5_;
(i.e., the other player) in play, P3_; has a uniform probability of winning, losing
or having a draw against ;. This MDP can be seen as a Markov chain: the
choices of its player do not influence the probability of reachability objectives.
Therefore, no matter the chosen strategy in this MDP, states win and lose will
be reached with probability % Since these two states are unreachable from
one another, it follows that o7 and o9 ensure % from play in G. Furthermore,
because both players have strategies ensuring the same threshold, we obtain
that Valg(play) = 3 and that oy and o9 are optimal from play. <4

If f = 1q for some objective €2, we use specialised terminology. First, a
strategy o1 of Py is (surely) winning from sjn; if all outcomes 7 of o1, 7 satisfies
Q). Symmetrically, a strategy oo of Ps is winning from sj,;; if all of its outcomes
7 do not satisfy Q. Analogously to uniformly optimal strategies, for i € {1, 2},
we define uniformly winning strategies of P; as strategies that are winning from
each state from which P; has a winning strategy.

A strategy oq of Py is almost-surely winning from s;n;; if, for all strategies
oy of Pg, Po172(Q) =1, i.e., if 1 ensures 1 for the payoff 1g. A strategy oy of
Py is positively winning from sin;; if, for all strategies o2 of Pa, P5L7%(Q2) > 0,
i.e., if € is satisfied with positive probability no matter the strategy of Ps.

The value of a state in G, intuitively, represents the greatest expected payoff
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(h, k)

(a) The arena of the snowball game (b) The MDP induced on the snowball
of [dAHKO07]. State home is the target game by having P; select action r with
of P;. We omit self-loops on states home  probability e € [0, 1] regardless of the his-
and wet to lighten the figure. tory.

Figure 2.5: A concurrent reachability game. The actions r, h, t and k respectively
represent the actions run, hide, throw and keep.

that P; can ensure and the lowest expected payoff that P, can ensure. Let
sinit € S. If Valg(sinit) € R, due to the supremum in the definition of the value,
P has strategies that can ensure Valg(s) — ¢ for all € > 0, i.e., P; can ensure
thresholds arbitrarily close to the value. If Valg(sinit) = 400, then P; has
strategies ensuring M for all M € N. However, optimal strategies need not
necessarily exist, even if the value does.

Example 2.4 (Non-existence of optimal strategies). We present the snowball
game [dAHKO7]|, a concurrent reachability game in which P; has no optimal
strategy from a given state in spite of the value of this state being 1.

In the snowball game, P; wants to return home without being hit by Ps
who has a single snowball. The arena A depicted in Figure 2.5a models the
interaction of the two players. At each step of a play, P; can either remain
in hiding or run back home, whereas P, can either keep their single snowball
or throw it. If P; runs when P, throws their snowball, then P loses. If Py
remains hidden and Ps keeps their snowball, then the play continues for an
additional step. In any other case, P; reaches home without being hit by a
snowball. The objective of P; is a reachability objective: we consider the
zero-sum reachability game G = (A, Reach(home)).

First, we claim that Valg(hide) = 1. Let € € ]0,1[. Let o] be the memoryless
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strategy of P; such that of(hide)(r) = e. We use the MDP of Figure 2.5b
obtained by fixing o1 in A to conclude that the strategy of ensures 1 — ¢ from
hide. In MDPs, there exist optimal strategies for safety objectives that are pure
and memoryless (e.g., [BK08]), and thus the smallest probability of visiting
home in the MDP of Figure 2.5b is 1 — €. Since P; can ensure 1 — ¢ from hide
for all € € ]0, 1], it follows that Valg(hide) = 1.

However, P; does not have an optimal strategy. It suffices to check for a
memoryless optimal strategy: if there exists an almost-surely winning strategy
from a state in a zero-sum concurrent reachability game, then there exists a
memoryless almost-surely winning strategy from this state [{AHKO07]. However,
by examining the MDP of Figure 2.5b, we can see that all choices of € allow
Py to prevent a visit to home with positive probability. <

2.6.2 Multi-player games

We lift the assumption that n = 2 of the previous section and fix (universally un-

ambiguously integrable) payoffs fi, ..., f, and the game G = (A, (f1,..., fn))-

In a two-player zero-sum game, the two players compete with one another
for opposite objective. Due to this, we perform a worst-case analysis; this is
reflected, e.g., in the definition of the value (Definition 2.39). In a non-zero-sum
context, the different players each have their own goals that do not necessarily
conflict with one another. We thus use a different solution concept for such

games.

We consider Nash equilibria (NEs). Intuitively, an NE from an initial state
is a strategy profile that can be seen as a contract between the players such that
none of the players have an incentive to unilaterally deviate from the agreement.
We define NEs for cost functions. We use this definition as in Part II, we mainly
study NEs in games with shortest-path cost functions and with reachability
and Biichi objectives.

Definition 2.40. Let sjpir € S. Assume that, for all ¢ € [1,n], f; is a cost
function (i.e., P; wants to minimise it). A Nash equilibrium (NE) from it in G
is a strategy profile o = (0;);e[1,n] such that, for all i € [1,n] and all strategies
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Figure 2.6: A turn-based arena. Circles and squares respectively denote P; and
Ps states. Unspecified weights are 1 and are omitted to lighten the figure.

T; € El(_A),
E7,.(fi) < Eg ' (f)-

Let sinit € S. Given a strategy profile 0 = (0i)icpin); @ € [1,7] and a
strategy 7; € 3¥'(A), we say that 7; is a profitable deviation (with respect to
o from sinit) if B (fi) > E&77 " (fi). Therefore, a strategy profile is an NE if
and only if no player has a profitable deviation.

The (ezpected) cost profile of an NE o from sinix € S is (EZ . (fi))iepi,n]- In
general, there may exist several NEs in a game with incomparable cost profiles

with respect to the component-wise ordering on R”.

Example 2.5. We consider the turn-based deterministic arena A depicted
in Figure 2.6. We let w denote the weight function that is equal to 1 for all
state-action pairs other than (sg,a) and such that w(sp,a) = 3 (as indicated
in the figure). We let G = (A, (SPathl!, SPathl2)) where T1 = {ti2,t1} and
Ty = {t12}.

The memoryless strategy profile (o1, 092) with o1(sp) = a and o2(s1) = b
is an NE from so with cost profile (3,3). On the one hand, if P; assigns
positive probability to action b in sg, then T would not be visited with positive
probability by definition of 9. It follows that their expected payoff, if they
deviate from o, would be infinite, and thus P; does not have a profitable
deviation. On the other hand, Ps cannot improve their cost by deviating
because their target Ts is visited before s; is reached.

Another pure NE from s¢ is the memoryless strategy profile (o7, 0%) such
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that o/ (so) = s1 and o)(s1) = t1. The cost profile of this NE is (2, 400), which
is incomparable with (3, 3). <

When studying pure Nash equilibria in games on deterministic arenas,
it is sufficient to only consider pure deviations when checking the existence
of a profitable deviation. Fix an initial state sjni. Intuitively, if P; has a
(randomised) profitable deviation 7; with respect to a pure strategy profile
o = (04,0_;) from sjnit, then the set of plays with a smaller cost for P; than
Out4(0, sinit) has positive probability under (7;,0_;) from sjpit. Any pure
strategy that follows along a play of this set is a profitable deviation of P;. The
above idea is formalised in the proof presented in Appendix A.7 of the following

result.

Lemma 2.41. Assume that A is deterministic and that, for all i € [1,n], f; is
a cost function. Let sinix € S and o = (04);c[1,n) be a pure strategy profile. Let
i € [1,n] and write 0 = (04,0_;). The following statements are equivalent:

(i) P; has a profitable deviation with respect to o from Sinit;

(ii) there exists a play ® from sinir consistent with o_; such that f;(w) <

fi(Out4(0, Sinit))-
(iii) P; has a pure profitable deviation with respect to o from Sinit;

In particular, o is an NE from sinit if and only if no player has a pure profitable
deviation.

2.7 Imperfect information

Up to now, we have considered arenas with perfect information, i.e., in which
players are fully informed throughout the play. We now introduce arenas with
imperfect information, in which players perceive observations rather than the
states and actions of the play directly. Arenas with perfect information are a
special case of such arenas, in which observations are exactly the states and

actions.
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2.7.1 Definition

In the imperfect information setting, the players are not fully informed of the
current state of the play and the actions that are used along the play. Instead,
they perceive an observation for each state and action, and this observation may
be shared between different states and actions, making them indistinguishable.
These observations are not shared between the players; each player perceives
the ongoing play differently. We formalise this model as follows.

Definition 2.42. Let n € Nsg. An n-player arena with imperfect information is
defined as a tuple B = (A, (Z;, Obs;);c[1,n]) Where A = (S, (A(i))ie[[l’nﬂ, J) is an
n-player arena (with perfect information), and for i € [1,n], Z; is a countable
set of observations of P; and Obs;: S U Ui’e[[l,n] A{) 5 Z. is the observation
function of P;. We require that for all i € [1,n] and all s,s" € S, Obs;(s) =
Obs;(s') implies A®(s) = A®(s'), i.e., in two states that are indistinguishable
for P;, the same actions are available to P;.

A one-player arena with imperfect observation is called a partially observable
Markov decision process (POMDP). We fix P = (A, (Z;, 0bs;);c[1,n)) where
A= (S, (A(i))ie[[l’nﬂ, 9) for the remainder of the section. We say that 8 is finite
if A is finite.

Plays and histories of 53 are respectively defined as plays and histories of
A. We reuse the notations Plays(*P) and Hist(*B) for the sets of plays of P
and histories of 8 respectively. We extend the observation functions to action
profiles and to histories as follows. Let i € [1,n]. For all a = (a(i/))ile[[Ln] € A,
we let Obs;(a) = (Obsi(a(i,)))i/eﬂlmﬂ. For all histories h = spag...s, of P,
we let Obs;(h) = Obs;(s9)Obs;(ag) ... Obs;(s,). We say that two histories h,
h' € Hist(P) are indistinguishable for P; if Obs;(h) = Obs;(h’).

In P, players select actions based on the sequence of observations they have
perceived up to the point of decision. Formally, we define strategies of 3 as
strategies of A that agree on histories that share the same observation. This
definition avoids having to redefine notions such as consistency and distributions

induced by plays.
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Definition 2.43. Let i € [1,n]. A pure (resp. behavioural) strategy o; of
P; in A is a pure (resp. behavioural) observation-based strategy in B if for all
histories h,h’ € Hist(3), Obs;(h) = Obs;(h’) implies that o;(h) = o;(h). A
mized observation-based strategy of P; in P is a mixed strategy of P; in A
that assigns a probability of zero to the set of pure strategies that are not
observation-based.

Remark 2.44 (Measurability of the set of observation-based strategies). The
definition of a mixed observation-based strategy assumes that the set of strate-
gies that are observation-based is in the o-algebra we consider on the set of
pure strategies of a player. It suffices to show that the complement of this set
is measurable.

Let i € [1,n]. A pure strategy o; of P; is not observation-based if
there are two histories h and A’ that are indistinguishable for P; such that
oi(h) = a and o;(h') = @ for distinct a®, b e A®(last(h)). For
any pair of indistinguishable histories (h,h’) and pair of distinct actions
(a®, b)) e AW (last(h)) x AW (last(h)), the set of strategies that assign a(®) to
h and b® to R’ is one of the sets we have used to generate our o-algebra over
3hure(A)). Since the set of non-observation-based strategies can be written as
the countable union of these sets, we obtain that the set of observation-based
strategies and its complement are both measurable. <

Pure and behavioural observation-based strategies of P; in 8 can be seen
as a functions Obs;(Hist(B)) — A and Obs;(Hist(B)) — D(A®) respectively.
We refer to (behavioural) strategies of the arena A with perfect information as

history-based strategies to distinguish them from observation-based strategies.

2.7.2 Perfect recall and Kuhn’s theorem

We now define perfect recall. Perfect recall in games in extensive form with
imperfect information is defined by two properties: players never forget their
previous knowledge and can infer their previous action choices from the in-
formation at their disposal. We refer the reader to [OR94, Chap. 11] for a
definition of extensive form games with imperfect information and perfect recall
in that context.

In our setting, players make their decisions based on the sequence of obser-
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vations of the current history, i.e., the first property requiring that players never
forget their past knowledge is built into our model. Therefore, in B, a player
has perfect recall if they can distinguish their own actions from one another.

Definition 2.45. For all i € [1,n], P; has perfect recall in B if AW C z;
and for all a®) € A®) and z € SU Uiepn AW Obs;(z) = a® if and only if

z=a®.

Kuhn’s theorem asserts the equivalence of mixed and behavioural strategies
for players who have perfect recall. Whether two strategies are equal is not a
satisfactory measure of equivalence of strategies. On the one hand, equality
does not allow us to compare mixed and behavioural strategies, as they are
different objects syntactically. On the other hand, two behavioural strategies
may yield the same outcomes despite being different: the actions suggested
by a strategy in an inconsistent history can be changed without affecting the
distributions induced by the strategy. Therefore, instead of using the equality
of strategies as a measure of equivalence, we consider some weaker notion of

equivalence, referred to as outcome equivalence.

Definition 2.46 (Outcome equivalence). Two randomised strategies o; and
7; of P; in A are outcome-equivalent if for all pure strategy profiles o_; of the
players other than P; and for all initial states sjnit, the probability distributions
P~ and P57~ coincide.

In the above definition, we only quantify over pure strategies of the others
players for syntactic reasons: we have only defined distributions induced by
strategy profiles where all strategies are mixed or all strategies are behavioural.
We discuss this definition in Chapter 9.1. In particular, we will see that the
outcome-equivalence of two mixed (resp. behavioural) strategies in the sense of
Definition 2.46 implies that these strategies induce the same distributions with

all mixed (resp. behavioural) strategies of the other players.

With the definition of outcome-equivalence, we can now state Kuhn’s
theorem formally. We provide a proof of Kuhn’s theorem in Chapter 9.2.
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Theorem 2.47 (Kuhn’s theorem [Kuh53, Aum64|). Let i € [1,n]. For every
behavioural observation-based strategy o; of P; in B, there exists an outcome-
equivalent mized strategy p;. If P; has perfect recall, then for every mized
observation-based strategy p; of P; in B, there exists an outcome-equivalent
behavioural strategy o;.

We remark that to derive a mixed strategy from a behavioural strategy,
perfect recall is not necessary. This is due to the fact that a part of the definition
of perfect recall holds automatically in our setting: players never forget their
prior knowledge as they make their decisions based on histories of increasing
length. In contrast to this, we can show that perfect recall is required to derive

a behavioural strategy from a mixed strategy (see Example 9.1).

2.7.3 Observation-based Mealy machines

We now discuss finite-memory strategies in a context of imperfect information.
We define a finite-memory strategy in 8 as a strategy induced by a (stochastic)
Mealy machine of A that the updates and next-move functions of which agree
on inputs that share the same observation. We call such Mealy machines
observation-based.

Definition 2.48. Let i € [1,n]. Let 9 = (M, pinit, nxton, upgy) be a Mealy
machine of P;. We say that I is observation-based if for all m € M, s,t € S
and a,b € A, if Obs;(s) = Obs;(t) and Obs;(a) = Obs;(b), then upgy(m,s,a) =
upgy (M, t,b) and nxtgy(m, s) = nxtay(m, t).

An observation-based Mealy machine 9 = (M, pinit, nxton, upgy) of P; can
be seen as a tuple 9 = (M, finit, NXton, upgy) Where its update and next-move
functions are of the form upgy: M x Z3 — D(M) and nxtoy: M x Z; — D(A®)
respectively.

An observation-based Mealy machine need not induce an observation-based
behavioural strategy (see Example 9.1). We provide two sufficient conditions
that ensure that strategies induced by observation-based Mealy machines are
behavioural observation-based strategies in Chapter 9.3. If the owner of the

Mealy machine has perfect recall, then the induced strategy is an observation-
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based behavioural strategy (Lemma 9.8). Otherwise, if the Mealy machine has
a single initial state and deterministic updates, then the strategy it induces is
an observation-based behavioural strategy. (Lemma 9.9).

2.8 One-counter Markov decision processes

In Part V, we study one-counter MDPs, which are finite MDPs that induce
countable-state MDPs. One-counter MDPs (OC-MDPs) extend MDPs with
a counter that can be incremented, decremented or left unchanged on each

transition.

Definition 2.49. A one-counter MDP is a tuple Q = (Q, A, 0, w) where (Q, A, J)
is a finite MDP and w: S x A — {—1,0,1} is a (partial) weight function that
assigns an integer weight from {—1,0,1} to state-action pairs.

For all ¢ € Q and a € A, we require that w(q,a) be defined whenever
a € A(q), i.e., all transitions are labelled by some weight. A configuration of
Q is a pair (q,k) where ¢ € @Q and k € N. In the sequel, by plays, histories,
strategies etc. of Q, we refer to the corresponding notion with respect to the
MDP (@, A, §) underlying Q.

Remark 2.50. The weight function of an OC-MDP is not subject to randomisa-
tion in our definition, i.e., the weight of any transition is determined by the
outgoing state and chosen action. In particular, counter values can be inferred
from histories and be taken in account to make decisions in Q. <

Let Q = (@, 4,9, w) be an OC-MDP. The OC-MDP Q induces an MDP
over the infinite countable space of configurations. Transitions in this induced
MDP are defined using § for the probability of updating the state and w for
the deterministic change of counter value. We interrupt any play whenever a
configuration with counter value 0 is reached. Intuitively, such configurations
can be seen as situations in which we have run out of an energy resource. We
may also impose an upper bound on the counter value, and interrupt any plays
that reach this counter upper bound. We refer to OC-MDPs with a finite
upper bound on counter values as bounded OC-MDPs and OC-MDPs with no
upper bounds as unbounded OC-MDP. We provide a unified definition for both
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Figure 2.7: An OC-MDP and the MDP over configurations it induces.

semantics.

Definition 2.51. Let @ = (Q, A, 5, w) be an OC-MDP and let B € Ny be a
counter upper bound. We define the MDP M=8(Q) = (Q x [B], A, =7) where
5=B is defined, for all configurations s = (¢, k) € Q x [B], actions a € A(q)
and states p € Q, by d=5(s,a)(p, k + w(q,a)) = d(q,a)(p) if k ¢ {0, B}, and
6=B(s,a)(s) = 1 otherwise.

The state space of M<5(Q) is finite if and only if the counter upper bound
B is finite.

We briefly illustrate the semantics of a model via a simple illustration.

Example 2.6. We illustrate an OC-MDP @Q in Figure 2.7a. A fragment of the
MDP M=B(Q) over configurations induced by Q, for some B > 3, is depicted
in Figure 2.7b. <

We also introduce one-counter Markov chains. In one-counter Markov
chains, we authorise stochastic counter updates (to simplify our presentation),
i.e., counter updates are integrated in the transition function. This contrasts
with OC-MDPs where deterministic counter updates are used to allow strategies
to observe counter updates. We only require the unbounded semantics in this

case.
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Definition 2.52. A one-counter Markov chain is a tuple R = (Q, d) where @ is
a finite set of states and 6: @ — D(Q x {—1,0,1}) is a probabilistic transition
and counter update function. The one-counter Markov chain R induces a Markov
chain C=®(R) = (QxN, §=*°) such that for any configuration s = (¢, k) € QxN,
any p € Q and any u € {—1,0,1}, we have 6=°°(s)((p, k + u)) = §(q)(p,u) if
k # 0 and 6=°°(s)(s) = 1 otherwise.

In Part V, we focus on two reachability-based objectives in OC-MDPs. We
recall that reachability objectives are central in synthesis (see [BGMR23]). On
the one hand, we study state-reachability, which requires reaching a target
regardless of the counter value.

Definition 2.53. Let T' C @ be a set of target states. The state-reachability
objective for T in M=B(Q) is defined as Reach(T x [B]). We abusively denote
this objective as Reach(T).

The second objective we consider is called selective termination: it requires

reaching a counter value of zero in a target state.

Definition 2.54. Let T' C @ be a set of target states. The selective termination
objective, denoted by Term(T), for T in M=B(Q) is defined as Reach(T x {0}).

The selective termination objective generalises the termination objective,

which requires reaching counter value zero.

2.9 Complexity theory

We assume that the reader is familiar with complexity theory and the traditional
time and space complexity classes (in particular NP, co-NP and PSPACE). We
refer the reader to the books of Sipser [Sip96| and Papadimitriou |[Pap94| for
complexity-theoretic background. In Part V, we present complexity bounds
derived from the Blum-Shub-Smale model of computation and the decidability
of the theory of the reals. We summarise some relevant properties for our

purposes in the following.
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2.9.1 The Blum-Shub-Smale model of computation

Some of our complexity bounds rely on a model of computation introduced
by Blum, Shub and Smale [BSS89]. A Blum-Shub-Smale (BSS) machine,
intuitively, is a random-access-memory machine with registers storing real
numbers. Arithmetic computations on the content of registers are in constant
time in this model.

The class of decision problem that can be solved in polynomial time in the
BSS model coincides with the class of decision problems that can be solved, in
the Turing model, in polynomial time with a PosSLP oracle [ABKMO09|. The
PosSLP problem asks, given a division-free straight-line program (intuitively,
an arithmetic circuit), whether its output is positive. The PosSLP problem lies
in the counting hierarchy and can be solved in polynomial space [ABKMO09].

2.9.2 Theory of the reals

The theory of the reals refers to the set of sentences in the signature of ordered
fields (i.e., fully quantified first-order logical formulae) that hold in R. The
problem of deciding whether a sentence is in the theory of the reals is decidable;
if the number of quantifier blocks is fixed, this can be done in PSPACE [BPROG,
Rmk. 13.10]. Furthermore, the problem of deciding the validity of an existential
(resp. universal) formula is NP-hard (resp. co-NP-hard) [BPR06, Rmk. 13.9].
Our complexity bounds refer to the complexity classes ETR (existential theory
of the reals) and co-ETR, which contain the problems that can be reduced in
polynomial time to checking the membership of an existential sentence and

universal sentence in the theory of the reals respectively.






CHAPTER 3

Contribution overview

In this chapter, we provide an overview of the precise problems we tackle and
of the results presented in the later parts. The contributions of this thesis
are structured into four parts. Each part is related to the concept of strategy
complexity in games.

In Part II, we focus on the classical Mealy machine model and present
upper bounds on the memory that is sufficient to construct (constrained) Nash
equilibria in games with reachability or Biichi objectives and in games with
shortest-path costs. In Part III, we revisit Kuhn’s theorem in the finite-memory
setting: we investigate how variations of randomised Mealy machines compare
to one another in terms of expressiveness. We study the structure of expected
payoff sets in Markov decision processes with multiple payoffs in Part IV and
conclude that restricted randomisation suffices in this setting in many cases.
Finally, in Part V, we study one-counter Markov decision processes, which
induce countable MDPs. We study decision problems for interval strategies, a
class of strategies that admit finite interval-based representations.
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3.1 Memory for Nash equilibria

We motivate and summarise the results presented in Part II. These results are
based on the single author paper [Mai24].

3.1.1 Context

Strategy complexity. In the context of synthesis via game theory, strate-
gies are the formal counterpart of controllers. Therefore, simpler strategies are
preferable in general whenever they exist. The complexity of a strategy is often
measured by the amount of memory it requires (e.g., [FH13, CD12a, CRR14,
RRS17, BGHM17]), which is formalised by the number of states of the smallest
Mealy machine that induces it.

For a given class of games, this leads to two natural questions: “how much
memory is sufficient to enforce the specification?” and “how much memory is
necessary to enforce the specification?” in the studied games. The first question
amounts to determining an upper bound on the amount of memory sufficient
to win whenever possible (which may be parameterised by some property of
the specification or of the arena). The second question asks for a lower bound
witnessing how much memory could be needed in the worst case. Both the
upper and lower bounds are sensitive to the considered class of strategies (e.g.,
randomised or not) and how Mealy machines are formalised (e.g., where we
introduce randomisation) — see, e.g., [CdH04, Cha07, Hor09, CRR14].

We investigate the first question for pure Nash equilibria in multi-player
deterministic turn-based games with respect to move-independent Mealy ma-

chines, i.e., Mealy machines whose updates do not depend on the actions
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occurring along the play. This definition of a Mealy machine is natural in games
where arenas are described by graphs with unlabelled edges, as the sequence
of states contains all of the information regarding the play (it is used, e.g.,
in [CRR14, CHVB18, BBGT21]|). This choice has an impact on the obtained
memory bounds (see Chapter 5.3), it can also be seen as imposing a restricted
form of imperfect information: the players can only observe states and not

actions throughout the play.

Nash equilibria. We study Nash equilibria [Nas50| in multi-player non-
zero-sum games on infinite deterministic turn-based arenas. Recall that an NE
from an initial state is a strategy profile such that no player has an incentive
to unilaterally deviate from their strategy (Definition 2.40). We focus on pure
NEs in games with reachability-related objectives, as reachability objectives
are central in synthesis [BGMR23|. More precisely, we consider games with
reachability and Biichi objectives, and with shortest-path cost functions all
built on a single non-negative integer weight function (i.e., the weights are the
same for all players).

It is known that NEs exist from all states in the games we consider here. For
games with reachability and Biichi objectives, this follows from the existence
result of [UmmO06]| for games where all players have w-regular objectives. In
games with shortest-path cost functions on finite arenas, the existence of NE
follows from results for games with continuous cost functions if all weights are
positive [FL83|, and from [BDS13] for the case of non-negative weights. We
build on the ideas of [BDS13] to extend their existence result to shortest-path
games with non-negative integer weights on infinite arenas (Chapter 6.3).

Although NEs are guaranteed to exist, several incomparable NEs may
co-exist within a game (Example 2.5). In practice, NEs where more players
win are preferable. For instance, when modelling different components of
a system as players with their own objectives, it is desirable that as many
component specifications as possible be satisfied. This is the core motivation
of the constrained NE existence problem (Definition 5.1): does there exist
an NE whose cost profile is bounded from above by some input vector? We
are interested in bounding how much memory is sufficient for solutions to

the constrained NE existence problem when using move-independent Mealy
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machines. In general, memory is necessary for such solutions (see Examples 5.1
and 5.2).

A related question, that we do not address, is to quantify how much memory
is sufficient for any NE. To the best of our knowledge, whether memoryless
NEs always exist in the games we consider is not known.

Nash equilibria and punishment. A useful technique to construct NEs
in the games we consider is through punishment. Given a play, all players agree
to follow the play, and if any player deviates from the play, then all of the
others band together to sabotage the deviating player. If the initial play is
an NE outcome, then the strategy profile resulting from this construction is
an NE from the first state of the play. This punishing mechanism is based on
the proof of the folk theorem for NEs in repeated games [Fri71, OR94|, which
describes the set of NE payoff profiles in these games.

The punishment mechanism can be used to obtain memory upper bounds
for solutions to the constrained NE existence problem that depend on the size
of the arena (e.g., [BDS13, UmmO08, BBGT21]). The main ideas of the classical
argument are as follows. First, one shows that there exist plays resulting from
NEs with a finite representation, e.g., a lasso. We then construct a (move-
independent) Mealy machine whose states are given by the finite representation
of the play and additional memory states to punish any deviating players. If
some player is inconsistent with the play, the other players switch to a (finite-
memory) punishing strategy to sabotage the deviating player; this enforces
the stability of the equilibrium. The size of the Mealy machine depends on
that of the finite description of the play, and thus depends on the size of the
arena. Furthermore, this approach does not translate to infinite arenas, e.g., if
the considered NE outcome is a simple play, it cannot be encoded in a (finite)
Mealy machine.

3.1.2 Contributions

Summary. The contributions presented in Part I are twofold. First, we
present constructions of mowve-independent Mealy machines for solutions to
the constrained NE existence problem for reachability games (Theorem 7.7),

shortest-path games with a single non-negative integer weight function (The-
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Arena size Finite Infinite
n2

Reachability

(Thm. 7.7)

n? +2n

Shortest-path

(Thm. 7.9)

Bitchi IS| +n?+n Finite-memory
tichi
(Lem. 7.14) (Thm. 7.13)

Table 3.1: Table of memory upper bounds for solutions to the constrained pure
NE existence problem in n-player turn-based deterministic games. The set S
denotes the state space of the arena. Bounds are given with respect to the

move-independent Mealy machine model.

orem 7.9) and Biichi games (Theorem 7.13) that apply to arbitrary arenas,
bypassing the finite-arena requirement of existing approaches. In other words,
for these three types of games, we show that from any NE, we can derive
another NE where all strategies are finite-memory and such that the same play-
ers accomplish their objective, without increasing their cost for shortest-path

games.

Second, for reachability and shortest-path games, we provide memory
bounds that are independent of the size of the arena which are quadratic in the
number of players. For Biichi games, we show that finite memory suffices in
finite and infinite arenas, and provide an explicit (arena-dependent) memory
bound for finite arenas. We also argue that arena-independent memory bounds
cannot be obtained in Biichi games (Example 7.6): we provide a family of
two-player games played on finite arenas where NEs with an outcome in which
the second player wins require a memory of size linear in the size of the arena.

Table 3.1 summarises our memory bounds in finite and infinite arenas.

We briefly comment on the main elements that are used to obtain our
results. We focus on reachability and shortest-path games, and only provide

limited intuition for Biichi games (for which we have more limited results).
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Punishing strategies. We build on a variation of the punishment mech-
anism, and therefore we require punishing strategies with limited memory. We
use memoryless punishing strategies. Punishing strategies are obtained via
zero-sum reachability, Biichi or shortest-path games: to punish a player P;, the
other players band together and try to optimise the opposite of the cost or
objective of P;.

In reachability and Biichi zero-sum games on deterministic turn-based arenas,
the two players have memoryless uniformly optimal strategies [Maz01, EJ88|.
In zero-sum shortest-path games, the adversary (whose goal is to maximise the
shortest-path cost) does not necessarily have a uniformly optimal strategy in
infinite arenas. Nonetheless, we can show that the adversary has a memoryless
strategy that can punish the others enough to successfully implement the
punishment mechanism regardless of the point of deviation (Theorem 6.5).

Simplifying Nash equilibria outcomes. We derive move-independent
Mealy machines implementing an NE from well-shaped NE outcomes. We
obtain these well-shaped outcomes by simplifying outcomes of other NEs. This
simplification process does not increase the cost of any player for shortest-path
games and leaves the set of winners unchanged for reachability and Biichi
games.

We provide an intuition of the simplification process for NE outcomes in
shortest-path and reachability games in Figure 3.1. Intuitively, we first break
up the play into segments connecting the first occurrences of each visited target.
We then transform each finite segment into a simple history such that it is not
possible to reach the end of one of these histories faster (with respect to the
weight function) by rearranging the states.

We use a similar simplification process for NE outcomes in Biichi games:
we obtain either a play that can be decomposed into an ultimately periodic
sequence of simple histories or a play that can be decomposed into a sequence
of segments such that no state occurs in two distinct odd-indexed (resp. even-
indexed) segments.

To show that the simplified outcomes are indeed NE outcomes, we rely
on characterisations of NE outcomes: sufficient and necessary conditions that

ensure that a play is the outcome of an NE (Theorems 6.8 and 6.9).
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Figure 3.1: Simplification process for an NE outcome in a multi-player shortest-
path game. Doubly circles states denote the first occurrence of a target state
for each player in the play.

Relaxing the punishment mechanism. Implementing the punishment
mechanism with a move-independent Mealy machine for a given outcome
requires a complete description of the intended outcome. In particular, we
cannot obtain finite-memory strategies in infinite arenas through this approach.
We propose a relaxation of the punishment mechanism: players only punish
some specific deviations that can be considered as severe.

In reachability and shortest-path games, players keep track of two pieces of
information: the current segment of the intended (simplified) outcome and the
last player to have moved. It follows that players cannot react to in-segment
deviations; however, none of these deviations can be profitable due to the
absence of shortcuts. If a state outside of the current segment is reached, then
the last player to have moved must have deviated: this deviation is deemed to
be severe and is punished.

In Biichi games, the situation is slightly different: some in-segment devi-
ations may be profitable, e.g., if a target of a player whose objective is not
satisfied occurs in the segment and they can loop back to it. Intuitively, this
phenomenon prevents us from obtaining arena-independent upper bounds on
the size of move-independent Mealy machines implementing a solution to the
constrained NE existence problem. To circumvent the issue, we use a two-phase

approach: punish all deviations until there are no more targets of losing players
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in the remaining segments, then operate like in the above games.

3.2 Revisiting Kuhn’s theorem with finite-memory

assumptions

We motivate and summarise the results presented in Part III. These results are
based on a collaboration with Mickaél Randour [MR24]. In the previous part,
we have focused on pure strategies. We now move on to randomised strategies.

3.2.1 Context

Randomness in strategies. Strategies may require randomisation in con-
current games (e.g. [CD12b, dAHKO07| and Example 2.3), games with imperfect
information (e.g., [BGG17]) or in multi-objective settings (e.g., [EKVYO08,
RRS17, DKQR20], see also Part IV). There are different ways of implementing
randomisation in strategies. On the one hand, a mized strategy (Definition 2.15)
randomly selects a pure strategy at the start of the play, and commits to it
for the whole play. On the other hand, a behavioural strategy (Definition 2.11)
selects an action randomly in each step.

Kuhn’s theorem. In full generality, the classes of mixed and behavioural
strategies are incomparable (e.g., [CDH10] or [OR94, Chap. 11]). Nonetheless,
Kuhn’s theorem [Aum64| (Theorem 2.47) asserts their equivalence under a
mild hypothesis: if a player has perfect recall, then all of their mixed strategies
admit an outcome-equivalent behavioural strategy and vice-versa. Intuitively,
two strategies are outcome-equivalent (Definition 2.46) if they generate the
same distributions over plays regardless of the decisions of the other players.
We remark that, in our model of arenas (with imperfect information), mixed
strategies are no less expressive than behavioural strategies even without perfect

recall.

Finite-memory strategies. For reactive synthesis, infinite-memory strate-
gies, along with randomised ones relying on infinite supports, are undesirable
for implementation. We study finite-memory strategies described by stochastic

Mealy machines (Definition 2.18). Randomisation can be implemented in these
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Mealy machines in different ways: the initialisation, outputs or transitions
can be randomised or deterministic respectively (see, e.g., [CDH10]). The
equivalence stated in Kuhn’s theorem motivates study of the expressive power

of different variants of stochastic Mealy machines.

Kuhn’s theorem and finite memory. The techniques underlying Kuhn’s
theorem cannot be extended directly to the finite-memory setting. Kuhn’s
theorem crucially relies on two properties. First, mixed strategies can be
distributions over an infinite set of pure strategies. Second, strategies can use
infinite memory. For instance, consider a memoryless behavioural strategy
that flips a coin in each round to choose one of two actions. Such a strategy
generates infinitely many sequences of actions, therefore any equivalent mixed
strategy needs the ability to randomise between infinitely many pure strategies.
Moreover, infinitely many of these sequences require infinite memory to be
generated due to their non-regularity.

The previous example illustrates that it may not be possible to emulate a
memoryless behavioural strategy by mixing finitely many pure finite-memory
strategies, in spite of the idea of mixing pure finite-memory strategies being
the natural finite-memory counterpart of mixed strategies. This highlights a
dependency of expressive power depending on the randomisation power allowed
in stochastic Mealy machines. In the sequel, we classify different classes of
stochastic Mealy machines depending on their expressive power.

3.2.2 Contributions

Classifying Mealy machines. We classify finite-memory strategies following
the type of stochastic Mealy machines that can induce them. We introduce a
concise notation for each class: we use three-letter acronyms of the form XYZ
with X,Y,Z € {D,R}, where X, Y and Z respectively refer to the initialisation,
outputs and updates of the Mealy machines, with D and R respectively denoting
deterministic and randomised components. For instance, we will write RRD
to denote the class of Mealy machines that have randomised initialisation
and outputs, but deterministic updates. We also apply this terminology to
finite-memory strategies: we will say that a finite-memory strategy is in the
class XYZ — i.e., it is an XYZ strategy — if it is induced by an XYZ Mealy
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machine.

We briefly comment on the appearance of some of these classes in the
literature. Strategies in the class DRD have been referred to as behavioural
finite-memory strategies in [CDH10|. This name comes from the randomised
outputs, reminiscent of behavioural strategies that output a distribution over
actions after a history. In some works, finite-memory randomised strategies are
defined as DRD strategies (e.g., [Cha07, BFRR17]). Adding randomisation in
outputs constitutes a natural approach to extend deterministic Mealy machines
to encode randomised strategies; this way, the information maintained by the
player is not subject to any randomness.

Similarly, RDD strategies have been referred to as mixed finite-memory
strategies [CDH10|. The general definition of a mixed strategy is a distribution
over pure strategies: under a mixed strategy, a player randomly selects a pure
strategy at the start of a play and plays according to it for the whole play.
RDD strategies are similar in the way that the random initialisation can be
viewed as randomly selecting some DDD strategy (i.e., a pure finite-memory
strategy) among a finite selection of such strategies. It follows that RDD are a
special case of finite-support mixed strategies.

The elements of RRR, the broadest class of finite-memory strategies, have
been referred to as general finite-memory strategies [CDH10] and stochastic-
update finite-memory strategies [BBCT14a, CKK17|. The latter name highlights
the random nature of updates and insists on the difference with models that

rely on deterministic updates, that are common in the literature.

Settings. We study four classes of multi-player concurrent stochastic arenas,
where each class is described following (i) whether perfect recall is assumed or
not and (ii) whether the arenas are finite or countable. These classes encompass
two-player turn-based (deterministic) arenas with perfect information and
(partially observable) Markov decision processes as particular subcases.

For each class of arenas, we compare strategy classes on the basis of outcome
equivalence (Definition 2.46). We say that a class of strategies ¥ is no less
expressive than a class Yo if for all strategies in o, we can find an outcome-
equivalent strategy in X1; we abbreviate this by saying that X5 is included
in ¥1. Through this comparison criterion, we establish a Kuhn-like taxonomy
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of the classes of finite-memory strategies obtained by varying which Mealy
machine components (initialisation, outputs and updates) are randomised.

We illustrate this taxonomy through lattices highlighting the inclusion
relationships. To separate classes of strategies, we provide separation examples
on an MDP with one state and two actions, or a variation thereof if the
separation result does not hold in finite arenas with perfect information. This
MDP is arguably the simplest setting in which we can distinguish strategy
classes.

In the remainder of this section, we comment on our results for finite arenas
with perfect recall and for countable arenas with no assumption regarding
perfect recall. We provide the lattices for the other classes of arenas we consider
in Chapter 8.

Finite arenas with perfect recall. We first consider finite arenas with
perfect recall. Our results are illustrated in the lattice illustrated in Figure 3.2.
In the figure, a line between two strategy classes represents the strict inclusion
of the lower class in the above class.

Unsurprisingly DDD strategies, i.e., pure finite-memory strategies, are the
least expressive. For instance, in deterministic MDPs, DDD strategies can only
induce a single outcome from each state unlike the other classes.

Several inclusions follow directly from some classes having more randomisa-
tion power than others: a deterministic component can be emulated using Dirac
distributions. This argument yields, e.g., the inclusion of DRD in RRD. We ob-
tain three inclusions that do not follow from such an argument: RDD C DRD,
RRR € DRR and RRR C RDR. We briefly discuss each of these.

First, we obtain that RDD strategies can be emulated by DRD strategies,
i.e., finite-memory mixed strategies are less expressive than finite-memory
behavioural strategies (Theorem 10.2). Intuitively, our construction yields a
DRD Mealy machine that keeps track of all of the strategies mixed by the RDD
one, and we use randomised outputs to postpone the randomised initialisation:
whenever two of the strategies that are mixed disagree, we randomly choose
actions and discard the inconsistent strategies. The inclusion of RDD in DRD
is strict. For instance, in a deterministic MDP, all RDD strategies have finitely

many outcomes, whereas the DRD strategy that chooses actions uniformly at
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DRR = RRR = RDR

Lem. 11.1 (Thm. 10.4, 10.5) Lem. 11.9
(stricy Wﬂe%)
DDR RRD
Lem. 11.5
(strictness)

DRD (behavioural)

Expressiveness

. Lem. 11.3 | Thm. 10.2
Direct

RDD (mixed)

Al.l (strictness)

DDD (pure)

Figure 3.2: Lattice of finite-memory strategy classes in terms of expressive
power in finite multi-player arenas with perfect recall. Each line in the figure
indicates that the class above is strictly more expressive than the class below.

random in each step has infinitely many.

Second, we prove that RRR strategies can be emulated by DRR strategies,
i.e., we can remove randomised initialisation from general Mealy machines
without losing out on expressiveness (Theorem 10.4). The main idea is to add
a fresh initial state to the Mealy machine. On the one hand, with randomised
outputs, we can emulate the choices of the original RRR strategy in the first
step of the game. On the other hand, with well-chosen randomised updates,
we can arrange for the distribution over memory states after the first memory
update to coincide in the DRR Mealy machine and the original RRR one.

The two inclusions sketched above exchange a randomised initialisation for
another form of randomisation by using completely different constructions. We
note that there is no uniform argument through which we can transform an

RXY strategy into a DRY strategy in general; this is witnessed by the strict
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inclusion of DRD in RRD.
Finally, we show that RRR strategies can be emulated by RDR strategies,

i.e., randomised outputs do not provide any additional expressive power in
general Mealy machines (Theorem 10.5). In this case, the main idea is to use
randomised initialisation and randomised outputs to preemptively draw actions
for each state in each step.

We remark that we cannot remove both the randomised initialisation and
randomised outputs from RRR strategies: this yields the DDR class. DDR
strategies are less expressive that RRR strategies because they cannot make
a random decision in the first step of a game. However, DDR is not a subset
of RRD because, as suggested by the results above, stochastic updates enable
essentially all behaviours that can be expressed by RRR strategies (from the
second step of a play on). This explains why the class DDR is in its own branch
in the lattice.

Countable arenas with no assumption on recall. We now consider our
most general setting: countable arenas, possibly with imperfect recall. We
illustrate the relevant lattice in Figure 3.3.

RRR

: DRR RDR RRD

=

| == ==

2| DDR DRD RDD
DDD

Figure 3.3: Lattice of finite-memory strategy classes in terms of expressive
power in general multi-player arenas.
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The only inclusions that hold in this general setting are due to some classes
having more randomisation power than others. All separation results that hold
in finite arenas with perfect recall extend to this setting. We briefly highlight
two additional non-inclusions that result from broadening our setting.

First, we observe that RDD is not included in DRR (in the previous setting,
this inclusion followed from RDD C DRD C DRR). This can be shown by a
POMDP with one state and two indistinguishable actions, thus with imperfect
recall. An RDD strategy that mixes the two constant strategies of this POMDP
does not admit a DRR equivalent, as a DRR strategy has no means to determine
the first action occurring in the game.

Second, we obtain that DRD is no longer included in RDR (which followed
previously from RRR = RDR). This can be shown via an MDP with one action
and infinitely many actions: a memoryless DRD strategy can play all actions
with positive probability, but an RDR strategy can only use as many actions
as there are memory states.

Each of the above examples exploits either imperfect recall or an infinite
arena, but not both. In particular, they yield separations in the two settings

on which we do not comment in this section.

In a nutshell. We provide a full picture of the expressiveness of randomised
finite-memory strategies in variants of the classical Mealy machine model.
Through our use of outcome-equivalence to compare strategy classes, we obtain
a taxonomy that is agnostic to the choice of payoffs and objectives, and the
way these are defined, e.g., over sequences of states or via colours labelling
transitions.

In Chapter 11, we complement our separation results on finite arenas with
game instances from the literature for which strategies of some class suffice
and others do not to enforce a specification. For instance, we note that RDD
strategies suffice in multi-objective MDPs with reachability objectives but not
DDD strategies [EKVY08], and that DRD strategies suffice to win almost-
surely in a zero-sum concurrent reachability game, but RDD strategies do
not [dAHKO7|. Therefore, in a sense, our taxonomy of strategy classes also
extends to the framework in which strategies are compared on the basis of their

performance with respect to specifications.
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3.3 The structure of payoff sets in multi-objective

Markov decision processes

We motivate and summarise the results presented in Part IV. The results

presented in this section are based on joint work with Mickaél Randour [MR25].

3.3.1 Context

A multi-dimensional vision of strategy complexity. The randomi-
sation power of a strategy is another factor that contributes to its complexity,
in addition to the memory of the strategy. Randomisation is distinct from
memory from the standpoint of strategy complexity: for some specifications,
randomisation can be traded-off for memory, already in the one-dimensional
case [CdHO04, Hor09, CRR14, MPR20|. Furthermore, as highlighted by the
classification of randomised finite-memory strategies presented in Section 3.2,
not all randomised strategies are created equal even in the perfect information
setting.

For memory requirements, we are often interested in the sufficient and
necessary amounts of memory to enforce a specification. For randomisation, we
can ask the similar question “what is the simplest form of randomisation that is
sufficient to enforce a given specification?” whenever randomisation is necessary.
In the following, we study randomisation requirements in multi-objective Markov
decision processes, a setting in which randomisation is necessary.

We note that randomisation requirements can be studied without taking
memory in account, i.e., we can identify other natural subclasses of randomised
strategies besides those of the previous section. We will be interested in finite-
support mized strategies, i.e., mixed strategies that randomise over finitely
many pure strategies. Such strategies can thus only use a limited form of

randomisation.

Multi-objective Markov decision processes. We consider Markov
decision processes with multi-dimensional payoff functions, i.e., multi-objective
Markov decision processes. Multi-dimensional payoff functions can be used to
model specifications imposing several simultaneous constraints on a system,

e.g., constraints on the response time and energy consumption of a system. In
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this setting, some expected payoff vectors may be incomparable; an analysis of
trade-offs between the different dimensions may be necessary.

The goal is generally to determine, given a vector, whether it is achievable,
i.e., whether there exists a strategy whose expected payoff from an initial
state is greater than or equal to the vector in all components (e.g., [EKVY08,
CFW13, RRS17]). A related problem is to compute or approximate the Pareto
curve of the set of expected payoffs, i.e., the expected payoffs that are Pareto-
optimal (e.g., [FKP12, CKK17, QK21]). Intuitively, an expected payoff is
Pareto-optimal if there is no strategy whose expected payoff is as good on
all dimensions and strictly better on one dimension. Alternatively, one can
look for strategies with expected payoffs that are optimal for the lexicographic
order over vectors (e.g., [HPST21, CKM*23, BCM*23|). For instance, in a
two-dimensional setting, this equates to finding strategies that maximise the
expected payoff on the second dimension among the strategies that maximise
the expected payoff on the first dimension.

In general, strategies with both memory and randomisation may be necessary
in multi-objective MDPs to achieve some vectors (see, e.g., [RRS17, DKQR20,
BGMR23] and the example below). Our focus is on randomisation requirements
in (countable) multi-objective MDPs: we study whether limited randomisation

power suffices to achieve vectors.

A simple example. For the sake of illustration, let us consider the MDP
depicted in Figure 3.4a. This MDP models a situation where a person wants
to go to work. They must choose between riding their bicycle or taking the
train. However, the train may be delayed with high probability due to an
ongoing strike. The goal of the commuter is twofold: maximise the likelihood
of reaching work within 40 time units (to reach work on time) and do so as
fast as possible on average. We model the two goals with a shortest-path cost
function.

We illustrate the set of expected payoffs for this situation in Figure 3.4b.
We label some expected payoffs with their corresponding strategies. On the
one hand, 04, and o denote the pure strategies that always choose the
action in the subscript. On the other hand, we denote by oy, the strategy
that attempts to take the train ¢ times before choosing the bicycle.
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(a) Transitions are labelled by actions (b) A set of expected payoffs. The probability
and probabilities. Weights next to ac- of reaching work before 40 time units is given
tions represent the time taken by the on the first dimension. The other dimension
action. The target is doubly circled. represents the expected time to reach work.

Figure 3.4: An MDP with two payoffs and its associated set of expected payoffs.

This simple example highlights the need for randomisation and memory
in multi-objective MDPs. When limited to pure strategies, for instance, it
is not possible to reach work on time with probability exceeding 90% while
guaranteeing an expected commute time lower than 27. While the figure does
not feature the expected payoffs of all pure strategies, we observe that any
pure strategy whose payoff is not represented will reach work on time with a
smaller probability than oy, and thus will not be satisfactory. However, as
suggested by the point labelled by o, on the illustration, these constraints
can be satisfied by mixing oy, and og¢1p,. In fact, here, all expected payoffs
can be obtained by finite-support mized strategies. We explain below how this

property generalises.

We remark that, in general, expected payoff sets need not be convex poly-
topes like in the previous example. We depict a set of expected payoffs that is
not a polytope in Figure 3.5; this set has infinitely many extreme points. This
figure is taken from a multi-objective MDP with two discounted-sum payoffs

that is presented in Chapter 14.1.
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E(f2)

1 E(f1)

Figure 3.5: An expected payoff set that is not a polytope; taken from the
example of Chapter 14.1 of a multi-objective MDP with two discounted-sum
payoffs.

3.3.2 Contributions

Philosophy. Our goal is to provide general results, i.e., that apply to a
broad class of payoffs. We only consider universally unambiguously integrable
payoffs (Definition 2.26), i.e., payoffs that have a well-defined (possibly infinite)
expectation no matter the strategy. This constitutes a natural requirement when
alming to reason about expectations. We obtain finer results for universally
integrable payoffs (Definition 2.27), i.e., payoffs whose expectation is finite
under all strategies.

Overview. Our contributions are twofold. On the one hand, we study
the structure of sets of expected payoffs in countable multi-objective MDPs,
focusing on the relationship between what can be obtained with pure and with
randomised strategies. Through these relationships, we obtain results regarding
randomisation requirements in multi-objective MDPs. On the other hand,
we investigate sufficient conditions that ensure that any achievable vector is
dominated by a Pareto-optimal payoff. We show that this holds for a subclass of
continuous payoffs in finite MDPs. We remark that Pareto-optimal payoffs need
not exist in general; already in the one-dimensional case, optimal strategies

need not exist.
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Payoff type Univ. int. Univ. unamb. int.
) Pure strat. Inf. support
Lexico. opt.
(Thm. 14.1) (Ex. 14.1)
Fin.-support mixed strat. Inf. support

Achieving a vect.
(Thm. 14.4) (Ex. 14.4)

Fin.-support mixed strat. | Fin.-support mixed strat.

Approx. a vect.
(Thm. 14.4) (Thm. 14.7)

Table 3.2: Summary of randomisation requirements in countable multi-objective
MDPs for lexicographic optimisation, achieving a vector and approximating
an expected payoff vector. Univ. int. and univ. unamb. int. respectively
stand for universally integrable and universally unambiguously integrable. For
each case, either pure strategies or finite-support mixed strategies suffice, or

finite-support mixed strategies do not suffice.

The structure of expected payoff sets. We relate the set of expected
payoffs of pure strategies and the set of expected payoffs of general strategies
in countable multi-objective MDPs. We summarise the results described in the
following in Table 3.2.

First, we prove that for universally integrable (multi-dimensional) payoffs,
for all strategies, there exists a pure strategy with a greater or equal expected
payoff in the lexicographic sense (Theorem 14.1). In other words, randomisation

1s not necessary for lexicographic optimisation of universally integrable payoffs.

This first result serves as a building block to one of our main results: any
expected payoff vector of a universally integrable (multi-dimensional) payoff is
a convex combination of expected payoffs of pure strategies (Theorem 14.4).
From a strategic perspective, this means that in multi-objective MDPs, finite-
support mized strategies suffice to exactly obtain any (Pareto-optimal) expected
payoff vector. As a corollary, we obtain that any extreme point of a set of
expected payoffs of a universally integrable payoff can be obtained by a pure
strategy (Corollary 14.5). These results generalise known properties for classical
combinations of objectives on finite MDPs for which the set of expected payoffs

is a convex polytope (e.g., combinations of w-regular specifications [EKVYO08|
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and universally integrable total-reward payoffs [FKP12]), and for which the
set of expected payoff vectors need not be a polytope (e.g., discounted-sum
payoffs [CFW13]| — see Figure 3.5).

Although none of the previous properties generalise to the whole class
of universally unambiguously integrable payoffs (even in finite MDPs, see
Examples 14.1 and 14.4), we prove that, for such payoffs, convex combinations of
pure strategies can be used to approzimate any expected payoff (Theorem 14.7).

In both cases, we can bound the number of strategies that are mixed
depending on the number of dimensions d. Depending on the setting, we can
match or approximate expected payoffs by mixing no more than d+ 1 strategies
(Theorem 14.8).

Our results highlight the role of randomisation in strategies for multi-
objective MDPs: it is useful only to balance the payoffs on different dimensions
in many cases.

To establish these results, we mainly reason on mized strategies rather
than behavioural strategies. Mixed strategies provide a crucial link between
expected payoffs of pure and randomised strategies: the expected payoff of a
mixed strategy is an integral with respect to the mixed strategy of the expected
payoffs under all pure strategies (Lemma 13.4). Kuhn’s theorem allows us to
extend our results to behavioural strategies.

We comment on the applicability of the above results. The class of univer-
sally integrable payoffs is large: it contains most classical payoffs. Indeed, all
bounded payoffs are de facto in this class. For example, all indicators of objec-
tives are in it. This means that all settings where one considers the probabilities
of sets of plays (i.e., either an inherently qualitative objective or one arising
from fixing a threshold for a quantitative payoff) are in it, for any definition of
such sets of plays. Classical examples include w-regular objectives [EKVY08],
window objectives [BDOR20] or percentiles queries [RRS17]. Bounded payoffs
also encompass discounted-sum [Sha53| and mean-payoff [BBCT14b, CKK17|
functions. Heterogeneous combinations, such as, e.g., combinations of energy
and mean-payoff [BHRR19] also fit under this umbrella.

Payoffs that are not universally unambiguously integrable fall out of scope
of our results. It makes sense to exclude such payoffs: their expectation need

not be well-defined. Such out-of-scope payoffs include some instances of total
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reward payoff or shortest-path cost with both negative and positive weights,
e.g., when there are plays with a payoff of positive infinity and negative infinity
with non-zero probability under some strategy. When only non-negative weights
(or only non-positive weights) are used, a classical restriction [FKP12, RRS17|,
these two types of payoffs are universally unambiguously integrable (but not
necessarily universally integrable), and thus are covered by our results.

We now briefly discuss memory requirements in multi-objective MDPs with
respect to mixing. For some universally integrable payoffs in finite MDPs, the
sets of expected payoffs are polytopes whose extreme points can be obtained
via pure finite-memory strategies (e.g., w-regular objectives [EKVY08| or mean-
payoff [BBCT14b]). It follows that for these objectives, mixing over finitely many
pure finite-memory strategies is sufficient to fulfil any achievability requirement.
In other words, one of the least expressive models of randomised finite-memory
strategies (with respect to our classification in Part I1I), i.e., RDD strategies,
suffices. Furthermore, the blow-up in memory from this mixing argument is

small: it suffices to mix, at most, one more strategy than the number of payoffs.

Continuous payoffs. We provide a sufficient condition on payoffs to
guarantee that the set of expected payoffs is closed in finite MDPs. We show
that this is the case for continuous universally square integrable payoffs, i.e.,
continuous payoffs that are universally integrable when squared (Theorem 15.8).
Universally square integrable payoffs are a special case of universally integrable
payoffs (due to the Cauchy-Schwarz inequality, see, e.g., [Durl9, Thm. 1.5.2.]).

The class of continuous universally square-integrable payoffs includes real-
valued continuous payoffs (in particular discounted-sum payoffs) and universally
integrable shortest-path costs based on a positive weight function (see Chap-
ter 15.4). It follows that for combinations of these payoffs, any achievable
vector can be bounded from above by a Pareto-optimal expected payoff. We
remark that expected payoff sets for continuous universally square integrable
payoffs need not be polytopes: this is witnessed by the example illustrated in
Figure 3.5, which is based on discounted-sum payoffs.

To prove that expected payoffs sets are closed for continuous universally
square integrable payoffs in finite MDPs, we introduce a notion of convergence

of behavioural strategies (Chapter 15.1) and show that the function mapping a
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strategy to the expectation under this strategy is continuous (Theorem 15.7).
Our approach depends on the compactness of the set of plays, and therefore
does not translate to countable MDPs.

3.4 Counter-based strategies in one-counter Markov

decision processes

We motivate and summarise the results presented in Part V. The results
presented in this section are based on joint work with Michal Ajdarow, Petr
Novotny and Mickaél Randour [AMNR25].

3.4.1 Context

Strategies and their representations. In reactive synthesis via games,
the goal is to automatically construct a strategy representing the sought con-
troller. Traditionally, synthesised strategies are finite-memory and are repre-
sented by Mealy machines. A special subclass of particular interest is that of
memoryless strategies.

Memoryless strategies are functions assigning (distributions over) actions
to each state. Therefore, in infinite arenas, even these strategies, which can be
seen as the simplest strategies from the viewpoint of memory, need not admit a
finite representation. The contribution presented in this part focuses on small
(and particularly, finite) counter-based representations of memoryless strategies
in a fundamental class of infinite-state MDPs: one-counter MDPs.

One-counter MDPs.  One-counter MDPs [BBET10] (see Definition 2.49)
are finite MDPs augmented with a counter that can be incremented (by one),
decremented (by one) or left unchanged on each transition. Considering such
counter updates is not restrictive for modelling: any integer counter update
can be obtained with several transitions. However, this impacts the complexity
of decision problems.

An OC-MDP induces a possibly infinite MDP over a set of configurations
given by states of the underlying MDP and counter values (Definition 2.51). In
this induced MDP, we interrupt plays that reach counter value zero; this event
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is called termination. We consider two variants of the model: unbounded OC-
MDPs, where counter values can grow arbitrarily large, and bounded OC-MDPs,
in which plays are interrupted when a fixed counter upper bound is reached.
OC-MDPs are small representations of large MDPs: unbounded OC-MDPs
have infinitely many configurations and bounded OC-MDPs have exponentially
many configurations with respect to the binary encoding of the counter upper
bound.

Termination is the canonical objective in OC-MDPs [BBET10]. Also rel-
evant is the more general selective termination objective (Definition 2.54),
which requires terminating in a target set of states. In this work, we study
both the selective termination objective and the state-reachability objective
(Definition 2.53), which requires visiting a target set of states regardless of the

counter value.

Synthesis in OC-MDPs. Optimal strategies need not exist in unbounded
OC-MDPs for these objectives [BBEK13|. The general synthesis problem in
unbounded OC-MDPs for selective termination is not known to be decidable,
and it is at least as hard as the positivity problem for linear recurrence se-
quences [PB24], whose decidability would yield a major breakthrough in number
theory [OW14]. Optimal strategies exist in bounded OC-MDPs: the induced
MDP is finite and we consider reachability objectives. However, constructing
optimal strategies is already EXPTIME-hard for reachability in finite-horizon
MDPs |[BKN*19], i.e., OC-MDPs in which all weights are negative (and thus
the number of steps in the play is bounded by the initial counter value).

We propose to tame the inherent complexity of analysing OC-MDPs by
restricting our analysis to a class of succinctly representable (yet natural and

expressive) strategies called interval strategies.

3.4.2 Contributions

Interval strategies. We introduce interval strategies (Definition 17.2):
an interval strategy is based on some (finite or infinite but finitely-representable)
partitioning of N into intervals, and the strategy’s decision depends on the
current state and on the interval containing the current counter value. More

precisely, we focus on two classes of these strategies. On the one hand, in
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bounded and unbounded OC-MDPs, we consider open-ended interval strategies
(OEISs) for which the underlying partitioning is finite. On the other hand,
in unbounded OC-MDPs, we also consider cyclic interval strategies (CISs):
strategies for which there exists a (positive integer) period such that, for any
two counter values that differ by the period, we take the same decisions.

We collectively refer to OEISs and CISs as interval strategies. While interval
strategies are not sufficient to play optimally in unbounded OC-MDPs [BKSV08|
(see also Examples 17.2 and 17.3), they can be used to approximate the
supremum probability for the objectives we consider (Lemma 17.5).

We can show that OEISs in bounded OC-MDPs and CISs in unbounded OC-
MDPs can be exponentially more concise than equivalent Mealy machines, and

OEISs in unbounded OC-MDPs can even represent infinite-memory strategies

(Chapter 17.2).

Decision problems. For selective termination and state-reachability, we
consider three decision problems. First is the interval strategy verification
problem (Definition 17.6): it asks whether the probability of the objective
from an initial state under the given strategy is greater or equal to a given
threshold. The other two problems are realisability problems for structurally-
constrained interval strategies. On the one hand, the fized-interval realisability
problem (Definitions 17.7 and 17.8) asks, given an interval partition, whether
there is an interval strategy built on this partition that ensures the objective
with a probability greater than a given threshold. Intuitively, in this case,
the system designer specifies the desired structure of the controller and it
remains to specify the action choices for each interval. On the other hand,
the parameterised realisability problem for interval strategies (Definitions 17.9
and 17.10), asks whether there exists a well-performing strategy built on a
partition of size no more than a parameter d such that no finite interval is
larger than a second parameter n. We consider two variants of the realisability
problems: one for checking the existence of a suitable pure strategy and another
for randomised strategies. Randomisation allows for better performance when
imposing structural constraints on strategies (see Example 17.4), but pure
strategies are however often preferred for synthesis [DKQR20], as randomness

is undesirable for certain applications (e.g., in the medical field).
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Compressed Markov chains. Analysing the performance of a memory-
less strategy in an MDP amounts to studying the Markov chain it induces on
the MDP (Definition 2.14). Our results rely on the analysis of a compressed
Markov chain derived from the (potentially infinite) Markov chain induced
by an interval strategy (Chapter 18). We remove certain configurations and
aggregate several transitions into one. This compressed Markov chain preserves
the probability of selective termination and of hitting counter upper bounds
(Theorem 18.4). However, its transition probabilities may require exponential-
size representations or even be irrational. To represent these probabilities,
we characterise them as the least solutions of quadratic systems of equations
(Theorems 18.6 and 18.9); these characterisations are respectively derived from
and inspired by those of [KEMO06] for termination probabilities in probabilistic
pushdown automata. Compressed Markov chains are finite for OEISs and are
induced by a one-counter Markov chain for CISs (Section 18.5).

Complexity results. We summarise our complexity results in Table 3.3.
The crux of our algorithmic results is the aforementioned compression. For
verification, we reduce the problem to checking the validity of a universal formula
in the theory of the reals, by exploiting our characterisation of transition
probabilities in compressed Markov chains. This induces a PSPACE upper
bound. For bounded OC-MDPs, we can do better: verification can be solved
in polynomial time in the unit-cost arithmetic RAM model of computation
of Blum, Shub and Smale [BSS89] (described in Chapter 2.9), by computing
transition and reachability probabilities of the compressed Markov chain. This
yields a PPosSLP complexity in the Turing model (see [ABKMO09)]).

Both realisability variants exploit the verification approach through the
theory of the reals. For fixed-interval realisability for pure strategies, we
exploit non-determinism to select good strategies and then verify them with the
above. In the randomised case, in essence, we build on the verification formulae
and existentially quantify over the probabilities of actions under the sought
strategy. Finally, for parameterised realisability, we build on our algorithms for
the fixed-interval case by first non-deterministically building an appropriate
partition.

We also provide complexity lower bounds. We show that all of our considered
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Semantics Bounded Unbounded
Strategy type Open-ended Open-ended ‘ Cyclic
pPosSLP co-ETR co-ETR
Verification |- - - - Thm. 191 | Thm. 195 | ___ Thm. 199 |

sqrt-sum-hard
sqrt-sum-hard [EWY10]

Thm. 21.7
Pure Random Pure Random Pure Random
Realisability | NPPosStP NPETR NPETR PSPACE NPETR PSPACE

(both variants) | Thm. 20.2 | Thm. 20.4 | Thm. 20.5 | Thm. 20.7 | Thm. 20.8 | Thm. 20.10

NP-hard (termination, Thm. 21.12) and sqrt-sum-hard (cf. verification)

Table 3.3: Complexity bound summary for our problems. All bounds are below
PSPACE. Square-root-sum-hardness results are derived from instances of the

form ) \/z; > y.

problems are hard for the square-root-sum problem (Definition 21.1), a problem
that is not known to be solvable in polynomial time but that is solvable
in polynomial time in the Blum-Shub-Smale model [Tiw92]. We also prove
NP-hardness for our realisability problems for selective termination, already
when checking the existence of good single-interval strategies. We provide a
reduction from the problem of deciding whether a finite directed graph contains
a Hamiltonian cycle (Definition 21.11).

Impact. Our results provide a natural class of strategies for which realis-
ability is decidable (whereas the general case remains open and known to be
difficult [PB24]), and with arguably low complexity (for synthesis). Furthermore,
the class of interval strategies is of practical interest thanks to their concise
representation and their inherently understandable structure (in contrast to
the corresponding Mealy machine representation).
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CHAPTER 4

Introduction

In this part, we present the results described in Chapter 3.1, originating from
the single-author paper [Mai24|. We study Nash equilibria in multi-player games
on turn-based deterministic arenas with reachability objectives, shortest-path
costs and Biichi objectives. We investigate how much memory is sufficient to
obtain a constrained pure Nash equilibrium from an initial state, i.e., a Nash
equilibrium whose cost profile is bounded from above (with respect to the
component-wise order) by a given vector, when considering Mealy machines
whose updates disregard actions.

We refer the reader to Chapter 3.1 for an extended presentation of the
context. We divide this part into three chapters. We summarise their contents

below. We comment on related work at the end of this chapter.

Memory for constrained Nash equilibria. Chapter 5 presents the
constrained Nash equilibrium existence problem and move-independent Mealy
machines. Throughout this part, we focus on move-independent Mealy machines
as our means of representing strategies and quantifying memory.

In an n-player game, the constrained NE existence problem asks, given
an initial state and an n-dimensional vector, whether there exists an NE
from the initial state whose cost profile is bounded from above by the given
vector (Definition 5.1). Such an NE is called a solution to the constrained
NE existence problem. Memory is necessary in general for solutions to the
constrained NE existence problem: it is useful if there are several targets to

be visited (Example 5.1) and to threaten other players to prevent them from
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having profitable deviations (Example 5.2).

We then consider move-independent strategies and Mealy machines. A
strategy is move-independent if its decisions depend only on the sequence of
game states occurring throughout the play. Similarly, a deterministic Mealy
machine is move-independent if its memory updates depend only on states and
not on actions. When considering deterministic turn-based arenas described by
directed graphs (i.e., there is at most one transition from one state to another),
all strategies are move-independent — this presentation of arenas is used, e.g.,
in [GTWO02, BCJ18|.

In finite arenas, all finite-memory move-independent strategies are induced
by move-independent Mealy machines (Lemma 5.5). However, this is no longer
the case in infinite arenas: move-dependent Mealy machines can represent
pure strategies that cannot be represented through (finite) move-independent
Mealy machines (Example 5.3). In particular, upper bounds on the sufficient
memory for solutions to the constrained NE existence problem obtained through
general (action-aware) Mealy machines do not yield upper bounds when using
move-independent Mealy machines. For this reason, we directly construct

move-independent Mealy machines in our analysis.

Punishing strategies and characterisations of NE outcomes. In
Chapter 6, we provide an overview of several technical results that we use to
construct Nash equilibria. We present results for zero-sum games on deter-
ministic turn-based arenas and characterisations of outcomes of pure Nash
equilibria.

We build NEs through a variant of the punishing mechanism: the players
follow along a given outcome and, if some player deviates from the intended
outcome, the other players join together to sabotage the deviating player. This
sabotage is executed through punishing strategies obtained via coalition games
(Definition 6.7). A coalition game is a zero-sum game derived from a multi-
player game in which one player P; plays against the coalition of the other
players, who aim to maximise the cost of P;. We recall classical results on
zero-sum reachability and Biichi games on deterministic turn-based arenas from
which we obtain memoryless punishing strategies (see Theorems 6.1 and 6.2).

We also show that pure memoryless punishing strategies exist in shortest-path
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games (Theorem 6.5), despite the fact that, in zero-sum shortest path games,
optimal strategies need not exist for the second player who aims to maximise
the shortest-path cost (Example 6.1).

To implement the punishing mechanism, we require an NE outcome. Fur-
thermore, this outcome must be well-structured to result from a finite-memory
strategy profile. In Chapter 7, we describe methods to appropriately simplify
NE outcomes while improving their cost profile. To guarantee that this simplifi-
cation approach yields NE outcomes, we use characterisations of NE outcomes
based mainly on values in zero-sum coalition games (Theorems 6.8 and 6.9).
Intuitively, these characterisations state that a play is an NE outcome if the
values of states along the play do not suggest the existence of a profitable
deviation.

We close the chapter by discussing the fact that pure NEs exist from
all states in the games we consider. This follows from known results in all
cases besides shortest-path games on infinite arenas. We recall these results
and we provide an existence proof in multi-player shortest-path games with
non-negative integer weights that applies to finite and infinite arenas (see
Theorem 6.11). Our argument is based on our characterisation of NE outcomes

in these games.

Memory bounds for Nash equilibria. We provide our main results
regarding memory requirements for constrained Nash equilibria in Chapter 7.
On the one hand, we show that there exist arena-independent upper bounds
on the sufficient amount of move-independent memory for constrained NEs in
reachability games (Theorem 7.7) and in shortest-path games (Theorem 7.9)
that hold in particular in infinite arenas. On the other hand, we show that for
Biichi games, if there exists a solution to an instance of the constrained pure
NE existence problem, then there exists one where the strategies are induced
by move-independent Mealy machines (Theorem 7.13).

For all of the aforementioned games, we rely on a relaxation of the pun-
ishment mechanism: we consider NE outcomes and construct strategies such
that players only punish certain deviations and disregard some others. To
obtain finite-memory strategies via this mechanism, we build on well-structured

outcomes; see Lemmas 7.3 and 7.4 for shortest-path and reachability games
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and Lemmas 7.11 and 7.12 for Biichi games.

Related work. We discuss three directions related to multi-player non-
zero sum games. The first direction is related to the constrained equilibrium
existence problem as a decision problem (e.g., [BMR14, BBMU15]). On fi-
nite arenas, deciding the existence of a constrained NE is NP-complete for
reachability and (non-negative weighted) shortest-path games [BBGT21] and
is in P for Biichi objectives [Umm08|. This problem has also been studied for
other types of equilibria, e.g., for subgame perfect equilibria in reachability and
(non-negative weighted) shortest-path games [BBG20| and in mean-payoff
games [BvdBR23, BRvdB22| and for secure equilibria in weighted games for the
supremum, infimum, limit superior, limit inferior and mean payoffs [BMR14].

Second, the construction of our finite-memory NEs rely on characterisations
of plays resulting from NEs. Their purpose is to ensure that the punishment
mechanism can be used to guarantee the stability of an equilibrium. In general,
these characterisations can be useful from an algorithmic perspective; deciding
the existence of a constrained NE boils down to finding a play that satisfies the
characterisation. Characterisations appear in the literature for NEs [Umm08,
UW11, BBMU15|, but also for other types of equilibria, e.g., subgame perfect
equilibria [BBG120] and secure equilibria [BMR14].



CHAPTER 5

The role of memory in constrained
Nash equilibria

In general, even if Nash equilibria are guaranteed to exist, there need not be
guarantees on their cost profile. In practice however, we are more interested
in Nash equilibria in which the players have a low cost, e.g., if players model
different (independent) components of a system to be controlled. This motivates
the constrained (pure) Nash equilibrium existence problem, which asks, in an
multi-player game, whether there exists a pure NE from a given initial state
whose cost profile is no more than a given vector. Such an NE is called a
solution to the constrained existence problem.

In the subsequent chapters, we endeavour to provide upper bounds on
the amount of memory that is sufficient for these solutions when considering
move-independent Mealy machines, i.e., Mealy machines whose memory updates
only depend on states (and thus disregard actions). Strategies induced by such
Mealy machines are called move-independent: their decisions do not take in
account the actions taken throughout the play.

The main purpose of this chapter is to formalise the constrained existence
problem, due to its role as a motivation for this work, and move-independent
Mealy machines, as our chosen strategy representation. We also provide
examples witnessing the need for memory in solutions to the constrained NE
existence problem.

In Section 5.1, we formalise the constrained NE problem. We then prove

the necessity of memory in Section 5.2 and highlight two roles that memory
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plays. Finally, we discuss move-independent strategies and move-independent
(deterministic) Mealy machines in Section 5.3. In addition to formalising these
notions, we investigate the impact of removing actions from Mealy machine
updates on memory size requirements.

We fix an n-player deterministic turn-based arena A = ((Si)ie[1,n], 4,9) for
the remainder of the chapter.

Contents
5.1 Constrained equilibrium existence problem . . . . . 94
5.2 The necessity of memory . . . ... .......... 95
5.3 Move-independent strategies. . . . . ... ... ... 97
5.3.1 Definitions . . . .. ... ... ... 98
5.3.2 Move-independent Mealy machines in finite arenas . 99
5.3.3 The cost of move independence . . . . .. ... ... 102

5.1 Constrained equilibrium existence problem

For all types of games we consider in this section, deciding whether a pure NE
exists from a given initial state is trivial: there exists an NE from any initial
state. We discuss NE existence results in Chapter 6.3. Existence results from
the literature do not directly apply to games with shortest-path costs on infinite
arenas; we provide an explicit existence proof instead (Theorem 6.11).
Although NEs are guaranteed to exist, several incomparable NEs may co-
exist within a game, as we have seen in Example 2.5, i.e., this existence result
does not provide any guarantees on the quality of the cost profile. Therefore, a
natural question is to ask, given an initial state, whether there exists an NE
from this initial state in which the costs of the players are good enough. This

problem is formalised as follows.

Definition 5.1 (Constrained NE existence problem). Let G = (A, (fi)ici,n])
be a game where f; is a cost function for all ¢ € [1,n]. The constrained (pure)
NE existence problem asks, given an initial state sijni; € S and q € R™, whether
there exists a pure NE o from sjn;x such that (f;(Out4(o, Sinit)))ie[[l,n]] < q. Such
an NE is called a solution to the constrained NE existence problem.
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a b
OBOSE
a b

Figure 5.1: A two-player deterministic turn-based arena.

In games where the goals of the players are given by objectives, the con-
strained NE existence problem asks whether there exists an NE the outcome of
which is winning for a given subset of players. Our goal is to bound the sufficient
amount of memory for solutions to the constrained NE existence problem.

5.2 The necessity of memory

Memory may be required for solutions to the constrained Nash equilibrium
existence problem. In this section, we provide two examples that highlight this
need for memory. We use these examples to explain the roles of memory for
NEs in games with reachability objectives; this discussion is inspired by an
invited contribution co-authored with Thomas Brihaye, Aline Goeminne and
Mickaél Randour [BGMR23|. While we only focus on reachability objectives,
the following also applies to games with shortest-path cost functions and games
with Biichi objectives, due to their similarity.

Intuitively, memory serves two roles. On the one hand, memory is useful to
satisfy several objectives, i.e., for reachability, to visit several targets that do
not all lie on a single simple history. On the other hand, memory may be useful
to prevent profitable deviations of other players. We illustrate these needs via
two examples.

We first provide an example highlighting the need for memory to visit

several targets.

Example 5.1. We let A be the arena depicted in Figure 5.1. We consider the
reachability game G = (A, (Reach(s1), Reach(sz)), i.e., the target of P; is the
state s; for i € {1,2}. We show that there exists a solution to the constrained
NE existence problem instance asking for a pure NE from sy such that the
objectives of both players are satisfied in its outcome, and that any solution to

this problem instance requires memory.
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a a a
Rb
Syl SRS

Figure 5.2: A three-player deterministic turn-based arena. Circles, squares and

diamonds are resp. P, P2, P3 states.

We let o9 denote the pure memoryless strategy of Ps in A such that
o2(s2) = b. This is the only strategy of Ps in .A. We consider a pure strategy o
of P, that alternates between actions a and b after each visit to sg. It follows
that the outcome of o1 and o9 from s satisfies the objectives of the two players,
i.e., the strategy profile (o1, 02) is an NE from sy such that both players win in
its outcome.

However, there are no pure memoryless NE from sy with an outcome that
is winning for both players: the only two outcomes from sg of pure memoryless
strategy profiles in A are (spasia)® and (sobs2b)®. In other words, memory is
needed to obtain an NE from sy that visits both s1 and ss. <

We now showcase the second application of memory: to prevent profitable
deviations. In this case, we use memory to implement a punishment mechanism:
the players band together to sabotage any player who strays from the intended
outcome of the NE (see also: the description of this mechanism in Chapter 3.1).

Example 5.2. We consider the three-player reachability game G on the arena
depicted in Figure 5.2 where the objective of P; is Reach(t;) for ¢ € [1,3]. We
claim that memory is necessary to obtain a pure NE from sy such that ¢; is
visited in its outcome.

Let 0 = (Ui)ie[[l,B]] be a pure memoryless strategy profile such that t; is
visited in Out4(o, s0), i.e., 0(sg) = o(s1) = o(s2) = a. We claim that o is not
an NE from sg. If o(s3) = a, then Py has a profitable deviation by choosing b
in s; instead of a. Similarly, if o(s3) = b, then P3 has a profitable deviation by
choosing b in s9 instead of a. Therefore, ¢ is not an NE from sg.

We can construct a pure NE o = (0;);c[1,3) from so such that ¢ is visited
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as follows. We let o9 and o3 be the pure memoryless strategies of Py and Ps
that select action a in all states. We define o1 to be the strategy that chooses
b in s3 if so has not been visited, and chooses a otherwise. We check that o is
an NE from sg as follows: if Py deviates and uses action b in s1, then P; reacts
to this deviation by avoiding 9, and similarly, if P3 deviates and uses action b
in s9, then P; reacts to this deviation by avoiding t3.

We have shown that there exists an NE from sg in G such that the target

of Py is visited, and that any such NE requires memory. <

The two previous examples illustrate that memory is necessary for solutions

to the constrained NE existence problem.

5.3 Move-independent strategies

Upper bounds on the memory sufficient to win in zero-sum games or to obtain
NEs in multi-player games are sensitive to the choice of strategy model. Intu-
itively, more general models of strategies yield smaller bounds. For instance,
in certain settings, better memory bounds can be obtained by considering
randomised strategies instead of pure strategies (e.g., [CdH04, CHP08, Hor09,
CRR14, MPR20]). On the other hand, establishing memory bounds for more
restrictive models implies memory bounds for more general models.

In this section, we introduce move-independent strategies and Mealy ma-
chines. We then show that all finite-memory move-independent strategies can
be implemented with move-independent Mealy machines in finite arenas: we
provide a translation from a general Mealy machine to a move-independent one
that involves encoding the previous visited state in the memory. Finally, we
provide an example illustrating that any translation from Mealy machines im-
plementing move-independent strategies to move-independent Mealy machines
requires a blow-up relative to the number of states of the arena. In particular,
in infinite arenas, strategies implemented by move-independent Mealy machines
are a strict subset of move-independent finite-memory strategies.

Definitions are given in Section 5.3.1. We show that, in finite arenas, move-
independent pure strategies are finite-memory strategies if and only if they
are induced by a move-independent Mealy machine in Section 5.3.2. Finally,

we show that a blow-up proportional to the size of the memory state space is
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necessary to construct move-independent Mealy machines from general ones in
Section 5.3.3.

5.3.1 Definitions

A strategy is move-independent if its decisions are agnostic to the actions chosen
throughout histories. This can be formalised as follows.

Definition 5.2. Let i € [1,n]. A strategy o; of P; in A is move-independent
if for any two histories h = sgagsy...a,—158, and h = sgbgsy ...br-—15, that

traverse the same sequence of states, we have o;(h) = o;(I').

Similarly, we say that a Mealy machine is move-independent if its updates
disregard the chosen actions. Formally, a deterministic move-independent Mealy
machine is defined as follows.

Definition 5.3. Let ¢ € [1,n]. A deterministic Mealy machine 9 =
(M, minit, nxton, upgy) of P; is move-independent if for all m € M, s € S and
a,b € A(s), upgp(m,s,a) = upgy(m,s,b). If M is move-independent, we view
its update function as a function M x S — M.

As the name suggests, a deterministic move-independent Mealy machine
induces a move-independent strategy.

Remark 5.4 (Stochastic Mealy machines). The above definition is not satisfac-
tory for stochastic Mealy machines: for a stochastic Mealy machine, even if the
update function disregards the chosen action, the strategy it induces may not be
move-independent. For instance, consider a one-state deterministic MDP with
two actions and the mixed strategy that randomises over the two pure constant
strategies of the MDP. This strategy is not move-independent: its decisions
depend on the choice of action in the first round. However, this strategy can be
implemented by a Mealy machine with two states, a randomised initialisation
and updates that leave memory states unchanged. In particular, these updates
are agnostic to actions. This motivates the restriction of the above definition

to deterministic Mealy machines. <

We close the section by commenting on the use of move-independent Mealy
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machines in the literature. Some authors define Mealy machines as move-
independent Mealy machines (e.g., [CRR14, CHVBI18, BBGT21]), i.e., with
updates that depend only on states and not actions. This definition is also used
in the paper [Mai24| from which the results presented in Chapter 7 originate.
In these works, (turn-based) arenas are presented as finite directed graphs
where vertices are partitioned among the different players and transitions are
described by the edge relation of the graph. In such arenas, all strategies
are move-independent. Furthermore, as these works are concerned with finite
arenas, a pure strategy is finite-memory if and only if it is induced by a move-
independent Mealy machine. However, this choice of model can influence any
memory requirements obtained for winning strategies or equilibrium profiles.
In our case, restricting our attention to move-independent strategies can
also be seen as imposing a specific type of imperfect information on the decision
making of the players: they can only observe the state of the world and not
the actions that are taken by the others. This models the situation in which
actions are internal to the players, and only their effect on the state of the

arena can be observed.

5.3.2 Move-independent Mealy machines in finite arenas

We now assume that A is finite. Our goal is to show that any pure finite-memory
strategy that is move-independent is induced by a move-independent Mealy
machine. We consider a (move-dependent) deterministic Mealy machine 9t that
induces a move-independent strategy and derive a move-independent Mealy
machine O from M as follows. The state space of N is obtained by augmenting
memory states of 91 with the state visited in the previous step of the play. We
use this additional information to mimic the memory updates of 91 in 9 one

time step later. We formalise this idea in the following proof.

Lemma 5.5. Assume that the state space of A is finite. Let i € [1,n]. For
all deterministic Mealy machines I = (M, Minit, NXton, upgy) of P; that induce
move-independent strategies, there exists a move-independent Mealy machine

inducing an outcome-equivalent strategy with |M| - |S| + 1 memory states.
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Proof. For all s € S\ S; and t € S, we let as; denote a fized action such that
d(s,ast) =t if such an action exists. We use these actions in the definition of
the update and next-move functions of our move-independent Mealy machines,
to avoid having to observe actions.

Let 9 = (M, minit, nxton, upgy) be a deterministic Mealy machine inducing
a strategy of P;. We define an outcome-equivalent move-independent Mealy
machine 9 = (N, T, nxty, upy) as follows. First, we let N = (M x S)U{T}
where T is a new initial memory state. For all m € M and all s,t € S, we
define upg(T,t) = (Minit, ) and

(upﬁﬂ(mﬂsv nthm(m? 8))7t) ZfS € Sz
up‘ﬂ((mvs)at) = '
(upgn(m, 8, ast),t) otherwise,

and, if t € S;, we define nxty(T,t) = nxton(Minit, t) and

nxtop (upgn (m, s, nxton(m, s)),t)  if s € S;
nxty((m, s),t) =
nxtop (Upgn (M, s, Cls,t), t) otherwise.

We remark that |N| = |M| - |S| + 1.

We now show that 91 and 91 induce outcome-equivalent strategies. Two
strategies are outcome-equivalent if and only if they agree over the histories
consistent with the two strategies (see the outcome-equivalence criterion of
Lemma 9.1 for a formal argument); we establish outcome-equivalence through
this property. Let o; and 7; denote the strategies induced by 9t and 91 respec-
tively.

First, we establish the following property by induction: for any history
prefix w = w'sa € (SA)T consistent with ;, there exists a history u's € Hist(A)
consistent with o; and sharing the same sequence of states as w’s such that
upg(w) = (upgn(u’), s). We prove this by induction on the number of actions in
the history prefixes. For the base case, we consider a history prefix w = sa and
let u/ be the empty word. By definition of upy; (and its iterated version), we
have upgy(w) = (Minit, $). This ends the proof of the base case.

We now let w = w”tbsa € (SA)™ be a history prefix consistent with o;.
We let w' = w”tb. We assume by induction that there exists a history u’t
consistent with o; and sharing the same sequence of states as w”t such that
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upy(w’) = (upgn(u”),t). We first define a suitable history prefix u'. If ¢ € S;,
we let v/ = u”th. Otherwise, we let v’ = u”"ta; 5. In both cases, we obtain that
u’s shares the same sequence of states as w’s and is consistent with o;: for the
first case, it follows from the consistency of w with ¢; and move-independence
of o;.

To end the induction argument, it remains to show that upy(w) =
(upgn (), s). By definition and the induction hypothesis, we have

u/pgt(w) = upfﬁ(u/p;t(w/)a s) = UPy ((@(u”)7t) 78) o

We distinguish two cases, depending on whether P; controls t. First, assume
that ¢ € S;. By consistency of w with o;, we obtain that nxtey (upgy(w”),t) = b.
It follows from the above and the definition of upg, that

U/PE(U}) = (Usz (@(u//)’tvb) 75) = (@(u/)’s) 0

This ends the first case. We now assume that ¢ ¢ S;. It follows from the above,

the definition of upy and of w’ that

u/p;t(w) = (Upsm (l@ﬁ(u”%tv at,S) 78) = (l@(u/), S) 0
This ends the inductive argument.

We use the property proven above to show that o; and 7; agree over the set
of histories consistent with ;. For histories consisting of a single state s (all
of which are consistent with o;), the result is direct by definition of nxty. Let
h = w'tbs € Hist;(A) be a history consistent with o; in which at least two states
occur. We let w = w'th. We let 't € Hist;(A) be a history consistent with o;
sharing the same sequence of states as w’t such that upg(w) = (upgy(u'),t),
given by the above property. We distinguish two cases depending on the
ownership of ¢ (due to the definition of nxty).

First, we assume that t € S;. By consistency of h with ¢; and move-

independence of o;, we obtain that
b=o;(w't) = o;(u't) = nxton (apgn(v), t) .

We let v = u'tb; us and h share the same sequence of states. Therefore, by

move-independence of o;, we have

gi(h) = 0;(us) = nxton(apey(u), s).
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We now apply our assumption on upy(w) and b = nxtgy (Upgy(u'), t), together
with the definition of nxty to obtain

7i(h) = nxton (upgy (pon(w), ¢,b) , 5) = nxton(upgn(u), s) = oi(h).

This ends the proof of the case t € S;.
We now assume that ¢t ¢ S;. In this case, we let u = u'ta; . Like above,

move-independence of o; implies that
oi(h) = oi(us) = nxton(upg(u), 5).

We now apply our assumption on upy(w) with the definition of nxty to obtain

7i(h) = nxton (upm (@(u'),t, at,s) ,s) = nxtop(upgy (), s) = o;(h).

We have shown the outcome-equivalence of o; and 7;. O

We comment on the increase in size of the memory state space that follows
from the construction of Lemma 5.5 in the following section.

5.3.3 The cost of move independence

Lemma 5.5 requires that the state space of A be finite. The construction
presented in its proof yields a move-independent Mealy machine whose memory
state space depends on the size of |S|. We show through the following example
that such a dependency cannot be avoided in general. Through the same
example, we show that the result of Lemma 5.5 cannot be adapted to infinite
arenas: there exists a move-independent finite-memory strategy in an infinite

arena that cannot be encoded in a (finite) move-independent Mealy machine.

Example 5.3. We define a two-player turn-based arena for each non-empty
subset of the natural numbers. For each of these arenas, we define a pure
finite-memory strategy of P; in this arena and show that if there exists a
move-independent Mealy machine inducing it, then it requires a number of
memory states equal to the size of the considered subset of N.

Let I C N be non-empty. We define a two-player turn-based arena Aj; =
({t} x I, ({s} x I)U{Sinit, S, 5=}, I, 0) where the transition function ¢ is defined,
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(s,1) F1——

1
A N
, e s-
S 7
Sinit [——2 (s,2)
N, «
N o

(s,3)

Figure 5.3: The arena Ajp; 37 of Example 5.3. Action labels for transitions from
(s,2), (s,3), (¢,2) and (¢, 3) are omitted to lighten the figure. The strategy of
P1 that moves to s— if and only if the counter value in the previously visited
states coincide cannot be represented with a move-independent Mealy machine
with less than three states.

for all k,a € I, by d(sinit,a) = (s,a), §((s,k),a) = (t,a), 0((t,k),1) = s—,
6((t,k),0) = sx and s= and sy are absorbing. We depict A 3} in Figure 5.3.
We remark that the size of the state space of A; is proportional to the size of
I: if T is finite, we have 2 - |I]| + 3 states in the arena.

We consider the strategy o1 of Py that moves from (¢, k) to s— if and only
if the play starts in (¢,k) or if (s, k) was visited previously. We provide a
two-state (move-dependent) Mealy machine implementing this strategy and
then show that there is no move-independent Mealy machine with strictly less
than |I| states that induces it.

We define MM = (M, Minjt, nXton, upgy) as follows. We let M = {0,1}
and mipiy = 1. For any m € M and a,k € I such that a # k, we let
upgn(m, (s, k),a) = 0. In other cases, the update function leaves the memory
state unchanged. Finally, for all m € M and k € I, we let nxton(m, (s, k)) = m.
It is easy to see that 91 implements the strategy described previously.

We now show that any move-independent Mealy machine with less than
|I| states cannot induce o7. For any such Mealy machine, because there
are |I| actions but fewer memory states, there exist two different history

prefixes sipira(s,a)c and sinitb(s, b)c that lead to the same memory state for
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all actions ¢ € I (this last property follows from the Mealy machine being
move-independent). By choosing ¢ = a, we obtain that the strategy induced by
the move-independent Mealy machine agrees on the histories sinira(s, a)a(t, a)
Sinitb(s, b)a(t, a), and thus differs from o7. <



CHAPTER 6

Punishing strategies and
characterisations of Nash equilibrium
outcomes

In Chapter 7, we build Nash equilibria via an adaptation of the classical
punishment mechanism. Intuitively, the punishment mechanism functions as
follows: if some player deviates from the intended outcome, the other players
coordinate as a coalition to prevent the player from having a profitable deviation.
The strategy of the coalition used to sabotage the deviating player is called
a punishing strategy. To obtain finite-memory Nash equilibria through the
punishment mechanism, we need simple punishing strategies and well-structured
Nash equilibrium outcomes.

We present results on strategies in zero-sum games in Section 6.1, that imply
the existence of simple punishing strategies. We then provide characterisations
of Nash equilibrium outcomes in Section 6.2; we use them in Chapter 7 to
construct well-structured Nash equilibrium outcomes. Although unrelated
to Chapter 7, we close this section by discussing existence results for Nash
equilibria in Section 6.3.
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6.1 Zero-sum games

We present an overview of relevant results for two-player zero-sum games where
P1 has a reachability, Biichi objective, or a shortest-path cost function. The
main takeaway of this section is that we can always find pure memoryless
punishing strategies in the three classes of games we consider.

In Section 6.1.1, we recall classical results on reachability and Biichi games.
In Section 6.1.2, we show that memoryless punishing strategies exist in shortest-
path games.

We fix a two-player turn-based deterministic arena A = (51,52, A,0) and a
target T' C S for the remainder of this section.

6.1.1 Reachability and Biichi games

In a two-player zero-sum game where P;’s goal is expressed by an objective,
we call winning region the set of states from which P; has a (surely) winning
strategy.

We first discuss zero-sum reachability games. Let G = (A, Reach(T")) denote
the zero-sum reachability game on A where the target of P; is T. A well-known
result is that zero-sum reachability games on turn-based deterministic arenas
enjoy memoryless determinacy: they are determined and for both players, there
exist pure memoryless uniformly winning strategies. In other words, in G, there

exist pure memoryless strategies o1 and o9 such that, for all s € S,

e if P; has a winning strategy from s, then all outcomes of o1 from s are

in Reach(T);
e otherwise, all outcomes of o9 from s are in Safe(7") = Plays(.A) \ Reach(T").

The classical proof of memoryless determinacy of reachability games (see,
e.g., [Maz01, Prop. 2.18|) relies on a characterisation of the winning region

of P1 in G as the least fixed point of the controllable predecessor operator
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when starting from 7. Intuitively, this operator adds takes a set of states X,
and adds to it the states from which P; can enforce a visit to X in a single
step. A by-product of this characterisation is that all strategies (even with
memory) of Pa that select actions that do not enter the winning region of P;
whenever possible are uniformly winning strategies of Po. We use this property
to establish the effectiveness of our punishing strategies. We summarise the

properties of interest for reachability games in the following theorem.

Theorem 6.1. Zero-sum reachability games on turn-based deterministic arenas
are determined and both players have pure memoryless uniformly winning strate-
gies in reachability games. Any pure strategy of Po that only selects actions that
do not lead to the winning region of P1 whenever it can be avoided are uniformly
winning strategies of Pa.

We now move on to zero-sum Biichi games. Let G = (A, Biichi(T")) denote
the zero-sum Biichi game on A where the target of Py is T'. Like reachability
games, Bilichi games also enjoy memoryless determinacy. This can be seen as
a corollary of the memoryless determinacy of parity games [EJ88]|, a class of
objectives subsuming Biichi and co-Biichi objectives.

Theorem 6.2. Biichi games on deterministic arenas are determined and both

players have pure memoryless uniformly winning strategies.

6.1.2 Shortest-path games

We now study zero-sum shortest-path games on A in which weights are non-
negative integers. Let w: S x A — N be a weight function and G = (A, SPathl)
be a zero-sum shortest-path game on A. Recall that the goal of P; is to
minimise the shortest-path cost function.

Shortest-path games are determined (see, e.g., [BGHM17| for finite arenas).
We provide a direct argument using the determinacy of games with open
objectives [GS53|: in a game on a deterministic arena with an open objective,
from all initial states, one of the players has a pure (surely) winning strategy. An
objective is open if it can be written as a union of cylinder sets. A by-product

of our argument is that P; has a pure optimal strategy from any state.
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Lemma 6.3. The game G is determined, P1 has a pure optimal strategy from

all states and Pa has a pure optimal strategy from all states with a finite value.

Proof. Let 6 € R. We let {SPathl < #} = {r € Plays(A) | SPathl(7) < 6}.
The objective {SPathl < #} is open: it is the union of the cylinder of histories
of weight no more than 6 ending in a state of T. Therefore, in the zero-sum
game Gy = (A, {SPathl < 0}), for all s € S, either P; or Py has a pure surely
winning strategy from s [GS53].

Let s € S. For all € R, if P; wins from s in Gy, then P; can ensure (a cost
of at most) € in G, whereas if Py wins from s in Gy, then Py can ensure (a cost
of at least) 0 in G.

First, assume that for all # € N, Py wins from s in Gy. We conclude that
Valg(s) = +o0. All strategies of P; are optimal (because all plays have a cost
at most +00), and thus P; has a pure optimal strategy from s.

Assume now that there exists some 6 € N such that P; wins in Gy from s
and let 0* denote the minimum of all such § € N. We claim that Valg(s) = 6*.
First, we observe that Py wins in G,._ 1 from s and thus P, has a pure strategy
ensuring a cost of at least 6* — % from s in G. Indeed, if P; has a winning
strategy in ge*_%, then P; wins in Gg«_; because SPathl: Plays(.A) — N. For
the same reason, it follows that Py can ensure a cost of at least 8* from s in
G. We conclude that Valg(s) = #*. Any pure winning strategy of P; from s in
Ovalg(s) is optimal in G from s and, similarly, any pure winning strategy of P2

from s in g\,alg(s) is optimal in G from s. O

1
2

We now refine the result on optimal strategies of P; proven above: P; has a
memoryless uniformly optimal strategy (even if A is infinite). To prove this, we
follow the following steps. First, we argue the existence of optimal strategies for
P1 regardless of memory and uniformity. Second, we construct a shortest-path
game by removing transitions from A without introducing deadlocks. We then
show that values coincide in this new game and the original game. Finally, we
establish that memoryless uniformly winning reachability strategies of the new
game are optimal in both this new game and the original shortest-path game.
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Theorem 6.4. In G, Py has a pure uniformly optimal memoryless strategy that
is uniformly winning in the reachability game (A, Reach(T)).

Proof. By Lemma 6.3, Valg(s) is well-defined for all s € S.

First, we show that for all s € S; \ 7', there exists a € A(s) such that
Valg(s) = Valg(d(s,a)) + w(s,a). Let s € S;\T. If P; uses a € A in
s, Py can ensure Valg(d(s,a)) + w(s,a) at best. It follows that Valg(s) =
min{Valg(d(s,a)) + w(s,a)) | a € A(s)} (this minimum is well-defined because
N is well-ordered). This implies the claim.

Second, we claim that for all s € So\ T and all a € A(s), we have Valg(s) >
Valg(d(s,a)) +w(s,a). Let s € So\ T and a € A(s). Let s’ = d(s,a). We first
assume that Valg(s') is finite. Then, P2 has an optimal strategy from s’ by
Lemma 6.3. It follows that P2 can ensure Valg(s') + w(s, a) from s by playing
action a in s and playing optimally from s’, which implies the desired inequality.
Assume now that Valg(s') is infinite. Then for all § € N, P, has a strategy
ensuring 6 from s’. We conclude, similarly to the previous case, that Valg(s) is
infinite and therefore satisfies the inequality.

Third, we remove transitions of A to derive a game G’ in which values are
unchanged with respect to G. Intuitively, we remove transitions from states of
P, that cannot be used by an optimal strategy. Let A" = (57,52, A, ") denote
the arena where ¢’ is the restriction of § over the union of S x A and

{(s,a) € S1 x A|a € A(s) and Valg(s) = Valg(d(s,a)) +w(s,a)}.

By the first point above, A’ does not have any deadlocks.
We let G' = (A’,SPath?). We claim that

(i) for all s € S, Valg(s) = Valg/(s) and

(ii) the winning regions in the reachability games (A, Reach(7T)) and
(A’,Reach(T)) coincide.

For (i), we observe that for all s € S, Valg/(s) > Valg(s) by construction of
A’: Py has fewer strategies than in A, but no actions of Py have been removed.
In particular, if Valg(s) = 400, then Valg/(s) = 4+00. We show the other
inequality of (i) by induction on Valg(s) for states of finite value. For the base
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case, let s € S such that Valg(s) = 0. In this case, an optimal strategy of P;
from s (which exists by Lemma 6.3) surely reaches T" by only using zero-weight
transitions and that only traversing states with zero-value in G until T regardless
of the choices of Po. It follows that this same strategy can be used to ensure a
cost of 0 in G’. This ends the argument for the base case.

We now assume by induction that for all 5 < # and all s € S, if Valg(s) = S,
then Valg/(s) = 8. Let s € S such that Valg(s) = 6 + 1 and let us show that
Valg/(s) = 6 + 1. To this end, we construct an optimal strategy from s in G’ as
follows.

Fix a pure strategy o1 of P; in A that is optimal from s. We consider the
strategy of of Py in A’ that plays consistently with o7 until a state s’ with
Valg(s") < Valg(s) is reached, and then plays accordingly to an optimal strategy
from s’ in G’. Under the assumption that o} is well-defined, it ensures Valg(s)
from s in G’ by construction.

It remains to show that ¢ only uses actions that are available in A". We
prove this by contradiction. Assume that there exists a history h € Hist(.A)
consistent with o starting in s such that o} (h) is an action that is not enabled
in last(h) in A’. By choosing h of minimal length, we obtain that h € Hist(A).
Since o} switches to a strategy of A’ once a state with value strictly less than
Valg(s) is reached, all states of h have value equal to Valg(s) and all transitions
in h have weight zero. Furthermore, h is consistent with oy and o/ (h) = o1(h).
By definition of transitions in A’, we have

w(last(h),o1(h)) + Valg(d(last(h),o1(h))) > Valg(last(h)) = Valg(s).

We now extend h to construct an outcome of o1 with a cost exceeding Valg(s),
which contradicts the optimality of o1 from s. We extend h by choosing the
actions of Py according to strategies that ensure some threshold from last(h).
If Valg(d(last(h),o1(h))) € N, we extend h by relying on a strategy of Py that
is optimal from d(last(h),o1(h)) (which exists by (see Lemma 6.3). Otherwise,
if Valg(d(last(h),o1(h))) is infinite, we extend h by using a strategy of P, that
ensures a cost strictly greater than Valg(s) from d(last(h), o1(h)). Through this
scheme, we obtain an outcome of o; from s with cost greater than Valg(s),
which shows that o; is not optimal from s. This ends the proof of (i).

We now prove that (ii) holds. Clearly any state that is winning in
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(A’,;Reach(T)) also is in (A, Reach(T")). Conversely, fix a state s that is winning
for Py in (A, Reach(T)). If its value is finite, the claim follows from (i). There-
fore, assume that Valg(s) = +00. Let 01 be a winning strategy of P; from s in
(A, Reach(T)). Its behaviours in states of infinite value need not be restricted
to obtain a strategy of A’, as the outgoing edges from P; states of infinite value
are the same in A and A’. Furthermore, all outcomes of oy eventually reach
a state of finite value. By changing o1 so it conforms to a strategy optimal in
G’ from the earliest such visited state, we obtain a strategy o} that is winning
from s in (A’,Reach(T")). This ends the proof of (ii).

Finally, we prove the claim of the theorem. Let o1 be a memoryless uni-
formly winning reachability strategy in the reachability game (A’, Reach(T)).
It follows from (ii) that o; is also a uniformly winning reachability strategy in
(A, Reach(T")). It remains to show that o is optimal from all states with finite
value. Let sg € S such that Valg(sp) is finite. Let m = spagsi ... be consistent
with 0. We prove that SPathl () < Valg(sg). Let r = min{/ € N | s, € T} (it
exists by (ii) and the fact that Valg(sp) is finite). We have, by choice of E’ and
the third claim above, that

SPathZ (7) = w(m<,)

< Va|g($g) = Va|g(83+1)

<

alg(so),

because Valg(s,) = 0. This shows that o is optimal from s and ends the
proof. O

On the other hand, we can show that P2 does not necessarily have a pure
optimal strategy from states with an infinite value in an infinitely branching
shortest-path game. Furthermore, although there do exist pure optimal strate-
gies of Ps from states with a finite value, there need not exist memoryless pure
strategies of Py that are optimal from all states with finite value. In other

words, intuitively, it is not possible to have a strategy that is uniformly optimal
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Figure 6.1: An infinite-state turn-based deterministic arena. The action la-

belling an edge (s, s') is the outgoing state s’; we omit actions from the figure

to lighten it. Circles and squares respectively denote states of P; and Ps.

over all finite-value states.

Example 6.1. We consider the two-player countable-state arena A depicted
in Figure 6.1 and the two-player zero-sum game G = (A, SPath‘l{t}) where 1
denotes the constant weight function assigning 1 to all pairs in S x A.

Let # € N5g. We have Valg(sg) = 6. On the one hand, P; can ensure a cost
of no more than 8 from sy by moving leftward in the illustration. On the other
hand, Py can ensure a cost of at least 6 from sy with the memoryless strategy
that moves from s to sg. It follows that this same memoryless strategy of Po
ensures 0 + 1 from s. We conclude that Valg(se) = +00.

However, P2 does not have an optimal pure strategy from so,. Consider a
pure strategy oo of Po. If 02 moves from sy, to sy in the first round, then Ps
cannot ensure a cost higher than 6 4+ 1 from s.,. Therefore, P does not have a
pure optimal strategy from suo.

We now show that P, does not have a pure memoryless strategy that is
optimal from all finite-value state in G. Consider the pure memoryless strategy
o9 of Py such that o9(se) = sg for some 6 € Ny. This strategy ensures, at
best, a cost of 8 4+ 2 from the state sgi3; if P; moves from spy3 to se0, then
moves leftwards from sy, the cost of the resulting outcome is 0 +2 < Valg(sg43).
Therefore, there is no memoryless strategy of Py in this game that ensures,

from all finite-value states, their value. <

To implement the punishment mechanism to construct finite-memory NEs,
we need punishing strategies that are effective regardless of the state from
which the punishment starts. Example 6.1 shows that we cannot do this with

(uniform) optimal strategies. We establish a weaker, albeit sufficient property
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of G: there exists a family of P, memoryless strategies (0§ )gen such that, for all
0 € N, 0§ is winning from any state in the winning region Wa(Safe(T')) of Py
in the reachability game (A, Reach(T")) and ensures the minimum of § and the
value of the state from any other state. Intuitively, the parameter 6 quantifies
by how much P; should be sabotaged (uniformly).

Let & € N. The construction of ¢ can be sketched as follows. On
Wa(Safe(T)), we let 0§ coincide with a uniformly winning memoryless strategy
of Py in (A, Reach(T)). Outside of Wy (Safe(T)), o selects successors such that
the sum of the edge weight and the value of the successor state is maximum if
there is one such maximum, and otherwise, selects a successor such that this
sum is at least 6 (which exists because all such sums are in N). This definition
of Jg yields the desired properties.

Theorem 6.5. Let s € Wy (Safe(T')) denote the winning region of Po in the
reachability game (A,Reach(T)). For all § € N, there exists a memoryless
strategy 0 of Py such that, for all s € S:

(i) o§ is winning from s for Py in (A,Reach(T)) if s € Wa(Safe(T)) and

(i) 0§ ensures a cost of at least min{Valg(s),0} from s.

Proof. In the following, we extend w to histories by letting w(h) =
22;11 w(sg, ap) for all h = spapsy . ..ar—15, € Hist(A).

Let Jgafe(T) be a memoryless uniformly winning strategy of Po in
(A,Reach(T)) (cf. Theorem 6.1). For s € Ss, we let o§(s) = Ugafe(T)(s) if
s € Wa(Safe(T')), otherwise, if max,ca(s) w(s,a) + Valg(d(s,a)) is defined, we
let 0§ (s) be an action achieving this maximum, and, otherwise, we let 0§ (s) = a
where a € A(s) is such that w(s,a) + Valg(d(s,a)) > 6.

We prove that ag satisfies the claimed properties. First, we observe that any
play starting in Wa(Safe(T)) consistent with agafe(T) never leaves Wy (Safe(T)).
Property (i) follows. To establish (ii), we show the following property: for any
history h = spagsiay ... s, that is consistent with 03 such that for all ¢/ < r,
s¢ ¢ T, it holds that w(h) + min{Valg(s,),0} > min{Valg(so), 0}.

We proceed by induction on the length of histories. For a history of the
form h = sg, the property is immediate. We now consider a suitable history
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h = h = spapsia; ...s, and assume the property holds for i’ = h<,_; by
induction (note that A’ is of the suitable form as well). We discuss two cases
depending on whether Valg(s,—_1) is finite and split each case depending on
whom controls last(h') = s,_1.

We first assume that Valg(s,—1) is finite. Both players have pure optimal
strategies from any state s with finite value (Lemma 6.3). We observe that

w(h) + min{Valg(s,),0} = w(h') + w(s,—_1,ar—1) + min{Valg(s,), 0}
> w(h') + min{Valg(s;) + w(s;—1,a,-1),0}.

To conclude by induction, it suffices to show that Valg(s,) + w(sy—1,a,-1) >
Valg(sy—1). If s,_1 € S1, P1 can ensure a cost of at most Valg(s,)+w(sy—1,ar—1)
from s,_; by playing action a,_1 in s,_1 and then playing optimally from s,,
yielding the desired inequality. Assume now that s,_1 € So. For all a € A(s,—1),
it holds that if Py can ensure 8 € N from 0(s,—1,a), then Py can ensure
B+ w(0(sr—1,a)) from s,_1. It follows that

Valg(s,—1) = sup Valg(d(sy—1,a)) + w(s,—1,a).
aC€A(sp—1)
Because Valg(s,_1) is finite and values are in N, we obtain that ¢§(s,_1) is an
action witnessing that the above supremum is a maximum, and obtain that
Valg(s,—1) = Valg(6(sy—1,08(s,—1))) + w(s,—1,0(sr—1)). This ends the proof
of this case.

Assume now that Valg(s,—1) = +00. We first consider the case s,_1 € 5.
Then all successors of s,._1 have an infinite value, otherwise P; could ensure
a finite cost from s,._1 by moving to a successor with finite value and playing
optimally from there. We must therefore show that w(h)+6 > min{Valg(so), 0}.
This follows directly from the induction hypothesis w(h’)+6 > min{Valg(so), 0}
and the inequality w(h) > w(h').

Next, we assume that s,_; € Sy. It follows from Valg(s,—1) = 400 and
the definition of o that Valg(s,) + w(s¢_1,ar_1) > 0 > min{Valg(s),0}. The
desired inequality follows from w(h) > w(sy_1,as—1), ending the induction
proof.

Let s € S\ Wy(Safe(T')). We now use the previous property to conclude
that of ensures min{Valg(s),0} from s. Let m be a play consistent with o§
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starting in s. If m does not visit T, then SPathl(w) = 4o0. Otherwise,
let h be the prefix of m up to the first state in T" included. Then, we have
SPathZ (7) = w(h) > min{Valg(s),#} by the previous property. This shows
that of ensures min{Valg(s),f} from s, ending the proof. O

Remark 6.6 (Optimal strategies for Ps). The proof above suggests that if A(s)
is a finite set for all s € Sy, then Ps has a memoryless uniformly optimal
strategy for the SPathg cost function. We formalise this below.

Assume that A(s) is a finite set for all s € Sa. In this case, the definition of
08 is independent of . Let oo = 0 and let us show that o9 is optimal from all
states.

Let s € §. It follows from the proof above that o2 is optimal from all
states with finite value and all states in W (Safe(7')). We therefore assume
that Valg(s) = +o00. It suffices to show that s € Wa(Safe(T")). We proceed by
contradiction and assume that s is in the winning region of P; in the reachability
game (A, Reach(T)). We argue that Valg(s) is finite. Fix a strategy o; that
is winning from s for P; in the reachability game (A, Reach(T")). All plays
starting in so that are consistent with o1 eventually reach T'. The set of their
prefixes up to the first occurrence of a state of T' is a finitely branching tree:
branching occurs only when Py selects an action. If s has an infinite value, i.e.,
there are histories in the tree with arbitrarily large weight, then the tree must
be infinite. By Konig’s lemma [K6n27|, there must be an infinite branch in this
tree, i.e., a play consistent with o1 that does not visit T'. This contradicts the
assumption that o; is winning from s. Therefore, Valg(s) must be finite. This

is a contradiction with Valg(s) = +o0o, which yields the desired result. <

6.2 Characterising Nash equilibria outcomes

We provide characterisations of plays that are outcomes of Nash equilibria in
reachability, Biichi and shortest-path games. These characterisations refer to
zero-sum games with the same objective or cost function. Intuitively, a play
is an NE outcome if and only if the cost incurred by a player from a state of
the play is no more than the value of said state in the zero-sum game where

the state owner plays against the others. In other words, there is a profitable
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deviation if and only if there is a profitable deviation when the other players
are adversaries.

We fix a turn-based deterministic arena A = ((Si)ie[1,n], 4,9) and targets
Ty,...,T; C S for the remainder of this section.

In the following, we consider values in so-called coalition games. For all
i € [1,n], we let A; denote the two-player arena (S;, S\ S;, A,9) where all

players other than P; are grouped in a coalition.

Definition 6.7. Given a game G = (A, (fi)icpi,n)) and i € [1,n], we let
Gi = (A, fi) be the zero-sum game where all players coordinate against P; as a
coalition. We call G; a coalition game (against P;).

We provide a characterisation for NE outcomes based on values in coalition
games for reachability and Biichi games in Section 6.2.1 and a characterisation
for shortest-path games in Section 6.2.2.

6.2.1 Reachability and Biichi games

We present a characterisation of NE outcomes in games where all players have
either a reachability objective or a Biichi objective. In this section, we allow
games where players may have objectives of different types, to provide a uniform
characterisation for the NE outcomes of the considered objectives.

We consider the game G = (A, (%;);c[1,n]) Where, for all i € [1,n], we have
Q; € {Reach(T;),Biichi(7;)}. Let W;(£2;) be the winning region of the first
player of the coalition game G; = (A;,$2;), in which P; is opposed to the other
players. Let m = spagpsia;g ... € Plays(A) be a play. Then 7 is an outcome of
an NE from s¢ if and only if, for all i € [1,n] such that = ¢ €, all states in 7
are in the complement of W;(€;).

On the one hand, if there is i € [1,n] such that the objective of P; is not
satisfied and W;(€);) is visited along 7, then P; has a profitable deviation by
switching to a (memoryless uniform) winning strategy in G; once W;(£2;) is
reached. Conversely, one constructs a Nash equilibrium as follows. The players
follow the play =, and, if P; deviates from 7, then all other players conform to
a (memoryless uniformly) winning strategy for the second player in G; for the

complement of €2; (i.e., Safe(T;) if i is a reachability objective or coBiichi(T;)
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if ; is a Biichi objective). This ensures no player has a profitable deviation.

We formally state and prove this characterisation below. The following
characterisation is similar to the characterisation of NE outcomes in finite
arenas of [CFGR16|, where it is assumed that all players have objectives of
the same type. We provide a formal proof below for the sake of completeness.
In the following argument, we exploit the prefix-independence of the Biichi
objective: adding or removing a prefix to a play does not change whether the
Biichi objective is satisfied or not.

Theorem 6.8. Let G = (A, (2)ic1,n]) be a game where, for all i € [1,n],
Q; € {Reach(T;), Bichi(T;)}. Let W;(€;) denote the winning region of the first
player of the coalition game G; = (A;,$;). Let m = spapsiay - .. be a play. Then
7 s the outcome of an NE from sg if and only if, for all i € [1,n] such that
T & Qi s & Wi(§%) for all ¢ € N.

Proof. First, assume that there exists some i € [1,n] such that = ¢ €; and
there exists some ¢ € N such that s, € W;(€;). We claim that for all strategy
profiles o such that m = Out4(o, s¢), P; has a profitable deviation with respect
to o from sq (i.e., 7 is not the outcome of an NE). We consider a pure strategy
7; of P; that agrees with o; on strict prefixes of m<, and otherwise agrees
with a memoryless uniformly winning strategy of the coalition game G;. The
play Out((7;,0-i), so) is the concatenation of m<y and a play 7’ starting in s,
that is consistent with 7;. It follows from s € W;(€);) that «’ € Q;. Because
(); is either a reachability objective or is prefix-independent, it follows that
Out4((7;,0-), s0) € ;. We have shown that 7; is a profitable deviation with
respect to o from sg.

We now prove the converse. Assume that for all ¢ € [1,n] such that 7 ¢ €,
s & W;(Q;) for all £ € N. We formalise the NE suggested prior to the proof. For
all i € [1,n], we fix a memoryless uniformly winning strategy 7_; of the second
player in the coalition game G;. Let i € [1,n]. We define o; as follows. We
let o; be arbitrary over Hist(A) \ Hist(A, sp) (we are only concerned with plays
starting in sp). Let h € Hist(A, sg). If h = m<y for some ¢ € N and last(h) € S;,
we let 0;(h) = ag. We now assume that h is not a prefix of m. Let h' be the
longest common prefix of  and h; A’ is necessarily a history because transitions
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are deterministic. Let i’ € [1,n] such that last(h') € Sy. If i’ =i, we let o;(h')
be arbitrary; this is the case in which P; has deviated from 7. Otherwise, we
let o;(h) = 7—;(last(h)).

We let 0 = (0i)ie[1,n)- It is easy to see that Out4(c, so) = 7. It remains
to establish that o is an NE from sg. Let ¢ € [1,n]. If 7 € Q;, ie., if the
objective of P; is satisfied, then P; has no profitable deviation. We now assume
that m ¢ Q;. Let 7; be a strategy of P;. We must show that Out4((7,0-;), S0)
does not satisfy ;. If Out4((7;,0-;),S0) = 7, there is nothing to show. We
assume the contrary. It follows that Outa((7;,0_;),s0) can be written as the
concatenation of a prefix of 7 and of a play 7’ consistent with 7_; by definition
of 0. Since all states of m are outside of W;(;), 7’ is not in ;. If Q; is a
reachability objective, there are no visits to T; in Out4((7,0_;), o) because
there are none in 7 nor in 7. Otherwise, we obtain that Out 4((7;, 0—:), s0) &
by prefix-independence.

We have thus shown that P; does not have a profitable deviation, i.e., o is
an NE from sg in G. ]

6.2.2 Shortest-path games

We now provide a characterisation for NE outcomes in shortest-path games. We
state this result for games in which each player has their own weight function.
For all i € [1,n], let w;: E — N be a weight function for P;. We consider
the shortest-path game G = (A, (SPath%)ieﬂLnﬂ). For any s € S, we denote
by Valj(s) the value of s in the coalition game G; = (A;, SPathgii). As in the
previous section, we let W;(Reach(7;)) denote the winning region of the first

player of the coalition reachability game (.A;, Reach(T})).

Theorem 6.8 asserts that the value (i.e., whether a player wins) is sufficient
to characterise NE outcomes in reachability games. A natural generalisation
of this characterisation in shortest-path games would be to impose, for each
player, a constraint on the values of all suffixes of the play up to a target of the
player (or for all states of the play if no target appears), stating that the cost
of the suffix is preferable to the value of its first state. This matches an existing
characterisation in finite arenas [BBGT21, Thm. 15|. However, we argue that

this is not sufficient in infinite arenas with the following example.
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Example 6.2. Let us consider the arena depicted in Figure 6.1 (Page 112)
and let Ty = {t} and T = {so}. It follows from Vals(se) = oo that
Valg(sg) = 400 (the former equality is shown in Example 6.1). Therefore, the
cost of all suffixes of the play s§ for 71 matches the value of their first state sg.
However, for any strategy profile resulting in s§ from sg, P; has a profitable
deviation in moving to s, and using a reachability strategy to ensure a finite
cost. <

A value-based characterisation fails because of states s € W;(Reach(T}))
such that Val;(s) is infinite. Despite the infinite value of such states, P; has a
strategy such that their cost is finite no matter the behaviour of the others. For
this reason, to characterise NE outcomes, we impose additional conditions on
players whose targets are not visited that are related to coalition reachability

games.

We show, using a similar approach to the proof of Theorem 6.8, that a play
in a shortest-path game is the outcome of an NE if and only if it is an outcome
of an NE for the reachability game (A, (Reach(T}));c[1,,)) such that, for players
who do see their targets, the values in (A;, SPathgii) suggest they do not have
a profitable deviation, in a sense we formalise below.

Theorem 6.9. Let G = (A, (SPath%)ie[{Lnﬂ). Let m = spapsi ... € Plays(A).

Then m is an outcome of an NE from sg in G if and only

(i) for all i € [1,n] such that m ¢ Reach(T;) and for all £ € N, we have
s¢ ¢ Wi(Reach(T;)) and

(i) for all i € [1,n] such that m € Reach(T;) and all ¢ < r;, it holds that
SPathgii (7>¢) < Valg(sg) where r; = min{r € N | s, € T;}.

Proof. For all i € [1,n], we let G; = (A;, SPach;ii) denote the coalition game
against P;. Recall that we denote values in G; by Valé.

We first prove that if (i) or (ii) does not hold, then 7 cannot be the outcome
of an NE. Let 0 = (0});¢[1,n] such that m = Out4(c, s0). We show that some
player has a profitable deviation with respect to o from sg.

First, assume that (i) does not hold. Let i € [1,n] such that m ¢ Reach(7;)
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and ¢ € N such that sy € Wj(Reach(T;)). Consider a strategy 7; of P; such that
m<¢ is consistent with 7; and 7; agrees with a uniformly winning memoryless
strategy in the zero-sum reachability game (.A;, Reach(T5)) for all histories that
are not a prefix of m<y. We obtain that Out 4((7;,0—;), so) is the concatenation
of m<¢ and a play starting in s, that is in Reach(7;). This shows that 7; is a
profitable deviation, and therefore ¢ is not an NE from s.

We now assume that (ii) does not hold. Let i € [1,n] such that = €
Reach(T;), r; = min{r € N | s, € T;} and ¢ < r; such that SPathgii(ﬂzg) >
Valig(Sg). Similarly to above, we consider a strategy 7; of P; such that m<, is
consistent with 7; and 7; agrees with a memoryless uniform optimal strategy in
the zero-sum shortest-path game (.A4;, SPach;ii) for all histories that are not a
prefix of m<,. In this case, we obtain that Out 4((7, 0—;), o) is the concatenation
of m<¢ and a play 7’ starting in s, such that SPathl; (r) < Val§(s,). This implies
that SPathgii(OutA((Ti,a_,-), s0)) < SPathgii (m). We have shown that 7; is a
profitable deviation with respect to o, ending the proof of the first implication.

We now show the converse implication. Let o = (0;);c1,,] be a strategy
profile such that all players follow 7, and if P; deviates from 7, the coalition
consisting of the other players switches to a winning strategy in the reachability
game (A;, Reach(T;)) if m ¢ Reach(7;) and otherwise the coalition switches to a
strategy that ensures min{Valg(s), SPathgii (m>¢) + 1} (we specify a minimum
to ensure that the threshold to be ensured is finite) from s, if the deviation
occurs in sy. It is easy to see that no player has a profitable deviation with
respect to o from in sg thanks to (i) and (ii); one can use a straightforward
adaptation of the arguments of the proof of Theorem 6.9 to show this. OJ

Remark 6.10. We complement the above proof by arguing that [BBGT21,
Thm. 15| holds in a class of arenas more general than finite arenas. Informally,
this characterisation states that a play is the outcome of an NE if and only if
condition (ii) of Theorem 6.9 holds for all players (the minimum in the condition

is replaced by an infinimum to be well-defined for all players).

This characterisation only fails when there are states s € W;(Reach(T;))
with Valig(s) = +o0o. However, such states do not exist if there are finitely many
enabled actions in Py states (refer to Remark 6.6). Therefore, the finite-arena

characterisation of [BBGT21| extends to finitely-branching arenas. <
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6.3 Existence of Nash equilibria

It is known that Nash equilibria exist from all states in games where all players
have a reachability or a Biichi objective [UmmO6], and in games on finite
arenas with shortest-path cost functions built on non-negative weights [BDS13].
In this section, we prove the existence of Nash equilibria in games where all
players have a shortest-path cost function on arbitrary arenas by building on
the approach of [BDS13]. We remark that the argument given below can also
be adapted to prove the existence of Nash equilibria in games with reachability
and Biichi objectives.

We fix a turn-based deterministic arena A = ((Si)ie[i,n]; 4,0), and, for
all i € [1,n], a weight function w;: S x A — N and a target T; C S for the
remainder of this section. We let G = (A, (SPathgii)ie[[Ln]]).

In [BDS13|, the authors construct a Nash equilibrium from any state as
follows: the players follow uniformly optimal memoryless strategies from their
coalition game (in which they are opposed to the other players), and, whenever
someone plays otherwise, the other players switch (and commit) to (memoryless
uniformly optimal) punishing strategies. In finite arenas, this construction
yields a finite-memory Nash equilibrium, as the resulting outcome is a lasso
(i.e., we eventually keep repeating the same simple cycle).

Theorem 6.4 guarantees the existence of memoryless uniformly optimal
strategies of P in two-player zero-sum shortest-path games. Although memory-
less uniformly optimal strategies need not exist for the adversary in a two-player
zero-sum shortest-path game (Example 6.1), the strategies provided by The-
orem 6.5 suffice to implement the punishing mechanism described above. To
avoid redundancy with the proof of Theorem 6.9, we use its characterisation
instead of formalising the NE suggested above.

Theorem 6.11. Let G = (A, (SPathi"ﬁ,)ie[Lnﬂ). There exists an NE in G from
any tnitial state.

Proof. Let sg € S be an initial state. For all i € [1,n], let o; be a memoryless
uniformly optimal strategy in the coalition game G; = (Ai,SPathg"i) that
is uniformly winning in (A;, Reach(T;)), the existence of which follows from
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Theorem 6.4. We define 0 = (07);c[1,n)- We argue that m = Out4(o, so) is the
outcome of an NE by Theorem 6.9. Establishing this implies the existence of
an NE from sg.

The first condition of Theorem 6.9 follows from the strategies o; being mem-
oryless uniformly winning strategies in the reachability game (.A;, Reach(T;)).
The second condition follows from the uniform optimality of the strategies o; in
G;: it ensures Valg(s) from all s € S. Therefore, the inequality in the second
condition must hold in all relevant cases. O]




CHAPTER 7

Memory requirements for constrained

Nash equilibria

This chapter presents our upper bounds on the sufficient amount of memory
for solutions to the constrained pure Nash equilibrium existence problem when
using move-independent Mealy machines in games on turn-based deterministic
arenas. We only consider pure strategies for the remainder of the chapter.
Section 7.1 briefly introduces some terminology and an abuse of notation
used to lighten proofs. We establish, in Section 7.2, that from any NE in a
reachability or shortest-path game, we can derive an NE from the same state
given by move-independent Mealy machines of size quadratic in the number of
players whose outcome has a less or equal cost profile than the outcome of the
original NE. In particular, we obtain an upper bound on the size of these Mealy
machines that is independent of the arena. We then consider Biichi games in
Section 7.3, in which we show that from any NE in a Biichi game, we can
obtain an NE from the same initial state given by move-independent Mealy
machines such that the same players win in the outcomes of the two NEs.

We fix a turn-based deterministic arena A = ((S;)ie[1,n], 4,9), target sets

T, ..., T, € S and a weight function w: E — N for the whole chapter.
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7.1 Terminology and notation

Segments of plays. Throughout this section and the next section, by
a segment of m € Plays(.A), we mean either an infix h of 7 (i.e., we can write
m="h"-h-7' for some b’ € Hist(A) and 7’ € Plays(.A)) or suffix 7>, of m. We
denote segments by sg to avoid distinguishing finite and infinite segments of
plays.

A history is simple if no state occurs twice within this history. A lasso is
a play of the form h - w* where h € Hist(A) and w = spay ... sra, € (SA)* is
such that wsg is a cycle of A. A lasso is simple if it can be written as h - w® in
such a way that no state occurs twice in h-w. A simple segment is either a

simple history, a simple play or a simple lasso.

Weight of a history. As in the proof of Theorem 6.5, we extend w
to histories by letting w(h) = 22;11 w(sg,ag) for all h = spapsy ...ar—18, €
Hist(A).

Iterated update function. To prove that the finite-memory strategies
we introduce are NEs, we reason on the memory states reached after a given
history. In the remainder of the chapter, we focus on move-independent Mealy
machines (Definition 5.3). As the updates of these Mealy machines depend
only on the sequence of states along a history, we make the following abuse of
notation with respect to the iterated memory update function (defined over

(SA)* — see Definition 2.20) of a move-independent Mealy machine.
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Let ¢ € [1,n] and 9 = (M, minit, nxton, upgy) be a move-independent Mealy
machine of P; in A. Let h € Hist(A) be a history. We let upgy(h) = upgp(ha)
for some a € A(last(h)). This definition is independent of the chosen action
due to the move-independence of 9. Formally, upgy(h) is the memory state
reached after h has taken place. This abuse of notation enables us to avoid
introducing actions when reasoning on the memory state reached after a given

history.

7.2 Reachability and shortest-path games

We first study multi-player reachability and shortest-path games on A. The
strategies forming our finite-memory NEs behave differently than those de-
scribed in the NE outcome characterisations of Theorem 6.8 and Theorem 6.9.
While the strategies used to establish these characterisation implement a strict
punishment mechanism, we provide strategies that do not resort to punishing
player who deviate from the intended outcome. Instead, if a deviation occurs,
the players may attempt to keep following a suffix of the equilibrium’s original
outcome so long as the deviation does not appear to prevent it.

We first illustrate this idea with examples in Section 7.2.1. We then describe
well-structured NE outcomes from which we design our finite-memory NEs in
Section 7.2.2. Section 7.2.3 then provides partially-defined move-independent
Mealy machines derived from NE outcomes Finally, we extend these Mealy
machines to construct NEs in reachability games in Section 7.2.4 and in shortest-

path games in Section 7.2.5.

7.2.1 Illustrating finite-memory Nash equilibria

We illustrate the core ideas behind our move-independent Mealy machines
implementing NEs on simple examples. We provide an example in a reachability
game and in a shortest-path game, to illustrate the slight differences that arise
in these two contexts. We open with a reachability game.

Example 7.1. We consider the reachability game G on the arena depicted in
Figure 7.1a where the objective of P; is Reach(¢;) for ¢ € [1,4]. We present a
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(b) An illustration of the update
scheme of a Mealy machine. Transi-

(a) An arena. Circles, squares, diamonds and tions that do not change the memory
hexagons are resp. P1, Pa, Ps, Py states. state are omitted.

Figure 7.1: A reachability game and a representation of a move-independent

Mealy machine update scheme suitable for an NE from sg.

finite-memory move-independent pure NE with outcome
T = Spasiasaat1bsabs1bsob(taa)®

to illustrate the idea behind the upcoming construction. To aid readability, we
note that the sequence of states underlying 7 is so5152t1525150t5 .

First, observe that m can be seen as the combination of the simple history
sg; = spasiasaat; and the simple lasso sgy = t1bsabsibsgb(t2a)”. The simple
history sg; connects the initial state to the first visited target, and the simple
lasso sg, connects the first target to the second and contains the suffix of the
play. Therefore, if we were not concerned with the stability of the equilibrium,
the outcome 7 could be obtained by using a finite-memory strategy profile where
all strategies are defined by a Mealy machine with state space [1,2]. Intuitively,
these strategies would follow sg; while remaining in their first memory state 1,
then, when t; is visited, they would update their memory state to 2 and follow
Sgo.

We build on these simple Mealy machines with two states. We include
additional information in each memory state. We depict a suitable Mealy
machine state space and update scheme in Figure 7.1b. We only label transitions

of the Mealy machines with states instead of state-action pairs as we consider
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move-independent strategies. The rectangles grouping together states (Ps, j)
and (Py,7) represent the memory state j of the simpler Mealy machine, for
J € [1,2]. Intuitively, the additional information encodes the last player to
act among the players whose objective is not satisfied in 7. More precisely, an
update is performed from the memory state (P;, j) only if the state fed to the
Mealy machine appears in sg; for j € [1,2].

By construction, if P; (among Ps and Py4) deviates and exits the set of states
of sg; when in a memory state of the form (-, j), then the memory updates to
(Pi,j) and does not change until the play returns to some state of sg; (which
is not possible here due to the structure of the arena, but may be in general).
For instance, assume that P3 moves from s; to s3 (with action c). after the
history h = sg;bsebs1. Then the Mealy machine state after h is (Ps,2) and no
longer changes from there on.

It remains to explain how the next-move function of the Mealy machine
should be defined to ensure an NE. Essentially, for a state of the form (P, j)
and states in sg;, we assign actions as in the simpler two-state Mealy machine
described previously. On the other hand, for a state of the form (P;,j) and a
state not in sg;, we use a memoryless punishing strategy against P;. In this
particular case, we need only specify what P; should do in s5. Naturally, in
memory state (P;,j), P1 should move to the target of the other player. It is
essential to halt memory updates for states s3 and s4 to ensure that the correct
player is punished.

We close this example with comments on the structure of the Mealy machine.
Assume the memory state is of the form (P;,j). If a deviation occurs and
leads to a state of sg; other than the intended one, then the other players will
continue trying to progress along sg; and do not specifically try punishing the
deviating player. Similarly, if after a deviation leaving the set of states of sg;
(from which point the memory is no longer updated until this set is rejoined),
a state of sg; is visited again, then the players resume trying to progress along
this history and memory updates resume. In other words, these finite-memory
strategies do not pay attention to all deviations and do not have dedicated
memory that commit to punishing deviating players for the remainder of a play
after a deviation. <

We now give an example in game with shortest-path cost functions. The
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(a) A weighted arena. Transition weights (b) A Mealy machine update scheme. Tran-

are indicated next to actions. Unlabelled sitions that do not change the memory state
transitions have a weight of 1. are omitted.

Figure 7.2: A shortest-path game and a representation of a move-independent

Mealy machine update scheme suitable for some NE from sg.

Mealy machines we propose for this case are slightly larger: it may be necessary
to commit to a punishing strategy if the set of states of the segment that the
players want to progress along is left. This requires additional memory states.
Our example illustrates that it may be necessary to punish deviations from
players whose targets are visited, as they could possibly improve their cost

otherwise.

Example 7.2. Let A and w respectively denote the arena and weight function
depicted in Figure 7.2a. We consider the game G = (A, (SPathﬁi)ieﬂl’gﬂ) where
the targets of P; and Py are Th = T = {t, t12} and the target of Ps is T3 = {t}.
We argue that a finite-memory NE with outcome 7 = spasjass(at)® from sg
cannot be obtained by adapting the construction of Example 7.1. We provide
an alternative construction that builds on the same ideas.

The play 7 is a simple lasso, much like the second part of the play in the
previous example. First, let us assume a Mealy machine similar to that of
Example 7.1, i.e., such that it tries to progress along m whenever it is in one of

its states. The update scheme of such a Mealy machine would be obtained by
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removing the transitions to states of the form P; from Figure 7.2b (replacing
them by self-loops).

If P35 uses a strategy based on such a Mealy machine, then P; has a profitable
deviation from sg. Indeed, if P; moves from sy to ss with action b, then either
Py incurs a cost of 2 if Py uses action b in sy (i.e., moves to t12) or a cost of 3
if Py uses action a (i.e., moves to s3) as Ps would then use a and move to ¢ by
definition of the Mealy machine. To circumvent this issue, if P; exits the set of
states of 7, we update the memory to the punishment state P;. This results in
the update scheme depicted in Figure 7.2b. Next-move functions to obtain an
NE can be defined as follows, in addition to the expected behaviour to obtain 7:
for Ps, nxtng((Pl, 1), 52) = nxton, (731, 82) = s3 and for Ps, nXxtoy, (731, 83) = S4.

Similarly to the previous example, players do not explicitly react to devia-
tions that move to states of m; if P3 deviates after reaching s3 and moves back
to sg, the memory of the other players does not update to state Ps. Intuitively,
there is no need to switch to a punishing strategy for P3 as going back to the
start of the intended outcome is more costly than conforming to it, preventing

the existence of a profitable deviation. <

Remark 7.1. Example 7.2 differs slightly from the general construction below.
According to the general construction, we should decompose 7 into two parts: a
history spasiassat from the initial state to the first target and the suffix (ta)*
of the play after all targets are visited. Furthermore, we can argue that such a
split is sometimes necessary (see Example 7.3). <

7.2.2 Simple Nash equilibria outcomes

A common trait of the NE outcomes of Examples 7.1 and 7.2 is that they are
derived from NE outcomes that can be written as a concatenation of simple
segments. We construct our move-independent finite-memory NEs from such
outcomes. In this section, we show that given an NE outcome from an initial
state s, we can find another NE outcome whose form is suitable to generalise
the ideas underlying Examples 7.1 and 7.2.

We formulate the results of this section for shortest-path games. They
apply to reachability games through the following observation: a pure NE
of (A, (Reach(T}))ic[i,n)) from a state s € S is an NE of the shortest-path
game (A, (SPathg")ieﬂl,nﬂ) where all weights are zero. Therefore, we fix G =
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(A, (SPath%’)ie[Lnﬂ) for the remainder of the section.

First, we introduce segment decompositions of plays.

Definition 7.2. Let 7 € Plays(.A). A segment decomposition of 7 is a (possibly
infinite) sequence & = (sgj);?:1 of segments of 7 such that 7 is the concatenation
Sg; - Sgy - . .. of the segments in §. The segment decomposition S is finite if
k € Ny and is simple if all segments in S are simple.

In the following, we assume that among the histories of a decomposition,
there are none of the form h = s, i.e., there are no trivial segments.

The goal of this section is to prove that given an NE outcome of G, we can
find an NE outcome of G with the same initial state, a preferable cost profile
and a finite simple segment decomposition (with some additional technical
properties).

To concisely formulate our results, we introduce some notation. For any
T = S0apsi ... € Plays(A), we let VisPl9(r) = {i € [1,n] | # € Reach(T})}
denote the set of players whose targets are visited in = and VisPos? () =
{min{¢ € N | s, € T;} | i € VisPI9(7)} be the set of indices of 7 at which the
target of a player is visited for the first time.

We consider two types of NE outcomes in reachability games. First, we
consider NE outcomes such that all players who see their target have the initial
state of the outcome in it. This generalises the case in which no players see
their target. From these outcomes, we can directly derive an NE outcome that
is a simple lasso or simple play.

Lemma 7.3. Let 7’ € Plays(A) be the outcome of an NE from sy € S in game
G = (A, (SPathgi)ieﬂljn]]) such that VisPos¥(n') C {0}. There exists an NE
outcome 7 € Plays(A) from sog with the same cost profile as ©' that is a simple
lasso or a simple play and such that VisPosY () C {0}. In particular, ™ has the
simple segment decomposition (7).

Proof. We first observe that if 7’ is a simple play, the result follows immediately.
Therefore, we assume that 7’ is not a simple play. This implies that there is

a simple lasso m € Plays(.A) starting from sg that only uses states that occur
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in 7. It follows that VisPosY(7) C {0}. By Theorem 6.9, 7 is an NE outcome;
condition (i) of the characterisation follows from it holding for 7" and condition
(ii) holds because VisPosY (1) C {0}. O

We now consider NE outcomes such that some player sees their target later
than in the initial state. From an NE outcome 7/, we derive an NE outcome 7
(from first(7’)) with a finite simple decomposition such that the simple histories
of this decomposition end in the first occurring elements of the visited target
sets along 7’. The idea is to first decompose 7’ into segments connecting
these target elements. We then replace the histories of this decomposition
with simple histories and change the last segment so the concatenation of the
last two segments is a simple lasso or simple play. We impose an additional
condition on the simple histories in the decomposition of the resulting play T,
to ensure that, when building a finite-memory NE from 7, no player can obtain

profitable deviation by skipping ahead in a segment.

Lemma 7.4. Let © be the outcome of an NE from sy € S in G =
(A, (SPathgi)ie[[lvn]). Assume that |VisPos? (7') \ {0}| = k > 0. There ea-
ists an. NE outcome m from s in G with VisPos? (1) \ {0} = {1 < ... < {3}

that admits a simple segment decomposition (sgy, ...,y 1) such that
(i) (sg1,---,58) - SGy1) is also a simple decomposition of w;
(i4) for all j € [1,k], sgy - ... sg; = T<;;

113) for all j € [1,k], w(sg;) is minimum among all histories that share their
jell,k g;) is mini g all histories that share thei
first and last state with sg; and traverse a subset of the states occurring

in sg;; and

(i) for all i € [1,n], SPathli(7) < SPathTi(x').

Proof. We define 7 by describing the simple decomposition & = (sgy, . ..,5gp11)-
Let £} < ... < ¢} be the elements of VisPos?(7’)\ {0} and ¢ = 0. For j € [1, k],
we let sg; denote the segment of m between positions ¢;_; and £}. We let sg;
be a simple history that shares its first and last state with sg} and traverses



132 Chapter 7 — Memory requirements for constrained Nash equilibria

a subset of the states occurring in sg;», with minimal weight among all such
histories (actions that do not occur in sg;- may be used in sg;). It remains to
define the segment sg; . We let sg; ., be 7%, if sg; - 7%, is a simple play,
and otherwise we let sg; | be any play starting in last(sg;,) such that sg; - sg;
is a simple lasso in which only states of m occur. It follows from this choice of
g1 that m =sgy - ... -sg,, satisfies condition (i).

We now argue that the play 7 is an NE outcome satisfying conditions (ii)-
(iv). Let ™ = sgagsi ..., {1 < ... < £ be the elements of VisPos?(7) \ {0} and
fy = 0. To argue that 7 is an NE outcome, we rely on the characterisation in
Theorem 6.9. Because 7’ is an NE outcome and all states occurring in 7 occur
in 7/, it follows the first condition of the characterisation of Theorem 6.9 holds
for 7.

For the second condition of the characterisation, we fix i € VisPI9(r) and
Ji < k such that ¢;, = min{¢ € N | sy € T;}. We show that for all £ < ¢;,, we
have SPath’i (7s) < Valj(sy) where Valj(s,) is the value of s, in the coalition
game G; = (A;, SPathli).

Let ¢ < {;, and j < j; such that ¢; < ¢ < {;1. By construction, there is
an occurrence of s, in the segment sg; of 7. We consider a suffix 7%, of 7’
starting from an occurrence of sy in sg}. The desired inequality follows from
the relations SPath’i (1>,) < SPath’: (mSp) < Valg (s).

We prove that the first inequality holds by contradiction. Assume that
SPathli(7>,) > SPathl: (m5p)- It must be the case that either a suffix of sg;
starting in s, must have weight strictly less than the suffix spay . .. s¢; of sg;, or
that w(sg; ) > w(sg;.,) for some j < j’ < j;. Both possibilities contradict the
choice of the elements of S, therefore we have SPath’i(7s,) < SPathli(7. ).
The second inequality holds by Theorem 6.9 as 7’ is an NE outcome. We remark
(for condition (iv)) that in the special case ¢ = 0, the first inequality implies
that SPathli (1) < SPathi(7’) as we can choose £ = 0. We have shown that 7
is an NE outcome.

We now show that conditions (ii)-(iv) hold. Condition (ii) follows immedi-
ately by construction. Let j € [1,k]. The minimum in condition (iii) for j is
attained by some simple history. By construction, it must be realised by sg;.
This implies that condition (iii) holds. For condition (iv), due to the above,
we need only consider players who do not see their target. For these players,
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Figure 7.3: The turn-based arena of Figure 2.6. Circles and squares respectively
denote P; and P, states. Unspecified weights are 1 and are omitted to lighten
the figure.

the condition follows from the equality VisPI9(r) = VisPI9(n/) implying that
players have an infinite cost in 7 if and only if they have an infinite cost in 7’.
This concludes the proof that conditions (ii)-(iv) are satisfied by . O

We provide further comments on the statement of Lemma 7.4. Due to
condition (i) on the outcome, we could consider decompositions with one less
element. However, working with a decomposition where these segments are
merged may prevent us from ensuring the stability of an NE with strategies
that only punish players who exit the current segment of the decomposition
(as in Example 7.1) during the play. Intuitively, some player could have an
incentive to move to sgy,; before reaching the last state of sg;,. We illustrate

one such situation in the following example.

Example 7.3. We revisit the game used in Example 2.5. We recall the
relevant arena A and weight function w in Figure 7.3. We consider the game
G = (A, (SPathll SPathl2)) where the target of Py is T} = {t1,t12} and the
target of Py is Ty = {t12}. The play m = spati2(asiatia)¥ is a simple lasso
that is an NE outcome by Theorem 6.9. We claim that there are no NEs where
P2 selects action a in s, i.e., where Py plays consistently with the simple
decomposition § = (7) when in its unique segment.

Let o9 be a strategy of Pa such that o2(h) = a for all A € Hist(A) such that
all states in h occur in 7 and last(h) = s1. The history h = sgbs; satisfies these
last two properties, and thus oy(h) = a. If P; moves from sy to s; while P,
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follows o9, P; can obtain a cost of 2 rather than 3 (3 being the cost of 7 for
both players). This shows that there are no NEs where Ps uses o3. <

Condition (i) on decompositions in Lemma 7.4 is relevant for reachability
games. The issue highlighted by Example 7.3 is specific to the shortest-path
setting: players whose targets are visited do not have profitable deviations
in reachability games. Merging these last two segments provides us with a
smaller decomposition, which in turn yields smaller memory bounds for move-
independent finite-memory NEs in reachability games. Intuitively, in this
qualitative setting, there is no need to distinguish the last two segments of the
decomposition given by the lemma.

7.2.3 Decomposition-based finite-memory strategies

Lemma 7.3 and Lemma 7.4 imply that we can improve the cost profile of any
NE outcome by considering NE outcomes that admit a (well-structured) simple
segment decomposition. We now endeavour to construct move-independent
finite-memory NEs from such outcomes. In this section, we introduce strategies
based on a simple segment decomposition. We then provide partially-defined
Mealy machines that induce strategies based on simple segment decompositions.
We build on these Mealy machines in the following section to obtain our arena-
independent memory bounds for (move-independent) pure NEs in reachability
and shortest-path games. We fix a play 7 that admits a simple decomposition
S = (sgy,--.,sg;) for the remainder of the section.

In the NEs of Examples 7.1 and 7.2, not all deviations were punished:
players would try to continue along the segment of the intended outcome being
built as long as it is not left. For instance, in Example 7.2, if P3 deviates,
resulting in the history spasiasscsg, the other players do not try to prevent
P3 from reaching a target (despite it being possible from sg). Instead, they
attempt to follow the moves suggested by the segment sgasjasst, i.e., they
maintain their initial behaviour. In a sense, it is because this history is coherent
with the considered simple decomposition, i.e., whenever the players try to
complete a segment, the set of states of this segment is never left.

Formally, we say that a history is coherent with S if there is some j € [1, k]
such that it is j-coherent with S. We define j-coherence inductively as follows.

The base case of the induction is the history sg; it is 1-coherent with S. We now
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consider a j-coherent history h, and let a € A(last(h)) and s = d(last(h), a). If
j <k and s = last(sg;), then has is (j + 1)-coherent with S. Otherwise, if s
occurs in sgy,, then has is j-coherent. In any other case, has is not coherent
with §.

We now define strategies that, given a coherent history, attempt to complete
the segment in progress. First, we define the action that players should use
after a coherent history. Given a history h that is j-coherent, we define the
next action of h with respect to S as the action that follows last(h) in sg;. We
prove that this action is well-defined below.

Lemma 7.5. Let h be a history that is coherent with the simple decomposition
S =(sgy,.--,58;). The next action of h with respect to S is well-defined.

Proof. We assume that h is j-coherent. We establish existence and uniqueness
of this action. Uniqueness follows from the simplicity of the decomposition.
Existence is clear if j = k: sg; does not have a final state.

We therefore assume that j < k and establish the existence of a next
action by contradiction. Assume there is no suitable action. This implies
that last(h) = last(sg;). By simplicity and the absence of trivial histories in a
decomposition, we have first(h;) # last(h;). Therefore, there must be a prefix
of h that is j-coherent by definition of j-coherence. We obtain that A should
either be (j + 1)-coherent or not coherent, a contradiction. O

We say that a pure strategy of P; is based on S if to any history h € Hist;(.A)
that is coherent with S, it assigns the next action of h with respect to S. Any
strategy profile o = (0;);e[1,,] such that o; is based on S for all i € [1,7n] is
such that Out (o, sg) = 7.

We now formalise partially-defined Mealy machines for all players that
induce strategies that are based on S. These Mealy machines serve as the
basis for the finite-memory NEs described in the next sections. These Mealy
machines share the same memory state space, initial memory state and memory
update function.

The memory state space is made of pairs of the form (P;, j) where i € [1,n]

and j € [1,k]. We do not consider all such pairs, e.g., it is not necessary in
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Example 7.1. Therefore, we parameterise our construction by a non-empty set
of players I C [1,n]. We consider the memory state space M-S = {P; | i €
I} x [1,k]. The initial state m{m‘f is any state of the form (P;,1) € M'S.

The update function upgj}s behaves similarly to Figure 7.1b. It keeps track
of the last player in I to have moved and the current segment. Formally, for any
(P;,j) € MDS and state s occurring in sg;, we let upéﬁs((Pi,j),s) = (Pir, 7"
where (i) ¢’ is such that s € Sy if s € (J;nc; Siv and otherwise 7' = i, and (ii)
Jj'=Jj+1if j <kand s = last(sg;) and j' = j otherwise. Updates from (P, j)
for a state that does not appear in sg; are left undefined.

The next-move function nxtgj’{f of P; proposes the action following the input
state in the current segment. Formally, given a memory state (Py,j) € M1
and a state s € S; that occurs in sg;, we let nxtéjg((ﬂ/,j),s) be the action
occurring after s in sg; 4 if j <k and s = Iast(sgj), and otherwise we let it be
the action occurring after s in sg;. Like updates, the next-move function is left
undefined in memory states (P;,j) for a state that does not appear in Sg;-

We now prove that any finite-memory strategy induced by a Mealy machine
that extends the partially defined Mealy machine (M7, mlln’f, upéﬁs, nxtéj’{j) is
based on §. To this end, we establish that if a history h is j-coherent with

S, then the memory state after the Mealy machine processes h is of the form

(Pi, j)-

Lemma 7.6. Let M; = (M, minit, nxtan,, upgy,) be a move-independent Mealy
machine of P; such that MLS C M, mljnﬁf = Minit, UPgy, and nxtgn, coincide with
upgj’ts and nxtgj{f respectively on the domain of the latter functions. The strategy
o; induced by M; is based on S and for all h € Hist(A), if h is j-coherent with

S, then tpgy, (h) = (Py, j) for some i € 1.

Proof. We first show the second claim of the lemma. We proceed by induction
on the number of states in h. The only coherent history with a single state is sg.
The assumption that S contains no trivial segments ensures that so # last(sg;),
thus we have that upgy, (minit, s0) is of the form (Py, 1).

We now consider a j-coherent history h and assume by induction that
upgy, (h) = (Pir,j). Let a € A(last(h)) such that has is coherent with S where
s = 6(last(h),a). It follows that s occurs in sg;. Therefore, Upgy, (has) =
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upsy, ((Pir, 5),s) = upé:;ts((ﬂ/,j), s). We distinguish two cases. If j < k and s =
last(sg;), then has is (j +1)-coherent and by definition of upgjts, upéjts((Pi/,j), s)
is of the form (P;»,j + 1). Otherwise, has is j-coherent and by definition of
upgj’z‘g, upéj’f((Pi/,j), s) is of the form (P, j).

It remains to argue that o; is based on S. Let h € Hist;(A) be a history
coherent with S. If A contains only one state, then by coherence h = sg. The
definition of nxtgﬁ‘f ensures that o;(sg) is the next action of the history so with
respect to S. If h contains more than one state, let h = h'as and assume that
W is j-coherent. By the previous point, it holds that upgy, (k') = (Py,j) for
some ¢’ € I. Therefore, o;(h) = nxté’{f((?y, j),s). It follows from the definition

S

of nxtgfv’ti that o; maps h to its next action with respect to S. O

7.2.4 Nash equilibria in reachability games

We consider the reachability game G = (A, (Reach(T5));c[1,]). We generalise
the construction illustrated in Example 7.1. We construct finite-memory NEs
by extending the partially-defined Mealy machines of Section 7.2.3. We build
on the NE outcomes with simple decompositions provided by Lemma 7.3 and
Lemma 7.4.

The general idea of the construction is to use the state space M where
I C [1,n] is the set of players who do not see their targets if it is non-empty, or
a single arbitrary player if all players see their target. Let i € I and j € [1, k].
We extend upgj’{s so that the memory state is unchanged when performing an
update in a memory state (Py/, j) by reading a game state that does not occur in
sg;. In this same situation, the next-move function nxtgj’g is extended to assign
moves from a memoryless uniformly winning strategy of the second player in
the coalition game G; = (A;, Reach(7T;)) (which exists by Theorem 6.1). The
equilibrium’s stability is a consequence of the NE outcome characterisation in
Theorem 6.8 and the description of winning strategies of the second player in
two-player zero-sum reachability games of Theorem 6.1: if the target of P; is
not visited in the intended outcome, all states along this play are not winning
for the first player of the coalition game G;. We formalise the explanation above
in the proof of the following theorem.
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Theorem 7.7. Let G = (A, (Reach(T;));c[1,n]) be a reachability game. Let o’
be a pure NE from a state sg. There exists a pure finite-memory NE o from
so such that VisP19(Out 4(c, 50)) = VisPI9(Qut4(0”, s0)) where each strategy of
o is induced by a move-independent Mealy machine of size at most n®. More
precisely, we can bound the size of these Mealy machines by

max{1,n — |VisPI9(Out4(c’, 50))|} - max{1, |VisPos? (Out 4(c”, 50)) \ {0}|}.

Proof. Let k = max{1,|VisPos(Out4(c’,s0)) \ {0}|}. By Lemma 7.3 or
Lemma 7.4 (condition (i) on the outcome, there exists an NE outcome 7
from sp that admits a simple segment decomposition S = (sgy,...,sg;) and
such that VisPI9(7) = VisP19(Out 4(¢”, s0)).

Let I = [1,n] \ VisPI9(r) if it is not empty and otherwise let I = {1}. For
1 € I, let 7_; denote a memoryless strategy of the second player in the coalition
game G; = (A;, Reach(T;)) that is uniformly winning on their winning region
(Theorem 6.1). We let W_;(Safe(7;)) denote this winning region.

We formally extend the Mealy machines of Section 7.2.3. Let i € [[1,n]. We

consider the Mealy machine 90t; = (M7, miln’i‘f, nxtgy, , Upgy) Where nxton, and

upsy respectively extend nxtgj’f and upgj{s as follows. Let (Py,7) € M and
s € S that does not occur in sg;. We let upgy((Pir, j), s) = (Py,j) and, if s € S;,
we let nxton, (Pir, 7),s) = 7—i(s) if i’ # i and otherwise we let nxtoy, ((Pyr,7), )
be arbitrary. We let o; denote the strategy induced by 9;. By definition of
M?'° we have the asserted bounds on the memory size of ¢;. It follows from
Lemma 7.6 that the outcome of o = ()|, from sg is 7.

We now prove that o is an NE from sg. It suffices to show that for all
i ¢ VisPl9(r), P; does not have a profitable deviation. Fix i ¢ VisPI9(r). It
suffices to show that all histories starting in so that are consistent with the
strategy profile 0_; = (0 )y only traverse states of W_;(Safe(T;)). We prove
this by induction on the length of histories. To aid in this proof, we show in
parallel that for all has € Hist(A, so) consistent with o_;, if (Py,j) = upgy(h)
and s does not occur in sg;, then i =1i.

We first remark that, by our characterisation of NE outcomes in reachability
games (Theorem 6.8), all states occurring in 7 are in W_;(Safe(7;)). The base
case of the induction is the history sg. Both claims hold without issue. We now
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assume that the claim holds for a history has starting in sy consistent with o_;
by induction, and show they hold for hasbt, assumed consistent with o_;. Let
(Pir,§) = Upan(mis ).

We first argue that ¢ € W_;(Safe(7;)). Assume that s € S;. The induction
hypothesis implies that s € W_;(Safe(7;)). If t ¢ W_;(Safe(T;)), then by
determinacy of zero-sum reachability games (Theorem 6.1), P; could force a
visit to T; from t and therefore could also win from s, which is a contradiction.
We now assume that s ¢ S;. We have b = o;#(has) = nxton,, ((Py, j),s) for
some 4" # i. We consider two cases. If s occurs in sg;, then ¢ = §(s,b) occurs
in 7 by definition of nxtgy,,. This implies that t € W_;(Safe(7;)). Otherwise,
by the induction hypothesis, we have i’ = i, which implies b = 7_;(s), and thus
t € W_;(Safe(T;)) (otherwise, 7—; would not be winning in G;).

We now move on to the second half of the induction. Let (Py,j’) =
Upgy (has). By definition of upgy, we have j' = j + 1 if j < k and s = last(sg;)
and j/ = j otherwise. It follows that s occurs in sg; if and only if it occurs
in sg;. Assume that ¢ does not occur in sg;;. We consider two cases. First,
assume that s occurs in sg;;. We must have s € S; by definition of o—;. The
definition of upéj{s ensures that ¢/ = i. Second, assume that s does not occur in
sg;-- On the one hand, we have i = i by the induction hypothesis. On the other
hand, the definition of upgy implies that (P, 5’) = (Py,j), implying i’ = i.
This ends the proof by induction.

We have shown that players whose targets are not visited in 7 = Out4(o, so)
do not have a profitable deviation. This shows that ¢ is an NE from sg. ]

Theorem 7.7 provides a memory bound that is linear in the number of
players when at most one player does not see their target, and when at most

one player sees their target.

Corollary 7.8. If there exists a pure NE from sg such that at most one player
sees (resp. does not see) their target in its outcome, then there is a pure finite-
memory NE from sg such that the same targets are visited in its outcome and
all strategies are induced by a move-independent Mealy machine of size at most
n.



140 Chapter 7 — Memory requirements for constrained Nash equilibria

7.2.5 Nash equilibria in shortest-path games

We now consider the shortest-path game G = (A, (SPathai)ie[[Ln]]). We extend
the partially-defined Mealy machines described in Section 7.2.3 to generalise
the strategies provided in Example 7.2. Once again, we build on NE outcomes

with simple decompositions provided by Lemma 7.3 and Lemma 7.4.

First, let us comment on the use of a different construction than in games
with reachability objectives. Example 7.2 highlights that it may be necessary to
commit to punishing strategies when the current segment of the decomposition
of the intended outcome is left. Therefore, it is not sufficient to simply extend
the construction used for Theorem 7.7 (i.e., freezing memory updates outside of

the current segment) to monitor and punish players whose targets are visited.

We modify the construction of Theorem 7.7 as follows. We change the
approach in such a way that players commit to punishing any player who exits
the current segment of the intended outcome. When the current segment is
left, if the memory state is of the form (7P;, ), the memory switches to a newly
introduced memory state P; that is never left. This switch can only occur if P;
deviates. The next-move function, for this memory state, assigns moves from
a punishing strategy obtained from the coalition game G; = (A;, SPathgi) by
Theorem 6.5, chosen to hinder P; enough to ensure that in case of a deviation,
the cost of P; is at least that of the original outcome.

The conditions imposed on outcomes of Lemma 7.4 (notably condition
(iii)) and the characterisation of Theorem 6.9 imply the correctness of this
construction. Condition (iii) of Lemma 7.4 ensures that a player cannot reach
their target with a lesser cost by changing the order in which states of the
segment are visited, whereas the characterisation of Theorem 6.9 guarantees
that the punishing strategies sabotage deviating players sufficiently.

Theorem 7.9. Let G = (A, (SPathgi)ie[[Ln]]) be a shortest-path game. Let
o' be a pure NE from a state so. There exists a pure finite-memory NE o
from so such that VisPI9(Out 4(c, sg)) = VisPI9 (Out 4(0”, s0)) and, for all i €
[1,7n], SPathZi(Out(a, s¢)) < SPathli(Outy(c’,s0)) where each strategy of o
is induced by a move-independent Mealy machine of size of at most n? + 2n.
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More precisely, we can bound the size of these Mealy machines by

n - (|VisPos? (Out4(0”, 50)) \ {0}| + 2).

Proof. Let k = |VisPos¥ (Out 4(0”, s9)) \ {0}|. By Lemma 7.3 and Lemma 7.4,
there exists an NE outcome 7 from sg which admits a simple segment decom-
position S = (sgy,...,sg, 1) satisfying conditions (ii)-(iv) of Lemma 7.4 (these
conditions hold trivially if Lemma 7.3 is applicable).

If VisP19(7) is non-empty, we let § = max{SPath’i(7) | i € VisPI9(r)}, and,
otherwise we let # = 1. For i € [1,n], let 7—; denote a memoryless strategy
of the second player in the coalition game G; = (A;, SPathl) such that 7_; is
uniformly winning on their winning region W_;(Safe(7;)) in the reachability
game (A;, Reach(T;)) and such that 7_; ensures a cost of at least min{Valj(s), 8}
from any s € S, where Valj(s) denotes the value of s in G;. The existence of
these strategies is guaranteed by Theorem 6.5.

We extend the Mealy machine of Section 7.2.3. We work with I = [1,n]
in the following and drop I from the notation to lighten it. Let i € [1,n].
We consider the Mealy machine 0, = (M, mfﬂt, Upgy, Nxtoy, ). We let M =
MSU{P; | i € [1,n]}. The functions upg; and nxts, extend upg, and nxt‘{fni
as follows. For all (Py,j) € M® and s € S that does not occur in sg;, we
let upgp((Pir,7),s) = Pir and, if s € S;, we let nxton, (P, 7),s) = 7—i(s) if
i # i and nxton, ((P4, ), s) is left arbitrary. For all ¢/ € [1,n] and s € S, we
let upgn(Pir,s) = Py and, if s € S;, we let nxton, (Pir,s) = 7—y(s) if ¢/ # i and
nxto, (Pi, s) is left arbitrary.

We let o; denote the strategy induced by 9;. We have |M| =n- (k + 2),
therefore the memory size of o; satisfies the announced bounds. Furthermore,
it follows from Lemma 7.6 that the outcome of o = (0;);ec[1,n] from sp is 7 and
o; is based on S for all i € [1,n].

We now argue that o is an NE from sg. Let ¢ € [1,n]. Let 7’ be a play
starting in sg consistent with o_; = (Ui/)i/#. To end the proof, it suffices to
show that we have SPath’i(7) > SPath®i(xr).

We first show the following claim. If some prefix of 7’ is not coherent with
S, then there exists ¢ € N such that 7, is the longest prefix of 7’ coherent
with S and 74, is a play that is consistent with 7_;. Assume that some prefix
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of 7" is not coherent with S. Let ¢ € N such that 7, is the longest prefix of 7’/
coherent with S, and assume that it is j-coherent. As the strategies of o_; are
based on S, we must have first(7%,) € S;. Lemma 7.6 and the definition of upyy
ensure that apgy(7.,) = (Pi, j). Tt follows from m’,, 1 being inconsistent with
S that its last state does not occur in sg;. The definitions of upgy and nxtay,,
for ¢ # i combined with the above ensure that 7, is consistent with 7_;.

We now show that SPathli(7’) > SPathl: (7‘(‘5 We first assume that i ¢
VisP19(). We establish that 7/ ¢ Reach(T};). By the characterisation of NE
outcomes of Theorem 6.9, all states occurring in 7 belong to W_;(Safe(T3)).
Therefore, if all prefixes of 7’ are coherent with S, as all states of 7’ occur
in 7, it holds that 7} is not visited in 7’. Otherwise, let £ € N such that 7.,
is the longest prefix of 7’ that is coherent with & and 7, is consistent with
7_;. No states of T; occur in 7r’<£ by coherence with S . Tt follows from the
coherence of 7, with S that firs';(wgg) = last(n’,) occurs in w. We obtain that
first(nl,) € W:i(Safe(Ti)), therefore_wzg ¢ Reac_h(Ti). We have shown that for
all i ¢ VisP19(r), we have SPath”i (') = SPath”i () = +oc.

We now assume that i € VisPl9 (7). The desired inequality is immediate
if T; is not visited in «/. Similarly, it holds directly if sg € T;. We therefore
assume that we are in neither of the previous two cases. We write the shortest
prefix of 7’ ending in T} (the weight of which is SPathZi (7)) as a combination
h - h' where h is its longest prefix that is coherent with S. We note that A’ is
consistent with 7_; because h is a prefix of the longest prefix of 7’ coherent
with S: if h is a strict prefix, then A’ is a trivial (i.e., one-state) history, and
otherwise it follows from the above.

We provide lower bounds on the weights of h and h'. Assume that h is
j-coherent. By definition of coherence, we can write h as a history combination
hy - ...-hj where, for all j* < j, hj shares its first and last states with sg;» and
contains only states of sg;/, and h; shares its first state with sg; and contains
only states of sg;. Let sg;- be the prefix of sg; up to last(h;).

On the one hand, we have 3~/ w(h;) > > w(sg;) and w(h;) > w(sg)).
This follows from 7 satisfying property (iii) of Lemma 7.4 (for hj;, having
w(h;) < w(sg}) would contradict property (iii) with respect to sg;). On the other
hand, by choice of 7_;, we obtain that w(h') > min{Valg(first(h')),6}. From
the characterisation of Theorem 6.9, we obtain Valj(first(h)) > SPath®i () —
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w(sgy-. .. sg;_1-5g;). It follows from SPathZi () > 0 that w(h’) > SPathli(r)—
w(sgy ...+ Sgj_q sg;). By combining all of the above inequalities, we obtain
SPathZi (1) > SPath’i(7), ending the proof. O

In this case, Theorem 7.9 provides the memory bound 2n if no players visit
their target. However, the construction of Theorem 7.7 applies to such NEs in
shortest path games. We obtain the following result.

Corollary 7.10. If there exists a pure NE from sy such that no players see
their target in its outcome, then there is a pure move-independent finite-memory
NE from sg such that no players see their target in its outcome such that all

strategies are induced by move-independent Mealy machines of size at most n.

7.3 Biichi games

We now prove that for any NE from a given initial state in a Biichi game on
A, we can find a move-independent finite-memory NE from the same initial
state where the same objectives are satisfied. We provide several examples in
Section 7.3.1. We illustrate that decomposition-based strategies are no longer
sufficient for Biichi objectives, and that we cannot obtain arena-independent
memory bounds when restricted to move-independent strategies. We build on
the techniques of Section 7.2.3 to provide move-independent finite-memory NEs
in Section 7.3.3.

Throughout this section, for the sake of simplicity, we extend the definition
of simple segment to also include simple cycles, i.e., cycles of A in which only
all states occur only once besides the first state, which occurs exactly twice.

7.3.1 Limitations of decomposition-based strategies

For reachability and shortest-path games, we relied on simple segment de-
compositions between consecutive targets along an NE outcome to obtain
finite-memory NEs. Our strategies based on these decompositions do not explic-
itly punish players who deviate without leaving the current segment. Intuitively,
this can pose an issue in a Biichi game as a losing player may have an incentive

to loop within a segment that contains one of their targets.
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Figure 7.4: An arena where a direct decomposition-based approach fails to
obtain an NE.

Example 7.4. Consider the game on the arena depicted in Figure 7.4 where
the objectives of P; and P, are Biichi({s1}) and Biichi({s2}) respectively. The
play spasi(as2)® is the outcome of an NE by Theorem 6.8. To mimic the
construction underlying Theorems 7.7 and 7.9, we would consider a finite-
memory strategy based on the decomposition S = (spasiass, (s2a)®). However,
if P uses a strategy based on S, the memoryless strategy oy of P; such that
o1(s1) = b would be a profitable deviation of P;: if P; uses this strategy, we
obtain the outcome (sgasib)¥, as Py would not punish the deviation of P;. <

In the previous example, the issue with the proposed decomposition lies
with the occurrence of a target of P, whose objective is not satisfied in the
intended outcome, within some segment of the decomposition. To circumvent
this issue in the next section, we construct strategies that follow two phases.
In their first phase, these strategies punish any deviations from the intended
outcome. For their second phase, we adapt the strategies of Section 7.2.3. To
ensure that no profitable deviations may exist, we start the second phase at
a point of the intended outcome from which no more targets of losing players
occur.

The following example illustrates that the punishing mechanism used for
finite-memory NEs in reachability games does not suffice. In other words,
players must commit to punishing strategies once some player exits the current

segment in the second phase mentioned above.

Example 7.5. Consider the game on the arena depicted in Figure 7.5 where the
objectives of Py, P2 and Ps are Biichi({s1}) and Biichi({s2, s4}) and Biichi({s4})
respectively. The play m = (spasjassa)® is the outcome of an NE by Theo-
rem 6.8. Consider a P; strategy based on the decomposition (7) that uses
the punishment mechanism we introduced for reachability games. Then the

behaviour of P; does not change if P, moves from sy to so instead of s1: Py
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Figure 7.5: An arena where there exists an NE such that players should commit
to punishing strategies once a segment of a given decomposition of its outcome
is left. The diamond is a Pj3 state.

would move from s; to s3 and then to sg. It follows that Ps would have a
profitable deviation no matter the strategy of Ps.

To obtain an NE where all players use strategies based on the decomposition
(7), P1, must commit to a punishing strategy for Py if so is visited. For P,
and P3 we consider the memoryless strategies oo and og such that oy(sg) =
o3(s2) = a. It is easy to check that this is an NE.

We remark that there is no NE from s¢ using the construction we had used
in reachability games in this game such that the objective of P; is satisfied in
the outcome of the NE. <

In the two-phase approach described above, players must precisely enforce
a specific segment of a play during the first phase of the strategy (profile). This
results in move-independent finite-memory NEs with a size that is dependent
on the arena. We provide an example that proves that arena-independent
memory bounds cannot be obtained in general for move-independent solutions
to the constrained existence NE problem in Biichi games. We illustrate it with
a generalisation of the game of Example 7.4.

Example 7.6 (Arena-dependence of memory size for move-independent NEs
in Biichi games). Our argument is based on a family of two-player turn-based
deterministic arenas (AP)p>1. We fix p € N5 for the remainder of the example.
We define A7 = ((SV,S%), AP, 6P) as follows. We let ST = {t1,...,t,}, S5 =
{s1,...,8pr1} and A = {a=, a4 }U{aq | ¢ € [1,p+1]}. The transition function
d: S x A— S is defined by the three following rules. Let ¢ € [1, p]. From s,
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Figure 7.6: The graph underlying the arena A3 of Example 7.6, in which P,

needs a memory of size at least 3 in any NE from s; in which Py wins. Circles
and squares are resp. P; and Py vertices.

there is a self-loop labelled by a— and a transition to t, labelled by a,. There
also is an a—-labelled self-loop in sp41. Finally, for all ¢’ € [1,q + 1], we have
6P (tg,aq) = sy. We illustrate A% (without action labels) in Figure 7.6, and
remark that A' matches the arena of Figure 7.4 up to a renaming of the states
and actions.

We now define a game on AP. We define T = S7 and T = {sp4+1}, and
consider the Biichi game GF = (AP, (Biichi(1?), Biichi(T%))). We prove that, in
gr,

(1) there exists a pure move-independent finite-memory NE ¢ = (01, 02) from
s1 such that Out 4(o, s1) € Biichi(7}), o1 is memoryless and o5 is induced
by a Mealy machine with at most p + 1 states and

(ii) for all pure move-independent strategy profiles o = (01, 02) such that
which o9 is induced by a Mealy machine with at most p memory states,
o is not an NE from s; such that Out4(c, s1) € Biichi(7%).

It follows from these two points that arena-dependent memory is necessary for
move-independent constrained NEs in Biichi games.

We start with claim (i). For P;, we consider the memoryless strategy oy
such that for all ¢ < p, o1(t;) = ag+1. For P, we consider the strategy o2
induced by the Mealy machine 9t = (M, mijnit, nxton, upgy) defined as follows.
We let M = [1,p + 1] and mjnir = 1.

Memory updates follow three rules. First, the memory is not updated

in s,1 and in P; states. Formally, for all ¢ € M and ¢’ € [1,p], we let
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upon (g, sp+1) = upgn(q,ty) = q. Second, if the index of the current Py game
state does not match the memory state, we do not update the memory, i.e.,
for all ¢,¢" € [1,p] such that ¢ # ¢/, we let upgn(g,sy) = ¢. Finally, for all
q € [1,p], if in memory state ¢ and game state s;, we increment the memory
state, i.e., we let upgy(g,sq) = q + 1.

For the next-move function, we take the self-loop if the memory state
is not the index of the current state, and otherwise take the other action.
Formally, for all ¢ € M and ¢’ € [1,p], w e let nxton(q, s¢) = a4 if ¢ = ¢’ and
nxton(q, sq/) = a— otherwise. Intuitively, oo moves rightward (with respect to
the depiction of the arena in Figure 7.6) at each step so long as P; does so,
and stops progressing as soon as P; moves to the left.

To lighten notation, in the remainder of this example, we omit actions from
plays and histories of AP: the sequence of states of a play uniquely determines

the sequence of actions due to the structure of AP.

The outcome of o7 and o9 from s1 is s1t1... sptps;jﬂ, which is winning
for Py. To argue that (o1,02) is an NE, it suffices to argue that P; does
not have a profitable deviation. Let 7 be an arbitrary strategy of P;. We
consider two cases. First, assume that for all ¢ € [1,p], for hy = s1t1 ... s4tq,
we have 71(hq) = ag4+1. In this case, the outcome from s; of (1, 02) matches
that of (01, 02), hence 71 is not a profitable deviation of P;. Second, assume
that for some ¢ € [1,p], we have 71(hq) = ay for some ¢ < ¢+ 1. We
consider the smallest such ¢. It follows from a straightforward induction that
upon(hq) = ¢ + 1. By definition of 9, we obtain that the outcome of 7 and
oo from s is the play hqsf;,, hence 7 is not a profitable deviation in this case
either. This shows that (o1,09) is an NE from s;.

We now prove claim (ii). We let o = (01, 02) be a strategy profile such that
its outcome from s; is winning for Py and such that oy is given by a Mealy
machine I = (M, Minjt, NXton, upgy) With memory size at most p. We establish
that P has a profitable deviation if the initial vertex is si.

We first observe that all vertices of AP occur in Outy(o, s1); the arena is
such that reaching s,y1 from s; implies so. For all ¢ € [1,p], we let hy be
the shortest prefix of Out 4(c, s1) that ends in ¢4, and let hy denote the empty
word. It follows from our assumption on the memory size of 91 that there exist
q < ¢ € [1,p] U{0} such that upgy(hq) = upgn(hy). Let h = vg... v, be the



148 Chapter 7 — Memory requirements for constrained Nash equilibria

non-empty history such that hy = hgh. We show that hyh® is consistent with
o9, which implies the existence of a profitable deviation for P;.

The history hgh is a prefix of Out(c,s1), thus it is consistent with os.
We continue by induction. Assume that hgh*vg...vepq (with £+ 1 < r) is
consistent with o9 and that upgy(heh®vo ... v¢) = upge(hqvo ... ve). We remark
that these properties hold for the case z = 0 and £ = r — 1, which we consider to
be the base case. We show that same property holds for £+ 1. In the following,
we abusively let v,41 denote vg to avoid treating the case £ 4+ 1 = r separately.

We have upgy(hqh®vo ... v0e41) = Upgy(hqvo - .. vevesr) directly from the
induction hypothesis and the definition of upgy. We consider two cases for the
consistency. First, we assume that vy € ST. The consistency of the relevant
history follows directly by induction as Py does not select the last transition.
Second, we assume that vpy; € S5. The induction hypothesis implies that
hgh*vg ... ve1v42 is consistent with o9 if and only if the action labelling the
transition from vpiq t0 ve4o is nxton(upgn(hgh®vo . .. ve), ve11). By consistency
of hgyh with o9, the action nxtoy(Upgy(hqvo - - - V), vet1) is the sought action. By
combining this with the induction hypothesis on memory updates, we conclude
the required consistency claim.

We have shown that in the game GP, any move-independent NE from s; with
an outcome that is winning for Ps requires Py to have a memory size of at least
p, which is roughly half of the number of vertices in the game. This ends our
illustration that arena-dependent memory is required for general constrained
move-independent NEs in Biichi games. <

7.3.2 Simple Nash equilibria outcomes

In a Biichi game, there need not exist NE outcomes with a finite simple
decomposition as we have shown in games with reachability objectives and
shortest-path costs. We consider two ways of simplifying NE outcomes in Biichi
games depending on the form of these outcomes.

First, we consider NE outcomes such that some state occurs infinitely often
in it. The following example illustrates that we cannot transform these outcomes

into plays with a finite simple decomposition in general.

Example 7.7. In the two-player arena A depicted in Figure 7.7, if we consider
the game in which the objectives of P; and Py are respectively Biichi({s;}) and
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Figure 7.7: A two-player arena where there is no outcome from sy with a finite

simple decomposition satisfying the objectives Biichi({s1}) and Bichi({s2}).

Biichi({s2}), it is easy to see that the play m = (spasiasobsaa)® is the outcome
of a pure NE from sg as both players satisfy their objective.

We observe that there is no play of A with a finite simple decomposition
that visits both s; and so infinitely often; simple lassos of A can only loop in
one of s1 or so. We remark that 7 admits the ultimately periodic simple de-
composition (spasi, sjasobsa, saaspasi, s1aspbsa, s2aspasi, . ..). We will build

move-independent NEs on plays that admit such decompositions. <

We now prove that from any NE outcome of G in which a state occurs
infinitely often, we can derive an NE outcome from the same initial state
that admits an ultimately periodic simple decomposition. We choose the first
segment of this decomposition to correspond to the first phase of the two-phase
approach mentioned in the previous section: no targets of losing players must

appear outside of this first segment.

The idea of the following proof is as follows. There is £ € N such that
no targets of losing players occur in m>, by definition of the Biichi objective.
Furthermore, due to the presence of an infinitely occurring state in m, for all
i € [1,n] such that m € Biichi(T;), there is t; € T; such that all these states are
connected by simple histories or simple cycles that traverse only states in 7>,.
Our desired decomposition is obtained by letting its first segment be a simple
history starting in sg up to some ¢; and then selecting the other segments to
be the simple segments mentioned above such that all of the relevant targets
appears in their concatenation. Through this approach, we obtain an NE
outcome with an ultimately periodic decomposition S = (sgj) jen of period no

more than n.
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Lemma 7.11. Let 7’ be the outcome of an NE from sg € S in G such that some
state occurs infinitely often in ' and let k = |{i € [1,n] | #’ € Biichi(T;)}|.
There exists an NE outcome 7 from so in G such that, for all i € [1,n],
7 € Bichi(T;) if and only if ©’ € Biichi(T;), and m admits an infinite simple

segment decomposition (sgy,Sgi, . ..) such that

(i) for all j > 1 and alli € [1,n], if m ¢ Biichi(T;), then no state of T; occurs

in sg; and

(ZZ) forallj >1, S8 = S8j+max{k,1}-

Proof. We assume without loss of generality that k > 1, i.e., that at least one
Biichi objective of G is satisfied. If this is not the case, we can add a new
player controlling no states whose target is S to enforce this assumption. For
convenience of notation, we assume that 7 satisfies Bichi(7}), ..., Bichi(T%).
We fix £ € N such that for all ¢ > k, no states of T; occur in 7>,. For all
i € [k], we fix t; € T; which appears in 7>¢. We define the decomposition S as
follows. We let sg, be a simple history from sg to ¢; using only vertices from 7
(we tolerate the history sg if sop = ¢1). For all 1 < j < k, we let sg; be a simple
history or cycle from ¢; to t;1. Finally, we let sg; be a simple segment from
tr to t1. Other segments are defined so condition (ii) holds. By construction,
the 7 generated from this decomposition satisfies condition (i). Theorem 6.8

ensures that 7 is the outcome of an NE. O

When dealing with a play in an infinite arena, there need not be a state
occurring infinitely often within the play. This is the case, e.g., in arenas devoid
of cycles. We provide an example illustrating a game in which an NE in which
all players win cannot have an outcome with a finite simple decomposition, nor

with an ultimately periodic decomposition.

Example 7.8. We consider the two-player arena A (where all states are
controlled by P;) depicted in Figure 7.8, and the game G = (A, (Biichi({t; | £ €
2N}), Bichi({t; | £ € 2N 4+ 1}))). On the one hand, we observe that the play =
obtained by playing the sequence of actions (b%a)® is the outcome of an NE
from sy in G as both objectives are satisfied.

We now show that no play of A that admits a finite or ultimately periodic
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Figure 7.8: A two-player arena where there is no outcome from sy with a
finite simple decomposition satisfying the objectives Biichi({t; | £ € 2N}) and
Biichi({t; | £ € 2N + 1}).

simple decomposition satisfies both Biichi objectives of G. A play admitting an
ultimately periodic simple decomposition is a lasso. Similarly, a play admitting
a finite simple decomposition has a simple play or simple lasso as a suffix. In
both cases, it is not possible to visit both targets infinitely often due to the
structure of A.

The play 7 admits the infinite simple decomposition S = (sg;)jen of 7
defined by sg, = sobtp and, for all j € N>, sg; = t;_1bs;_1as;bt;, consisting
of simple histories connecting consecutive target visits along 7. An important
property of S that we will use in the sequel to construct finite-memory NE
is that no two segments of S with an index of the same parity have states in

common. 4

We now explain how to derive NE outcomes with decompositions similar to
that of the previous example from arbitrary NE outcomes. Let m € Plays(.A)
be the outcome of an NE from sy € S in G such that no state occurs infinitely
often in . We sketch how to derive an NE outcome from 7 that has an infinite
simple segment decomposition S = (sg;);en such that for all odd (resp. even)
j # 7', no state of sg; occurs in sg; and, for all j > 1, no targets of players
whose objective is not satisfied by 7 occurs in sg;.

Once again, we aim to use sg, of S to implement the first phase of our
two-phase mechanism. We obtain sg; similarly to the case of outcomes with
states occurring infinitely often: there exists a position £ € N such that no
states of T; occur in w>, for all ¢ € [1,n] such that = ¢ Biichi(7;). We let
¢y > £ be such that sy, € T; for some i € [1,n] such that = € Biichi(T;), and
choose sg; to be a simple history that shares its first and last states with m<y,
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and that uses only states occurring in this prefix.

The other segments are constructed by induction. We explain how sg; is
defined from ¢y to illustrate the idea of the general construction. As no states
appear infinitely often in 7, there exists some position £1 > £y such that no state
of m<y, occurs in w>p, and sy, € T; for some i € [1,n] such that = € Biichi(T;).
We let sg; be a simple history that starts in last(sg), ends in last(7<,, ) and
uses only states that occur in the segment of m between positions ¢y and ¢;. If
we construct sgy similarly from ¢; (by induction), then it shares no states with
sgy by choice of ¢;. Proceeding with this inductive construction while ensuring
that all targets that are visited infinitely often in 7 occur infinitely often in
the decomposition being constructed, we obtain the desired decomposition.
Furthermore, the play described by this decomposition is an NE outcome the
characterisation of NE outcomes of Theorem 6.8. We formalise the sketch above

in the following proof.

Lemma 7.12. Let ©’ be the outcome of an NE from sy € S in G such that no
state occurs infinitely often in w'. There exists an NE outcome © from sg such
that, for all i € [1,n], = € Bichi(T;) if and only if m € Biichi(T;), and w admits

an infinite simple segment decomposition S = (ng)jeN such that

(i) for all j > 1 and all i € [1,n], if m ¢ Bichi(T;), then no state of T; occurs

in sg; and

(i1) for all j # j, sg; and sg; have no states in common if j and 3" have the

same parity.

Proof. We let ' = sgagsy ... We assume without loss of generality that there
exists ¢ € [1,n] such that = € Biichi(T;) (this can be enforced by adding a
player for whom all states are targets if necessary). For convenience of notation,
we assume that {i € [1,n] | # € Bichi(T;)} = [1, k] where k = |[{i € [1,n] |
7 € Bichi(T;)}| > 1. We define the sought outcome 7 via an infinite segment
decomposition.

We let ¢ € N such that for all ¢ > k, no states of 7; occur in m>y. There
exists some position ¢y > ¢ such that sy, € T1. We let sg; be a simple history
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from sg to s, that only traverses states occurring in 72, .

We now assume that segments sgg, ..., sg; and positions £y, ..., {; are

g g0 gj J
defined. We assume by induction that (a) for all 5" < j, last(sg;) € Tj mod k+1,
(b) for all j* < j, sg; contains only states occurring in W/gfjn (c) for all j' < 7,
no states of 7', ~occur in 7r/>€'/+17 and (d) for all j” < j' —2, sg; and sg; have
—J —J

no states in common.

We define ¢, 1 and sg. , as follows. There exists some ¢ € N such that no

J+ g]—l—l

state of 77’% occurs in 77’2[. We choose €11 > £ such that sg, , € T(j/41) mod k+1-

We let sg; | be a simple history from sy, to s, ,, that uses only states occurring

.
in the segment sy ay, ...sq, , of 7. '

We argue that the induction hypothesis is preserved by this choice. Properties
(a), (b) and (c) hold by definition. We show that (d) holds, i.e., that for all
j'<j—1, sg;;; and sg; have no states in common. Let j* < j — 1. It holds
that the states occurring in sg;; all appear in 71’25]_. By induction, all states
of sg; occur in W/Séj,, and none of these states occur in F/Zej. This ends the
inductive construction.

It remains to prove that the play m = sgg - sg; - ... is the outcome of an NE.
This is immediate by Theorem 6.8 as all states appearing in m appear in 7’ and,

by construction, © and 7’ satisfy the same Biichi objectives of G. O

7.3.3 Finite-memory Nash equilibria

In this section, we prove the following theorem by considering the two cases

distinguished in the previous section.

Theorem 7.13. Let G = (A, (Biichi(T}));cq1,n)) be a Biichi game. Let o' be a
pure NE from a state sy € S. There exists a finite-memory pure NE o from sg
such that all strategies of o are induced by move-independent Mealy machines
and, for all i € [1,n], Outa(o,sp) € Biichi(T;) if and only if Outy(c’,sg) €
Biichi(T;).

We build finite-memory move-independent NEs from NE outcomes and
decompositions obtained through Lemma 7.11 and Lemma 7.12. In both cases,
we construct strategies following two phases from these decompositions. In

the first phase, players react and punish any deviation from the sequence of
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states of the first segment of the decomposition (i.e., if different actions are
used but they lead to the same successor, no punishment is used). This can be
achieved by adding all states of the segment in memory. A deviation can be
detected by checking whether the current state of the play is the current state
in the memory until the first segment is completed. In the second phase, the
players follow a strategy based on the suffix of the decomposition that excludes
the first segment, implemented similarly to the partially-defined strategies of
Section 7.2.3 that we had used for games with reachability objectives and
shortest-path costs. In practice, the constructions for the second phase differ
slightly for each type of outcome.

First, we consider an NE ¢’ from sg in G such that a state occurs infinitely
often in Out4(o’, s9). By Lemma 7.11, we can derive an NE outcome 7 from
so such that m and Out4(0’, s) satisfy the same objectives of G, and 7 admits
a simple segment decomposition S = (sg,sg;, - - - S8k, S&1, - - - » Sk, - - -) Where
no targets of losing players occur in segments sgy,...,sg; of S.

We only describe the second phase of the two-phase approach described
above. For the second phase, we switch to a strategy that is based on the
periodic decomposition 8" = (sgy,sgs, - .,...) of period k. We slightly adapt
the construction presented in Section 7.2.3 to loop back to the memory states
for the first segment at the end of sg;. More precisely, when reading last(sg;,)
in memory states of the form (P;, k), we update the memory to an appropriate
memory state of the form (P, 1).

By completing the above behaviour with switches to memoryless punishing
strategies (Theorem 6.2) if sg, is not accurately simulated or if a player exits
the current segment, we obtain a finite-memory NE. The stability of the NE
follows from the characterisation of Theorem 6.8 for deviations that induce the
use of punishing strategies and the property that no targets of losing players
occur in segments sg;, j > 1 for other (in-segment) deviations. We formally
present these finite-memory strategies in the following proof.

Lemma 7.14. Let o’ be a pure NE from a state so such that some state occurs
infinitely often in Out4(o’, sg). There exists a finite-memory pure NE o from s
such that all strategies of o are induced by move-independent Mealy machines
and, for all i € [1,n], © € Biichi(T;) if and only if Out4(c’, so) € Biichi(T;).



7.3 — Biichi games 155

If A is finite, move-independent Mealy machines of size at most |S| +n? +n
suffice to implement the strategies of o.

Proof. Let m be an NE outcome obtained via Lemma 7.11 from Out4(o’, sp).
We let k = max{1,|{i € [1,n] | # € Bichi(T;)}|} and (sgg,sg,.-.) be the
decomposition provided by the lemma. We argue that 7 is the outcome of a
finite-memory NE. Before constructing the Mealy machines, we first introduce
some notation. Let I C [1,n] be {i € [1,n] | 7 ¢ Bichi(7;)} if this set is not
empty, or {1} otherwise. For all i € I, we let 7_; be a memoryless uniformly
winning strategy for the second player of the coalition game G; = (A;, Biichi(T;))
(it exists by Theorem 6.2) and let W_;(coBiichi(T;)) denote the winning region
of this player in G;. We write sgy = spao . .. s,. Finally, we define Sy = Uz‘el Ss.

For each ¢ € [1,n], we define a Mealy machine 9t = (M, minit, NXton,, Upgy)
as follows. We define M as the union of sets

{se€eS|0<l<r}U{P;i|iel}x[LE)U{P;i|iel}

and minir = sg. The memory states that are game states correspond to the first
phase in the sketch above, and the others to the second phase. We note that
the memory bounds claimed for finite arenas follow from sgj being simple.
The update function upgy, is defined as follows. For all ¢ < r, we let
upgn(se, se) = Ser1. We let upgn(sr, sp) = (Pi, 1) where ¢ € I is such that P;
controls s, if s, € St and i is arbitrary otherwise. For all £ < r and s # sy,
if £ > 1 and there exists ¢ € I such that s, € S; (i.e,, s € Sr), we let
upsgn(se, s) = P;, and otherwise the update is arbitrary. Intuitively, in the first
phase, the strategy checks that the current state matches the one it should be
while following sg, and switches to a special punishment state if a deviation
is detected. For all states of the form (P;,j) € M and all s € S occurring in
sg;, we let upgn((P;,7),s) = (Py,j') where (a) Py is the player controlling s
if s € S; and otherwise, i =4, and (b) j' = j if s # last(sg;), and otherwise,
if s = last(sg;), we set j' = j + 1if j < k and j/ = 1 otherwise. For all
states of the form (P;,j) € M and all s € S that do not occur in sg;, we let
upsn((Pi, j),s) = P;. Finally, for all i € I and s € S, we let upgy(Pi, s) = P;.
Let ¢« € I. We now define nxton,. Let s € S;. We first consider memory
states of the form s,. Fix £ <r. If s = sy, we let nxtop, (s¢,s) = ag if £ # r and
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let nxton, (Sr, sr) be the first action of sg; (i.e., the only action that follows s,
in sg;). Assume that s # sp. If £ > 1 and sy_; € Sy, we let i’ € I such that
s € Sy and set nxton, (s¢,8) = 7_y(s) if ' # i. We let nxton, (s¢, s) be arbitrary
in all other cases.

We now deal with memory states of the form (Py,j). Fix ¢/ € I and
J € [1,k]. If s occurs in sg; and s # last(sg;), we let nxton, ((Py, j),s) be the
action following s in sg;. If s = last(sg;) and j < k (resp. j = k), we let
nxton, ((Py, j), s) be the first action of sg; ; (resp. sg;). If s does not occur in
sg;, we let nxton,((Pir,j),s) = 7_i(s). Finally, we let nxtoy, (Py, s) = 7_(s) if
7' # i, and otherwise we let it be arbitrary.

We let 0; be the strategy induced by 9t;. It can be shown by induction that
the outcome of o = (0);e[1,n) is 7. We omit the proof here; it is very close to
the argument for coherence appearing in the proof of Lemma 7.6.

It remains to show that o is an NE from sg. It suffices to show that for all
i € [1,n], if = ¢ Biichi(T;), then P; does not have a profitable deviation. We
fix one such i € [1,n]. By the characterisation of NE outcomes in Theorem 6.8,
all states in 7 are elements of W_;(coBlichi(7})).

Let ' = spajsiar ... be a play starting in sp that is consistent with the
strategy profile o_;. We consider three cases. First, assume that the sequence of
states of 7’ does not have the sequence of states of sg, as a prefix. Let £ < r be
such that the sequence of states of 7, has the longest common prefix with that
of sgy. We have that upgy(n.,) = 8_g+1. The definition of ¢ and the relation
Sle+1 # sg+1 imply that sy E_Si. It follows that 7, is a play consistent with
T_; starting in s, € W_;(coBiichi(T})), thus 7L, € coBiichi(T;). We obtain that
7! € coBiichi(T;), ending this first case. -

For the two other cases, we assume that the sequence of states of sg is
a prefix of the sequence of states of 7’. For the second case, we assume that
for all states s occurring in 7%, there is some j > 1 such that s appears in
some sg;. Because there are no elements of T; in these segments, it follows that
7' € coBlichi(T;).

Finally, assume that some state appearing in 7%, does not occur in any of
the segments sg; with j > 1. It follows that the m_emory state of the players
relying on 9; eventually becomes of the form Py. Let ¢ € N be the largest
number such that upgy(7’,) is of the form (P;, 7). It holds that s, occurs in
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sg; and sj,; does not occur in sg; by choice of £. It follows that s, € S; by
definition of o (otherwise, sy, would occur in sg;). We obtain that i’ = i and
that 7, is a play consistent with 7_; starting in sj. Because s occurs in sg;,
we have s, € W_;(coBiichi(T;)). As in the first case, we obtain 7’ € coBiichi(75),
ending the proof. O

The classical approach to derive move-independent NEs from lasso NE
outcomes (e.g., those provided by Lemma 7.11) is to encode the whole lasso in
the memory. If |S| is finite, the resulting strategies from this approach have a
memory size of at most (|S| + 2)n. When there are few players compared to
states of the game, the bound given in Theorem 7.14 can be seen as preferable
to the one obtained via this classical construction.

We now consider the case of NE such that no state occurs infinitely often
in their outcome. Let ¢’ be an NE from sg in G such that no state occurs
infinitely often in Out4(o’, s¢). By Lemma 7.12, we can derive an NE outcome
7 from sg such that 7 and Out4(c’, sg) satisfy the same objectives of G, and 7
admits a simple segment decomposition S = (sg,sg,5gs, - - .) Where no targets
of losing players occur in segments other than sg,, and any two segments with
an index with the same parity traverse different sets of states.

Once more, we only describe the second phase of our two-phase approach.
We adapt the definitions of Section 7.2.3 in another way. Intuitively, to construct
a finite-memory strategy profile, we allocate infinitely many disjoint segments
to a same group of memory state. Due to this, players may not react to someone

exiting the current segment.

The update and next-move function in the original definitions are defined
from on the segment sg; for each memory state of the form (Pi, 7). In this
setting, we define the update and next-move functions in memory states of
the form (P;, 1) (resp. (Pi,2)) from all odd segments (resp. all even segments
besides sg,) of S simultaneously. When the end of an even segment is reached
in a memory state of the form (P;,2), the memory is updated to a state of
the form (P, 1) (and similarly for odd segments). The choice that all odd
(resp. even) segments traverse pairwise disjoint set of vertices ensures that the

next-move function is well-defined.

If at some point in the second phase, a state that does not occur in an even
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segment is read in a memory state (P;, 2), the memory is updated to a punishing
state P;, such that players attempt to punish P; with a memoryless strategy
(Theorem 6.2). We proceed similarly for the odd case. The resulting finite-
memory strategy profile is an NE from sg. On the one hand, any deviation such
that the memory never updates to a punishing state must only have vertices
that occur in segment sg; with j 7 0 in the limit. By choice of S, this deviation
cannot be profitable. Otherwise, it can be argued that the punishing strategy
does in fact sabotage the deviating player, so long as their objective is not
satisfied in 7, by Theorem 6.8. We formally describe the construction above

and establish its correctness below.

Lemma 7.15. Let o’ be a pure NE from a state sy such that no state occurs
infinitely often in Out4(o’, sg). There exists a finite-memory pure NE o from sg
such that all strategies of o are induced by move-independent Mealy machines
and for all i € [1,n], © € Biichi(T;) if and only if Out 4(0’, so) € Biichi(T;).

Proof. Let m be an NE outcome obtained via Lemma 7.12 from Out(0”, sp).
We let (sgg,sg;,---) be the decomposition provided by the lemma such that all
sets of states traversed by segments with an even (resp. odd) index are pairwise
disjoint. We prove that 7 is the outcome of a finite-memory move-independent
NE. The construction below can be seen as an adaptation of the proof of
Theorem 7.14.

We introduce some notation. Let I C [1,n] be {i € [1,n] | = ¢ Bichi(T;)}
if this set is not empty, or {1} otherwise. For all i € I, we let 7_; be a
memoryless uniformly winning strategy for the second player of the coalition
game G; = (A;, Blichi(T;)) (it exists by Theorem 6.2) and let W_;(coBiichi(7;))
denote the winning region of this player in G;. We write sgy; = spag ... Sy.
Finally, we define St = (J;c; Si, £1 (resp. E3) to be the states occurring in
segments sg; with odd j (resp. even j > 2), L1 = {last(sg;) | j € 2N + 1} and
Ly = {last(sg;) | j € 2N + 2} be the set of last states of odd and positive even
segments respectively.

For each i € [[1,n], we define a Mealy machine 9t = (M, Minjt, upsy, Nxtoy, )
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as follows. We define M as the union
{se€eS|0<l<r}U{P;i|iel}x[L2])U{P;|iecl}

and Mminit = So-

The update function upg, is defined as follows. For all ¢ < r, we let
upsn(se, s¢) = se+1. We postpone the definition of upgy(sy, sr). For all £ < r and
s # sy, if £ > 1 and there exists ¢ € I such that sy_1 € S; (i.e., s € Sr), we let
upsn(se, s) = P;, and otherwise the update is arbitrary. Let p € [1,2]. For all
states of the form (P;,p) € M and all s € E,, we let upgy((Pi,p),s) = (Pi,p')
where (a) Py is the player controlling s if s € S; and otherwise, i’ =4, and (b)
p' =pif s ¢ L,, and otherwise we set p’ =3 —p (i.e., if p = 1, it becomes 2
and vice-versa). For all states of the form (P;,p) € M and all s € S\ E,, we
let upgp((Pi, p),s) = Pi. We let upgp(sy, sr) = upgn((Pi, 1), s,) where i € I is
arbitrary (the definition does not depend on ¢ because s, € E7). Finally, for all
i€l and s € S, we let upgp(P;, s) = Pi.

Let ¢ € I. We now define nxton,. Let s € S;. We first consider memory
states of the form sy. Fix ¢ <r. If s = s, we let nxton, (s¢, s) = ay if £ # r and
let nxtop, (sy, sr) be the first action of sg;. Assume that s # s,. If £ > 1 and
sg—1 € Sy, we let i’ € I such that s € S; and set nxton, (s¢, $) = 7—i(s) if ¢ # 4.
We let nxtop, (s¢, s) be arbitrary in all other cases.

We now deal with memory states of the form (P;,p). Fix i/ € I and
p € [1,2]. Assume first that s € E}, \ L,. There is a unique j € 2N + p such
that s occurs in sg; (it is unique because all segments with an index with
the same parity traverse disjoint sets of vertices). We set nxton, ((Py,p), s) to
the action following s in sg;. Next, assume that s € L,. There is a unique
j € 2N + (3 — p) such that s = first(sg;). We let nxtan, ((Pir,p), s) be the first
action of sg;. Finally, if s ¢ E, and i’ # i, we let nxton, (P, p),s) = 7_i(s),
and let it be arbitrary if ¢/ = ¢. Finally, we let nxton, (Pyr, s) = 7—y(s) if i’ # 1,
and it is arbitrary otherwise.

We let o; be the strategy induced by ;. It can be shown by induction that
the outcome of o = (0;);c[1,n) is 7. We omit the proof here; it is very close to
the argument for coherence appearing in the proof of Lemma 7.6.

It remains to show that o is an NE from sg. It suffices to show that for all
i € [1,n], if = ¢ Biichi(T;), then P; does not have a profitable deviation. We fix
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one such ¢. By the characterisation of NE outcomes in Theorem 6.8, all states
in 7 are elements of W_;(coBiichi(7})).

Let 7' = spags) ... be a play starting in so that is consistent with the
strategy profile o_;. We consider three cases. First, assume that the sequence
of states of ' does not have the sequence of states of sg, as a prefix. We can
prove the absence of a profitable deviation of P; as in the same way as in the
proof of Theorem 7.14: 7/ has a suffix consistent with 7_; starting in a state
occurring in sgg that is therefore in W_;(coBiichi(T;)).

For the other two cases, we assume that the sequence of states of 7.,
matches the sequence of states of sg,. Second, we assume that all states s
occurring in 7r’>r are elements of F1 U Ey. Because E1 and EF5 do not intersect
T; by construction of 7 (see Lemma 7.12), it follows that ©’ € coBiichi(T;).

Finally, assume that some state appearing in 7%, is not an element of EyUEs.
It follows that the memory state of the players rely_ing on IM; eventually becomes
of the form P;. Let £ € N be the largest number such that upgy(7’,) is of the
form (Py,p). It holds that s, € E), and s, ¢ E, by choice of ¢. Tt follows
that s, € S; by definition of o (otherwise, sj,; would have to be an element of
Ej,). We obtain that i =i and that 7%, is a play consistent with 7_; starting
in sj. Because s, € E,, we have s, € W_;(coBiichi(T;)). We conclude that
7! € coBiichi(T;). This ends the proof. O



Part III:

The expressiveness of different types of
randomness
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CHAPTER 8

Introduction

In this part, we present the results described in Chapter 3.2, originating from
joint work with Mickaél Randour [MR22, MR24]. We study variations of
stochastic Mealy machines and the classes of finite-memory strategies they
induce. We provide a full description of the relationships between these classes
of in terms of expressive power.

We refer the reader to Chapter 3.2 for an extended presentation of the
context, and in particular for a description of our naming scheme for classes of
finite-memory strategies via three-letter acronyms. This part contains three
chapters. In the following, we summarise the contents of Chapter 9, in which
we discuss the definition of outcome-equivalence and provide a proof of Kuhn’s
theorem. We then provide the lattices for the settings that were omitted from
Chapter 3.2. These lattices are derived from the inclusion and separation
results that are proven in Chapter 10 and Chapter 11 respectively. We close
the chapter by discussing some related work.

Outcome-equivalence and Kuhn’s theorem. We define two strategies
of a player to be outcome-equivalent if they induce the same distributions
over plays from all initial states and for all pure strategy profiles of the other
players (Definition 2.46). In particular, a natural question is whether the
quantification over pure strategy profiles is coherent with the intuitive notion
of outcome-equivalence, which is to induce the same behaviour regardless of
the behaviour of the other players.

To answer this question, we provide three outcome-equivalence criteria
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depending on the nature of the compared strategies. We show that two
behavioural strategies are outcome-equivalent if and only if they agree over
histories consistent with either strategy (Lemma 9.1). We provide similar
criteria for the outcome-equivalence of two mixed strategies (Lemma 9.3) and
for the outcome-equivalence of a mixed and a behavioural strategy (Lemma 9.5).
All of these results essentially state that two strategy are outcome-equivalent if
and only if they make the same decisions in consistent histories. Through these
characterisations of outcome-equivalence, we can conclude that two outcome-
equivalent strategies do indeed share the same behaviour (see the related
Corollaries 9.2 and 9.4).

We then prove Kuhn’s theorem in Chapter 9.2. We do not follow the proof
of [Aum64|, which considers a more general setting. We take inspiration from
the proof of [OR94] in finite extensive form games and adapt their argument
to the countably-branching infinite-horizon setting. Our outcome-equivalence
criterion for mixed and behavioural strategies (Lemma 9.5) provides some
intuition on how to construct outcome-equivalent strategies. We also provide a
simple example illustrating that without perfect recall, mixed strategies need
not admit outcome-equivalent behavioural strategies (Example 9.1).

We close this chapter by shifting our focus back to finite-memory strategies.
We provide sufficient conditions under which an observation-based stochastic
Mealy machine induces a behavioural strategy in games with imperfect infor-
mation. We prove that, in a context with perfect recall, all observation-based
Mealy machines induce behavioural observation-based strategies (Lemma 9.8),
and that, regardless of perfect recall, DRD stochastic Mealy machines always

induce behavioural strategies (Lemma 9.9).

Taxonomy of finite-memory strategies. Our results yield a full taxonomy

of randomised finite-memory strategies in four settings:
e finite arenas with perfect recall;
e finite arenas with no assumption on recall;
e countable arenas with perfect recall;

e countable arenas with no assumption on recall.
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In Chapter 3.2, we presented lattices that describe the relationships in terms
of expressiveness between classes of randomised finite-memory strategies for
the most general and least general setting among these four. In the following,
we restate the lattice in the least general setting, and use it to derive the
lattices for the two previously disregarded settings. While we do not repeat the
lattice for the most general setting, we recall that, in that setting, all classes of
strategies are pairwise distinct and the only inclusions that hold follow from
one class of Mealy machines having more randomisation power than another

(see Figure 3.3).

Figure 8.1 depicts the expressiveness relationships between classes of ran-
domised finite-memory strategies in finite arenas with perfect recall. In this
setting, three inclusions require a proof: RDD C DRD, RRR C DRR and
RRR C RDR. The proofs of these inclusions only use one of the two assump-
tions made in our least general setting: for RDD C DRD and RRR C DRR
we only use perfect recall and for RRR C RDR, we only require the arena to
be finite. Without their required assumption, these inclusions fail, even if the
other assumption holds.

In Figure 8.2, we depict the relevant lattices for countable arenas with
perfect recall and for finite arenas with no assumption on perfect recall. First,
we discuss the former, i.e., the lattice of Figure 8.2a. The differences with
the lattice of Figure 8.1 are induced by the inclusion DRD C RDR no longer
holding in countable arenas: RDR strategies can only provide distributions
over finite sets of actions, while DRD strategies do not have this restriction
(see Lemma 11.10).

We now consider the latter setting, i.e., finite arenas with no assumption
on recall, for which we obtain the lattice of Figure 8.2b. In this case, the
differences with the lattice of Figure 8.1 follow from the failure of the inclusion
RDD in DRR (Lemma 11.12): if actions are not observable, a DRR strategy
cannot be used to emulate an RDD strategy that mixes two different constant
strategies. In particular, the inclusion of RDD in DRD fails in this setting.

Chapters 10 and 11 contain all of the statements required to obtain all of

our lattices.
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DRR = RRR = RDR

Lem. 11.1 (Thm. 10.4, 10.5) Lem. 11.9
(stric‘y wness)
DDR RRD
Lem. 11.5
(strictness)

DRD (behavioural)

Expressiveness

Lem. 11.3 | Thm. 10.2

Direct
RDD (mixed)

Km.ll.l (strictness)

DDD (pure)

Figure 8.1: Lattice of finite-memory strategy classes in terms of expressive

power in finite multi-player arenas with perfect recall.

RRR = DRR
RDR RRD RRR = RDR
DDR DRD DRR. RRD
/RDD DDR DRD RDD
DDD (pure) DDD
(a) Lattice for countable multi-player (b) Lattice for finite multi-player arenas
arenas with perfect recall. with no assumption on perfect recall.

Figure 8.2: Lattices of finite-memory strategy classes in terms of expressive
power.
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Related work. We discuss two lines of work related to this work. The
first one deals with the various types of randomness one can inject in strate-
gies and their consequences. Obviously, Kuhn’s theorem [Aum64] is a major
inspiration, as well as the examples of differences between strategy models
presented in [CDH10|. On a different but related note, [CDGH15] studies when
randomness is not helpful in games nor strategies (as it can be simulated by
other means or does not intervene).

The second axis concentrates on the use of randomness as a means to simplify
strategies or to reduce their memory requirements. On the one hand, [CdH04,
CHPO08, CRR14, MPR20| study settings in which the performance of optimal
strategies with memory can (almost) be matched by memoryless randomised
strategies. On the other hand, [Cha07] and [Hor09| provide finer (upper and
lower) memory bounds for almost-surely winning strategies in zero-sum turn-
based stochastic Muller games by using DRD and RRR strategies respectively.

These are further motivations to understand randomised strategies even in

contexts where randomness is not needed a priori to play optimally.






CHAPTER 9

Outcome-equivalence and Kuhn'’s
theorem

We discuss the definition of outcome-equivalence: we provide equivalent def-
inition that show that comparing two strategies only with respect to pure
strategies of the other players implies that they induce the same behaviour even
when the other players follow randomised strategies. We then provide a proof
of Kuhn’s theorem. The proof of one of its implications is inspired by our equiv-
alent reformulation of outcome-equivalence of mixed and behavioural strategies.
We close this chapter by providing sufficient conditions that ensure that the
strategies induced by observation-based Mealy machines are observation-based
behavioural strategies.

We fix an n-player arena A = (.5, (A("))ie[[lm]], 9) and an arena with imperfect
information P = (A, (Z;, Obs;)ic[1,,]) built on A for the whole chapter.
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9.1 Outcome-equivalence

Two strategies are outcome-equivalent if and only if they induce the same
distribution over plays from any state for all pure strategies of the other players.
We restrict the strategies of the other players to pure strategies for a syntactic
reason, as we have defined distributions over plays only for mixed strategy
profiles and for behavioural strategy profiles.

We provide reformulations of outcome-equivalence for the comparison of two
behavioural strategies (Section 9.1.1), of two mixed strategies (Section 9.1.2)
and of a behavioural and a mixed strategy (Section 9.1.3). These reformulations
provide conditions in which the strategies of the other players do not intervene.
Intuitively, it is necessary and sufficient to check some condition over all histories
consistent with one of the strategies to establish the outcome-equivalence of

two randomised strategies.

9.1.1 Behavioural strategies

We first provide an equivalent formulation for the outcome-equivalence of
behavioural strategies. We use this reformulation in Chapter 10 to establish
inclusions between classes of finite-memory randomised strategies.

When comparing two behavioural strategies of a player, the distributions
they induce depend only on the suggestions these strategies provide in histories
that are consistent with them. Therefore, if these two strategies disagree only
in inconsistent histories, then they yield the same distributions regardless of
the strategy profile of the other players. Thus, the outcome-equivalence of
two behavioural strategies can be restated as them having to agree over the
histories that are consistent with (one of) the strategies.

Lemma 9.1. Leti € [1,n]. Let o; and 7; be behavioural strategies of P; in A.
Then o; and T; are outcome-equivalent if and only if for all h € Hist(A), if h
consistent with o;, then o;(h) = 7;(h).

Proof. To simplify notation, we assume that ¢ = 1; the general argument is
recovered by renaming the players and adapting the notation in the proof below.
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First, we assume that o7 and 71 are outcome-equivalent. Let h € Hist(.A)

be a history that is consistent with ;. Let sjnix = first(h) and let 0_; be a

pure strategy profile of the players other than P; with which A is consistent.

Let a = (a™),0_1(h)) € A(s). Let s € supp(d(last(h)),a)). By definition of the

probability of a cylinder set and consistency of h with both o1 and o_;, we have
PL (Gl (has))

g1 a(l) = 0' [ -
(h)(a'") = PZLo=1(Cyl (h)) - 6(last(h),a)(s)’

Furthermore, P57~ (Cyl(h)) = P;27'(Cyl(h)) > 0 holds by outcome-

Sinit Slr‘llt

equivalence of o1 and 7. Therefore, we have

T gl P57~ (Cyl (has))
1(h)( 1))— P71 (Cyl (b)) - §(last(h),a)(s)

It follows from the equations above and the outcome-equivalence of o1 and 7|
that o (h)(a™) = 71(h)(a™). We have shown that o1(h) = 71 (h), which ends
the proof of the first direction.

Let us now assume that o7 and 71 coincide over histories consistent with
01. Let 0_1 be a pure strategy profile of the players other than P; and let
Sinit € S be an initial state. It suffices to study the probability of cylinder
sets. Let h € Hist(A, sinit) be a history starting in sinit. If A is consistent with
o1, then all prefixes of h also are, therefore the definition of the probability
of a cylinder ensures that P35 ~'(Cyl (h)) = P57 ' (Cyl (h)). Otherwise, if
h is not consistent with o1, then h is necessarily of the form h'ah” with b/
consistent with oy and oy (h/)(a™) = 0. It follows that 7 (h')(a(")) = 0, thus
P57 (h) = Pgh? =" (h) = 0. This shows that o1 and 71 are outcome-equivalent,

ending the proof. O

A corollary of Lemma 9.1 is that two behavioural strategies are outcome-
equivalent if and only if they induce the same distribution over plays from any
state for all behavioural strategies of the other players. This follows directly from
the above and the definition of distributions over plays induced by behavioural

strategies.
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Corollary 9.2. Let i € [1,n], and let o; and 7; be behavioural strategies of P;
in A. Then o; and ; are outcome-equivalent if and only if for all behavioural

04,0 —3

strategy profiles o_; of players other than P; and all s € S, P =PI,

9.1.2 Mixed strategies

We now state the counterpart of Lemma 9.1 for the outcome-equivalence of
two mixed strategies. Similarly to the case of behavioural strategies, we need
only check a property ranging over the set of histories consistent with the
considered strategies. We must thus formalise the notion of consistency with
a mixed strategy. Intuitively, a history is consistent with a mixed strategy if
it may occur with positive probability under the strategy and some pure (or
mixed) strategy profile of the other players. Formally, a history h € Hist(.A) is
consistent with a mixed strategy p; of P; if and only if the set of pure strategies

of P; with which h is consistent has a non-zero probability under ;.

Let h € Hist(A). The contribution of a mixed strategy in the probability of

the cylinder of h from its first state is the probability under the mixed strategy
of the set of pure strategies with which h is consistent. It follows that two
mixed strategies are outcome-equivalent if and only if these probabilities are
the same for all histories that are consistent with the mixed strategies. This is
formalised as follows.
Lemma 9.3. Let i € [1,n]. For all h € Hist(A), let X}, C X%, (A) denote the
set of pure strategies of P; with which h is consistent. Let p; and v; be mized
strategies of P; in A. Then u; and v; are outcome-equivalent if and only if, for
all histories h € Hist(A) consistent with u;, we have p; (%) = v;(X})

Proof. First, assume that p; and v; are outcome-equivalent. Let h =
80G0S1a71 - .. ar—18, € Hist(A) be a history that is consistent with ;. Let
o_; be a pure strategy profile of the players other than P; with which A is con-
sistent. By outcome-equivalence of y and v;, we obtain that P52"~*(Cyl (h)) =
Ps?~*(Cyl (R)). By definition of probability distributions induced by mixed
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strategies this is equivalent to

r—1 =1l
u(Zh) - H 8(se,a0)(se1) = vi(Z},) - H 0(s¢,a0)(S041)-
=0 =0

In particular, since the product of transition probabilities appearing in the
above expressions is non-zero, we obtain that u;(3%) = 1;(Z%). This ends the
proof of the first implication.

For the other implication, we prove its contrapositive. We now assume that
u; and v; are not outcome-equivalent. We let s € S and o_; be a pure strategy
profile of the players other than P; such that P{"7~" % P,»~". There exists
h € Hist(A, s) such that P~ (Cyl (h)) # Ps"7*(Cyl (h)) (as otherwise the
two distributions would coincide).

We may assume that P57~ (Cyl (h)) > P57 ~*(Cyl (h)): the set of cylinders
of histories with the same length as h is a countable partition of the set of plays
starting in s, and therefore we cannot have P57~ (Cyl (h')) < P57~ (Cyl (1))
for all histories A’ starting in s with the same length as h. It follows from
this assumption that h is consistent with j;. Furthermore, P57~ (Cyl (h)) >
P."7*(Cyl (h)) implies that u;(%) > v;(X%). This ends the proof of the second
implication. ]

Lemma 9.3 implies that two mixed strategies induce the same distributions
over plays for all mized strategies of the other players.

Corollary 9.4. Let i € [1,n], and let u; and v; be mized strategies of P; in
A. Then u; and v; are outcome-equivalent if and only if for all mized strategy
profiles ju_; of players other than P; and all s € S, PE"'~" = Py,

9.1.3 Mixed and behavioural strategies

We now consider the case in which we compare a mixed strategy to a behavioural
strategy. On the one hand, for a mixed strategy u, its contribution to the
probability of a history cylinder is the probability under p of the set of pure
strategies with which the history is consistent. On the other hand, the contri-

bution to the probability of a history cylinder of a behavioural strategy is the
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product of the probability of choosing the actions that appear along the history.
Therefore, a mixed strategy and a behavioural strategy are outcome-equivalent
if and only if these two contributions coincide over the set of histories that are
consistent with one of the two strategies. Formally, we obtain the following
result.

Lemma 9.5. Let i € [1,n]. For all h € Hist(A), let 3}, C 3%, (A) denote the
set of pure strategies of P; with which h is consistent. Let u; be a mized strategy
of P; in A and let o; be a behavioural strategy of P; in A. The three following

assertions are equivalent:
(i) wi and o; are outcome-equivalent;

(i1) for all histories h = soGosi . ..ar—15, € Hist(A) consistent with u;, we
have pi(}) = TT720 0i(h<e)(a ());

(i1i) for all histories h = sgagsy . ..ar—18, € Hist(A) consistent with o;, we
have ui(Ei) 5 az(hq)(aél)).

Proof. We first prove that (i) implies (ii) and (iii), and then prove that the
negation of (i) implies the negations of (ii) and (iii).

Assume that u; and o; are outcome-equivalent. It follows from the definition
of consistency and of probability distributions induced by randomised strategies
that a history is consistent with a mixed or behavioural strategy 7; of P; if and
only it can occur with positive probability under 7; with some pure strategy
profile of the other players. Therefore, the set of histories consistent with u;
and o; coincide due to their outcome-equivalence.

We let h = spagsi - .. ar—18, € Hist(A) be consistent with u; and o;. We
let o_; be a pure strategy profile of the player other than P; with which A is
consistent. On the one hand, we have

r—1

PLy” = (Cyl () = pa(Z3) - [T 6(se:a0) (se4),
=0
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and on the other hand, we have
=l )
BLy ! (Cyl (1) = [ oalhze) (@) - 8(se,a0) (se40).
=0

It follows from H;;é d(se,ap)(Se+1) > 0 and the outcome-equivalence of y; and
o; that (23 = [T/=, O'Z'(hgg)(agi)). This ends the proof that (i) implies (ii)
and (iii).

We now assume that ; and o; are not outcome-equivalent and show that (ii)
and (iii) do not hold. Let s € S and o_; be a pure strategy profile of the
players other than P; such that PY"7% £ P;"7~' There exists a history
h € Hist(A, s) such that P5""~*(Cyl (h)) # P57 ~*(Cyl (h)). It follows that there
exist histories A1) and h(? of the same length as h such that P57~ (Cyl (h(V)) >
P77~ (Cyl (A1) and PL"7~*(Cyl (A1) < PF"7~*(Cyl (h?)) (as the set of
cylinders of histories with the same length as h is a countable partition of the
set of plays). It follows that h(Y is consistent with p; and h(?) is consistent
with ;. By following a reasoning similar to the first part of the proof, we can
conclude A" and h(? respectively witness that (ii) and (iii) do not hold.  [J

Through Lemma 9.5, we obtain that the outcome-equivalence of a mixed
and behavioural strategy does not depend on the strategies of the other players.
All that matters is that the two compared strategies contribute in the same way
to the probability of cylinders of consistent histories. In particular, if we were to
extend the definition of probabilities over plays to strategy profiles that contain
both mixed and behavioural strategies, we would obtain that two strategies are
outcome-equivalent if and only if the same distributions over plays are induced
no matter the randomised strategies of the other players. This property can be
seen as a generalisation of Corollary 9.2 and Corollary 9.4.

9.2 Kuhn’s theorem

In this section, we prove Kuhn’s theorem stating the equivalence of mixed
and behavioural strategies. Our proof is based on that of [OR94| for finite
extensive-form games (i.e., games played on finite trees); we adapt the argument

they present to infinite-duration games on graphs. We compare the classes of
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randomised observation-based strategies in 3 to state the theorem in its most
general form. The result for the strategies of A follows by consider an arena
with imperfect information built on A where the observation functions are the

identify function.

Theorem 2.47 (Kuhn’s theorem [Kuh53, Aum64|). Let i € [1,n]. For every
behavioural observation-based strategy o; of P; in ‘B, there exists an outcome-
equivalent mixed strategy p;. If P; has perfect recall, then for every mized
observation-based strategy p; of P; in P, there exists an outcome-equivalent

behavioural strategy o;.

Lemma 9.5 provides some intuition on how to define mixed strategies from
behavioural strategies and vice-versa. We show at the end of the section that
without perfect recall, some mixed strategies need not admit an outcome-
equivalent behavioural strategy.

We first prove that for all behavioural strategies, there is an equivalent

mixed strategy.

Lemma 9.6. Let i € [1,n] and o; be a behavioural observation-based strategy
of P; in B. There exists a mized observation-based strategy that is outcome-

equivalent to o;.

Proof. To simplify notation, we assume that ¢ = 1. We define P =
[ Trcobs: (Hist(4)) AWM (last(h)), which can be seen as the set of pure observation-
based strategies.

We derive a mixed observation-based strategy from a product measure over
P. For all h € Hist(A), we let tiops, () : a® — o;(h)(aV). This distribution
is well-defined because o; is observation-based. We let p) be the (unique)
product measure over P induced by the taking the distributions tops, ) on
each component.

We let F: P — Ellwre(.A) be the function that maps a pure observation-
based strategy seen as a function over Obs;(Hist(.A)) to the same strategy
seen as a function over Hist(.A). For all measurable ¥ C ©1, (A), we define

pure

p1(X) = pi (F~1(X)). The mixed strategy ju; is observation-based: the set of
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pure observation-based strategies has pi-probability 1 because its inverse image
by Fis P.

We now use the criterion of Lemma 9.5 to check the outcome-equivalence
of o1 and p1. Let h = spagsy . ..ar—15, € Hist(A) be consistent with o7. Let
E,ll denote the set of pure strategies of P; in A with which A is consistent. By
definition of 1, we obtain that

r—1
u () = [[ orlhze)(@M).
=0

Indeed, we have that F~1(X}) is the set of elements of P such its component
for h<y is aél) for all £ € [r — 1]. This ends the proof of the lemma. O

We now show that all mixed strategies of a player with perfect recall admit
an outcome-equivalent behavioural strategy.

Lemma 9.7. Let i € [1,n] and o; be a behavioural observation-based strategy
of P; inP. Assume that P; has perfect recall in P. Then there exists a mized
observation-based strategy that is outcome-equivalent to o;.

Proof. We assume that ¢ = 1 for convenience of notation.

Let p1 be a mixed observation-based strategy of P;. For all histories
h € Hist(B), we let X} C X1 (B) denote the set of pure strategies of Py with
which h is consistent. We consider the partially defined behavioural strategy o
given by, for all h € Hist("B) consistent with y, all actions @ € A(last(h)) and

all states s € supp(d(last(h),a)),

ay _ 1 (Zhg)

e =
We claim that the above behavioural strategy is well-defined (over its domain)
and is observation-based, and that any of its observation-based extensions are
outcome-equivalent to p;. The claim regarding outcome-equivalence can be

shown directly through the equivalent property (ii) of Lemma 9.5.

We observe that for any history h € Hist(B), a € A(last(h)) and s €
supp(d(last(h), a)), the set ¥} of pure strategies that are consistent has can be

has
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written as {71 € X} | 71(h) = a(V'}, i.e., this set does not depend on the actions
of the players other than P; in a and does not depend on s. Furthermore,
h € Hist(P) is consistent with py if and only if p1;(X}) > 0. It follows that o7 is
well-defined over its domain.

It remains to show that o is observation-based. Let h and h’ be histories
that are indistinguishable for P;. Because p1 assigns a probability of zero to the
set of pure strategies that are not observation-based, it is sufficient to show that
for all pure observation-based strategies 71 of Py, h is consistent with 7 if and
only if &/ is to obtain that o1(h) = o1(h’). Let 71 be a pure observation-based
strategy of P;. All prefixes of h and h’ of the same length are indistinguishable,
and thus share their image by 71. It follows that h is consistent with 71 if and
only if I/ is. O

We now provide a simple example illustrating that without perfect recall,
mixed strategies need not admit outcome-equivalent behavioural strategies.

Example 9.1. We consider a one-state POMDP with two actions B, built
from the MDP M, = ({s,{a,b},0) — transitions in this MDP are self-loops.
This MDP is used to witness the separations of classes of finite-memory strategies
in Chapter 11; we depict it in said chapter, in Figure 11.1, Page 202. In B, we
assign to s, a and b a shared observation o.

Let © denote the finite-support mixed strategy that uniformly mixed the
constant strategies a and b. No observation-based behavioural strategy is
outcome-equivalent to u. Let o: {0}({0}?)* — D({a,b}) be an observation-
based behavioural strategy of B, ;. To obtain the outcome-equivalence of o
and p, 0 must be able to distinguish the histories sas and sbs and play action
a and b respectively following these histories. However, because both histories

are indistinguishable, this cannot be the case. <

The mixed strategy of Example 9.1 is a finite-memory strategy: it can be
induced by a RDD Mealy machine whose randomised initialisation select a
memory state that cannot be left that selects one of the actions. It follows
that observation-based Mealy machines need not induced observation-based
behavioural strategies. We provide sufficient conditions to ensure that Mealy

machines induce observation-based strategies in the following section.
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9.3 Observation-based Mealy machines

As illustrated in Example 9.1, the strategy induced by an observation-based
Mealy machine need not be a behavioural strategy of 8. We provide two
sufficient conditions that ensure that observation-based Mealy machine induce
an observation-based behavioural strategy. The first one we present introduces
a restriction on the games. The second one involves no assumptions on games,

but instead considers a restricted class of Mealy machines.

First, we show that all finite-memory strategies are behavioural in games
with perfect recall. Intuitively, the distribution over memory states depends
on the sequence of actions used by the considered player; the choice of actions
conditions the distribution over memory states at each time it is updated. The
visibility of actions makes it so the distribution over memory states depends

only on the observations fed to the Mealy machine.

Lemma 9.8. Leti € [1,n]. Let MM = (M, pinit, nxton, upgy) be an observation-
based Mealy machine of P;. Assume that P; has perfect recall in 3. Then the
strategy induced by M is an observation-based behavioural strategy.

Proof. Let p,, denote the distribution over memory states of 9t after w has taken
place for w € (SA)* consistent with 9. By definition of the strategy induced
by a Mealy machine, it suffices to show the following: for all w,v € (SA)* that
are indistinguishable and consistent with 91, we have p,, = u,. This can be
shown by induction on the length of words in (SA)*. On the one hand, for the
base case (the empty word), there is nothing to show.

Let w = w'sa and v = v'th € (SA)* be indistinguishable and consistent
with 91, and assume by induction that p,, = p,. We show that p,, = .
Because P; has perfect recall in ‘G, a® = b(® . For all m € M, we have (from
the inductive relationship of Equation (2.1)), that

S mrent Hur (') - upgy (', 5,@) (m) - nxton(m’, 5) ()
Y mrear P (M) - nxton(m, ) (a(?)

(M) =

b
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and (since a(® = b(®)

Y wenr o (1) - upgn (1, 8, B) (m) - nxtan(m’, ) (a®)
S mrens o (m/) - nxtap(m/, ) (a®)

po(m) =

Because 90 is observation-based and w and v are indistinguishable, it follows

from the previous equations that p,, = py. O

We now try to identify a subclass of Mealy machines that induce behavioural
observation-based strategies regardless of whether the owner of the machine has
perfect recall. Example 9.1 shows that this is not the case for Mealy machines
with randomised initialisation. By adapting this example so the randomised
initialisation is emulated by a stochastic memory update after the first round
of the game, we can show that Mealy machines with randomised updates need
not induce behavioural observation-based strategies either. In contrast to these
types of Mealy machines, we can show that observation-based DRD Mealy
machines always induce behavioural observation-based strategies.

Lemma 9.9. Let i € [1,n]. Let MM = (M, minjt, nXton, upgy) be a DRD Mealy
machine of P; in P. Then the strategy induced by M is a behavioural strategy.

Proof. For a DRD strategy, the distribution over memory states at any point is
a Dirac distribution. As explained by Definition 2.20, the memory state my,
reached after w € (SA)* is defined by induction. We have m. = mjni; and for
wsa € (SA)T, we have my,sa = upgy (M, $,a). Since 9N is observation-based, it
follows that m,, depends only on the observations assigned to w € (SA)*. This

implies the claim of the lemma. O



CHAPTER 10

Inclusions between finite-memory
strategy classes

Mealy machines, and therefore finite-memory strategies, can be differentiated
depending on which components of the Mealy machine are randomised. This
chapter presents the non-trivial inclusions between the different classes of
finite-memory strategies arising from these variations.

We first establish, in Section 10.1, that if a class of finite-memory strategies
is no more expressive than another in two-player arenas, then the same relation
holds in multi-player arenas. Section 10.2 and Section 10.3 present the proofs
that all RDD and RRR respectively admit outcome-equivalent DRD and DRR
strategies whenever we have perfect recall. Finally, we show that RRR strategies
admit outcome-equivalent RDR strategies in finite arenas in Section 10.4.
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10.1 From two-player to multi-player arenas

To lighten notation, it is convenient to prove inclusions between different
classes of finite-memory strategies in the two-player setting. In this section, we
formally establish that if an inclusion holds between two classes of finite-memory
strategies in two-player arenas of from a certain class, then this inclusion extends
to all multi-player arenas of the same class.

Let n € Ny and let i € [1,n]. We consider four classes of n-player arenas

with imperfect information with respect to P;:

(1) Ci P the class of finite arenas where P; has perfect recall;

(ii) Cr{ﬁ , the class of countable arenas where P; has perfect recall;

(iii) CI'1) the class of finite arenas where P; need not have perfect recall;

(iv) CTILQ, the class of countable arenas where P; need not have perfect recall.

We now fix a class C,; among the four above and the corresponding class Cs 1
of two-player arenas.

Let X,Y,Z,A,B,C € {D,R}. Assume that, in all arenas in Cy;, all
observation-based XYZ Mealy machines of P; admit an outcome-equivalent
observation-based ABC Mealy machine. We claim that the same property holds
for observation-based XYZ Mealy machines of P; in arenas in C, ;. Given an
arena in C,; and an XYZ Mealy machine of P; in this arena, we group the
players other than P; into a coalition, and obtain a two-player arena in Ca 1. In
this arena, we can apply our assumption on Cs 1 to obtain an outcome-equivalent
ABC Mealy machine from our XYZ one. In the two-player arena, the coalition
player has access to the same pure strategies as the coalition in the original
arena. Therefore, it follows that the ABC Mealy machine obtained by the
assumption on two-player arenas is outcome-equivalent to the original XYZ
Mealy machine in the multi-player arena. We formalise this argument in the

proof below.

Theorem 10.1. Let X, Y, Z, A, B,C € {D,R}. Letn € N5y and i € [1,n]. Let
(CnisCa1) € {(cFP Cff), (54 Cgf), (kT C{{), (84 C%fl)} Assume that, in

n, n,’ n,.? n,i’

all arenas of Ca1, all XYZ observation-based Mealy machines of P1 admit an
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outcome-equivalent ABC observation-based Mealy machine. Then, for all arenas
in Cpni, all XYZ observation-based Mealy machines of P; admit an outcome-

equivalent ABC' observation-based Mealy machine.

Proof. We assume that ¢ = 1 to simplify notation; the general case can be
obtained by renaming the players in the following argument. Let P € C, 1
where P = (A, (Zi, Obs;);c[1,,) and A = (S, (A(i))ie[[lm]], J).

We consider the two-player arena A; = (S, A1), Io<i<n A §) obtained by
grouping the players other than P; into a coalition. We let B1 be the arena
of imperfect observation on A; in which the observations of P; match their
observations in ‘B and the other player is fully informed. We have B; € Ca ;.

We identify histories and plays of A and A;. Therefore, strategies of P; in
A are strategies of P; in A; and vice-versa. Similarly, observation-based Mealy
machines of P in P are observation-based Mealy machines of P; in 37 and
vice-versa.

Let 9 be an XYZ observation-based Mealy machine of P; in $B. It is also
an XYZ observation-based Mealy machine of P; in 31. By our assumption on
arenas in Cp 1, there exists an ABC observation-based Mealy machine 0N of P;
such that 9T and 9 are outcome-equivalent in Aj;.

We claim that 9t and 91 are outcome-equivalent in A. Let o1 and 7
respectively denote the strategies induced by 9 and 9. Let o9, ..., o, be
pure strategies of Pa, ..., P, respectively in A, and let s € S be an initial
state. Let 7o be the pure strategy of the second player of A; defined by
T2(h) = (o2(h),...,0n(h)) for all h € Hist(A). By definition of distributions
induced by plays and outcome-equivalence of o1 and 7 in A;, we obtain
PZ&’:Q””’U" =P =P = IP’E”;TQ""’U". This shows the outcome-equivalence

Ai,s Ai,s
of o1 and 7y in ‘P. O

Theorem 10.1 implies that we need only prove inclusions between classes of
finite-memory strategies in two-player arenas to obtain a result for all multi-

player arenas.
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10.2 From mixed to behavioural strategies with finite

memory

We prove that we can find an outcome-equivalent DRD strategy from any RDD
strategy, i.e., a strategy that mixes finitely many pure finite-memory strategies
can be emulated by using a Mealy machine with a deterministic initialisation,
deterministic updates and randomised outputs. The converse inclusion is not
true; we show this in Section 11.3. The construction use to establish our
inclusion yields a DRD strategy that has a state space of size exponential in
the size of the state space of the original RDD strategy. We complement our
inclusion result with a family of examples illustrating that some RDD strategies
for which this exponential blow-up in the number of states is necessary for any
outcome-equivalent DRD strategy. We show that this blow-up is unavoidable

in both deterministic turn-based two-player arenas and MDPs.

Let A = (S, AW, AP §) be a two-player arena. Fix an RDD strategy
M = (M, pinit, nxton, upgy) of Pi. Let us sketch how to emulate 9t with a DRD
strategy 91 = (N, ninit, NXtar, upyy) built with a subset construction-like approach.
The memory states of M are functions f: supp(pinit) — M U{L}. A memory
state f is interpreted as follows. Let mgy € supp(uinit) be an initial memory
state. We let f(mg) = L if the history seen up to now is not consistent with the
pure finite-memory strategy (M, mg, nxton, upgy) obtained from 9 by fixing its
initial state to mg. Otherwise f(myg) is the memory state reached in the same
pure finite-memory strategy after processing the current history by iterating
memory updates from mgy. Memory updates of O are naturally derived from
these semantics.

Using this state space and update scheme, we can compute the probability of
each memory state of the mixed finite-memory strategy 9 after some sequence
w € (SA)* has taken place. Indeed, we keep track of each initial memory state
from which it was possible to be consistent with w, and, for each such initial
memory state mg, the memory state reached after w was processed starting
in mg. Therefore, this likelihood can be inferred from pinir; the probability of
M being in m € M after w has been processed is given by the (normalised)

sum of the probability of each initial memory state mgy € supp(init) such that

f(mg) =m.
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The definition of the next-move function of 91 is directly based on the
distribution over states of 9t described in the previous paragraph, and ensures
that 2t and 91 select actions with the same probabilities after any history. For
any action a( A(i)(s), the probability of a( being chosen in arena state s
and in memory state f is determined by the probability of 99T being in some
memory state m such that nxtop(m,s) = a”, where this probability is inferred
from f.

Intuitively, we postpone the initial randomisation and instead randomise at
each step in an attempt of replicating the initial distribution in the long run.
The following proof formalises the DRD strategy outlined above and establishes
its outcome-equivalence with the RDD strategy it is based on. We also show
that this construction extends to the imperfect information setting, as long as
P; has perfect recall.

Theorem 10.2. Let n € N5g, A = (S, (A(i))ie[[l,n]]ﬁ) be an n-player arena,
P = (A, (Zi,0bs;)ic1,n]) be an arena with imperfect information and i € [1,n].
Let M = (M, pinit, nXton, upgy) be an RDD strategy of P; in A. There exists
a DRD strategy N = (N, ninit, nNxty, upy) such that M and M are outcome-
equivalent. Furthermore, if M is observation-based in P and P; has perfect

recall in B, then this outcome-equivalent DRD strategy N is also observation-

based.

Proof. Theorem 10.1 implies that proving the theorem for two-player arenas
implies it for arenas with any number of players. Thus, we assume that n = 2
and write A = (S, AD, AR §).

We formalise the strategy described above. Let us write My for the support
of the initial distribution pjnix of 9. We define the set of memory states N to
be the set of functions My — M U {_L}. The initial memory state of N is given
by the identity function ninit: mo — mg over My. The update function upg, is
as follows. For any f € N, any s € S and a € A(s), we let upy(f,s,a) be the
function f’ such that for all mg € My, we have

upgn (f(mo),s,a) if f(mg) € M and nxton(f(mq), s) = a®

1 otherwise.

f'(mo) =
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Whenever we perform an update of the memory, we refine our knowledge on
what the initial memory state could have been according to the actions selected
by P; prior to the update. We map to | any initial memory states mg such that
the played action would not have been selected in the memory state f(mg) € M,
effectively removing mg from the set of initial memory states from which we
could have started.

The next-move function nxtg is defined as follows: for any memory state
f € N and s € S, we let nxtn(f,s) be arbitrary if f maps L to all memory
states, and otherwise nxtyn(f, s) is the distribution over A® such that, for all
alD) e AW(s), we have

nxtxn(f, s)(a®) = 3 Hinit (o)

moeMo Zm&gf*l(M) Linit (M)

nxton (f(mg),s):a(i)

The memory state f € N mapping | to all initial memory states is only
reached whenever a history inconsistent with 99t has taken place under 901.
Thanks to Lemma 9.1, we need not take in account histories inconsistent with
M to establish the outcome-equivalence of M and . This explains why the
next-move function is left arbitrary in that case.

By construction, if 9t is an observation-based Mealy machine of P; in ‘3,
then 91 can be made observation-based by adequately choosing actions in the
memory state f mapping L to all initial memory states.

We now show that 991 and 91 are outcome-equivalent via Lemma 9.1. To this
end, we first show a relation, for each w € (SA)* consistent with 9, between
the distribution p,, € D(M) over the memory states of 9t after processing w
and the function f,, = upy(w) (see Definition 2.20 for the definition of the
iterated memory update function upy(w)) reached after M reads w. Formally,
this relation is as follows: for any w € (SA)* consistent with 9t and any memory
state m € M, we have

Zmoefu_,l(m) Hinit (mo)
Zmoefgl(M) Winit (M) .

(M) = (10.1)

In the above, f;1(M) is the set of initial memory states mqo € My of 90 that
are compatible with w taking place. This equation intuitively expresses that
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I accurately keeps track of the current distribution over memory states of 9
along a play. A corollary of the above is that whenever we follow histories
consistent with 91, we are assured to never reach the memory state of 91 that
assigns | to all states in Mj.

We prove Equation (10.1) with an inductive argument. The case of w = ¢
is trivial: by definition g, = pinit and f: is the identity function over My. Now,
let us assume that Equation (10.1) holds for w’ € (SA)* consistent with 9,
and let us prove it for w = w’sa consistent with 9.

To write the inductive relation between p,, and p,,, we use an adapted
(albeit equivalent in this context) form of Equation (2.1) of Section 2.4.4. In
this case, the update function upgy and next-move nxtgy of 91 are deterministic.
Thus, instead considering sums weighted by Dirac distributions, we only sum
over relevant states for clarity.

First, we remark that it may be the case that f1(M) # f;,l (M). In light of
this, we must take care not to have f;1(M) = (), in which case the denominator
of the right-hand side of Equation (10.1) evaluates to zero. From the definition
of upy, it follows that f,; (M) is formed of the memory elements mg € f.,' (M)
such that nxton(fur (mo), s) = a. We know that w = w'sa is consistent with 91
This implies there is some m € M such that nxtor(m, s) = a() and g, (m) > 0.
From the inductive hypothesis (Equation (10.1) with w’), we obtain that there
is some mg € f;,l(M ) such that f,/(mo) = m, otherwise the right-hand side
of the equation would evaluate to zero. The equality f,/(mp) = m implies
mo € f, (M), thus we have shown that f,;1(M) is non-empty.

Now that we have shown that both sides of Equation (10.1) are well-defined
for w, we move on to its proof. Let us write nxton(-,s)*(a?) for the set
{m € M | nxton(m, s) = a{?}. From the inductive relation between s, and fi,,
we obtain that

Zm’Enxtgn (,-,s)_l(a(i)) faw (M)
Mw(m) _ Z upgp (m/,s,a)=m

m/ Enxtop (+,8) 1 (al®) Nw’(m/) .
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For the numerator, we obtain from the inductive hypothesis that

Z Lt (m/) _ Z Z /~L|n|t(m0)
D) Zmoef

m
m/ Enxtgy (,8) "1 (D) m’ Enxtyn (-,5) "1 (al?) mon (m NInlt( 0)
upgy (m’,s,a)=m upgy (m’,s,a)=m
_ Z Mlnlt(mO)
moEfl Zmoef Nlnlt (mo)

To derive the simple sum from the double sum, we rely on the fact that f,,(mg) =
m holds if and only if upgy(fur(mo), s, @) = m and nxton(fur(mo), s) = a?, by
definition of upgy.

For the denominator, from the inductive hypothesis, we obtain that

Y omlm= Y > s o

/
m/ Enxtan (+,8)~1(a(®) m/enxtgn(-,s)_l(a(i))moef moef M) /let(mo)

_ ,Ulnlt(m(])
— Z Z

mo€fu’ mo€f L(M) 'u'”'t(mo)

The last equality is a consequence of the definition of upy: recall that f, (M)
consists of the elements mg € f,,;' (M) such that nxton(fu(mo),s) = a¥. By
combining the two equations above, we immediately obtain Equation (10.1),
ending the inductive argument.

We now establish the outcome-equivalence of 9 and . Let h = ws €
Hist(A) be a history of A consistent with 9. Let (¥ € A®(s) be an action
enabled in s. The probability of a(?) being played after h under 9t is given by

Z o ().

menxton (-,8) 1 (a®)

the weighted sum

Under N, the probability of a(”) being played is nxtp(fuw,s)(a®). It follows
from Equation (10.1) that these two probabilities coincide. We have shown the
outcome-equivalence of strategies M and I, ending the proof. L]

The construction of a DRD strategy provided in the proof of Theorem 10.2
leads to an exponential blow-up of the memory state space. For an RDD
strategy 9 = (M, Linit, NXton, upgy ), we have constructed an outcome-equivalent
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ai
a1 b ay
a2
b
ag, b as
as b as

Figure 10.1: The arena A3 from the proof of Lemma 10.3. Circles and squares
respectively represent states controlled by P; and Ps.

DRD strategy with a state space consisting of functions supp(finit) — M U{L},
therefore with a state space of size (|M| 4 1)IsUPP(tin)l We show that an
exponential blow-up in the number of initial memory states cannot be avoided

in general, already in the turn-based setting.

Lemma 10.3. Let k € Nyg. There exists a two-player turn-based deterministic
arena (respectively an MDP) Ay with k + 2 states and k + 1 actions, and an
RDD strategy My, of P1 with k states such that any outcome-equivalent DRD
strateqy must have at least 28 — 1 states.

Proof. We construct a two-player turn-based deterministic arena Ay =
(S%k), Sék),A(k),(S(k)) as follows. We let S{k) ={s; |1 <j<Ek}U{s*}, Sgk) =
{t} and A®) = {q; | 1 <i < k}U{b}. As usual, we write S*) = Sik) USék). We
define the deterministic transition function 6% : §*) x A% — (k) a5 follows.
For each j € [1, k], only actions a; and b are enabled in s;, and all transitions
from s; move to t, i.e., %) (s;,a;) = §¥)(s;,b) = t. All states besides t are
reachable from t: we let, for all j € [1,&], 6*)(t,a;) = s; and 0x(t,b) = s*.
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In state s*, for all j € [1,k], the action a; labels a self-loop, i.e., we have
6 (s*,a;) = s*. We illustrate the arena Ajz in Figure 10.1.

We define an RDD strategy My = (M, finit, NXton, upsyy) of Py as follows. We
let M ={1,...,k}, and pjnit is the uniform distribution over M. The memory
update function is trivial: we set upgy(m,s,a) =m forallm e M, s € S*) and
a € A®) For each memory state m € M, we let nxton(m, s,;,) = nxtgp(m, s*) =
anm, and, for all j # m, we let nxtop(m, s;) = b. In 9, once the initial state
is decided, it no longer changes. In the memory state m € M, the strategy
prescribes action ay, in the states s,, and s*, and in states s; with j # m, the
strategy prescribes action b.

We now establish that all DRD strategies that are outcome-equivalent to 9
must have at least 2F — 1 memory states. Let 91 = (N, njnit, Nxtor, upy;) be one
such DRD strategy. We give a lower bound on |N| by showing that there must
be at least 2¥ — 1 distinct distributions of the form nxtgp(-, s*).

Let £ = {ji,...,5¢} & M be a proper subset of M. Con-
sider the history (parentheses are provided to improve readability) hp =
(taj, sj b)(taj, sj,b)...(taj, sj, b)tbs*. Let m € E. We see that along the
history hg, the action b is used in state s,,. Therefore, hg is not consis-
tent with the pure finite-memory strategy (M, m, nxton, upgy) derived from 9N
by setting its initial state to m. Similarly, we see that for m ¢ E, the his-
tory hg is consistent with the pure finite-memory strategy (M, m, nxtoy, upgy).
Thus, the set of actions that can be played after hp when following 991 is
exactly the set {a,, | m € M\ E} # (. Due to the deterministic initial-
isation and updates of DRD strategies, there must be some ng € N such
that supp(nxtn(ng,s*)) = {am | m € M \ E}. Necessarily, we must have
supp(nxtm(ng, s*)) # supp(nxtm(ng:, s*)) whenever E # E’, hence ng # ngr.
Consequently, we must have at least one memory state in 91 per proper subset
of M,ie., [N| >2F—1.

It remains to show the existence of a suitable MDP and RDD strategy of
this MDP. We explain how to adapt the deterministic arena Aj to a suitable
MDP M. Intuitively, we give replace the choices of Py in Aj with random

transitions. More precisely, we let M, = (S*), AK), (555()) where 55&)

agrees with
6 for any state-action pair (s,a) € S*) x A®) such that s # t, and only action

b is enabled in ¢ in My, and (55\];) (t,b) is a uniform distribution over S*)\ {t}.
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We let M, be the Mealy machine of My, defined in the same way as 9, with
the additional output b in t. We can adapt the argument for A; and My to
M, and 9. to conclude that any DRD strategy that is outcome-equivalent to
2, in M, requires at least 2% — 1 memory states. O

10.3 From randomised to deterministic initialisation

We now establish that DRR strategies are as expressive as RRR strategies, i.e.,
randomness in the initialisation can be removed. The general idea to remove
randomisation in the initialisation is to simulate the behaviour of the RRR
strategy at the start of the play using a new initial memory state and then
move back into the RRR strategy we simulate.

We substitute the random selection of an initial memory element in two
stages. To ensure the first action is selected in the same way under both the
supplied strategy and the strategy we construct, we rely on randomised outputs.
The probability of selecting an action ¥ in a given state s of the arena in our
new initial memory state is given as the sum of selecting action ¢ in state s
in each memory state m weighed by the initial probability of m.

We then leverage the stochastic updates to behave as though we had been
using the original RRR strategy from the start. To achieve this, we base the
update function of the constructed Mealy machine on the inductive relationship
for the changes to the distribution over memory states after some sequence in
w € (SA)* takes place (Equation (2.1) of Chapter 2.4.4).

We now formalise this construction. It also applies in arenas with imperfect
information where P; has perfect recall. Perfect recall is useful to perform the
first memory update described above. We thus obtain the following result.

Theorem 10.4. Let n € N5g, A = (S, (A(i)>ie[[l,n]]75> be an n-player arena,
P = (A, (Zi,0bs;)ici,n]) be an arena with imperfect information and i € [1,n].
Let M = (M, tinit, nXton, upgy) be an RRR strategy of P; in A. There exists
a DRR strategy M = (N, Ninit, NXtoy, upyy) such that N and M are outcome-
equivalent, and such that |N| = |M|+ 1. Furthermore, if M is observation-based
in P and P; has perfect recall in B, then this outcome equivalent DRD strategy

M is also observation-based.
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Proof. By Theorem 10.1, it suffices to consider the case n = 2 to obtain the
general case n € Nsg. Therefore, we assume that n = 2 and write A =
(S, AL AP 5).

We define a DRR strategy 91 = (IV, njnjt, Nxtoy, upy) as follows. Let njnie be
such that njnie € M. We set N = M U{ninit}. We let upy and nxty coincide with
upgy and nxtgy over M x S x A and M x S respectively (for the update function,
we identify distributions over M to distributions over N that assign probability
7e1o to Ninit). It remains to define these two functions over {njni:} x S x A and
{ninit} X S respectively.

First, we complete the definition of the memory update function upy;. Let
s € Sandac A We let upy(Ninit, $,a@)(ninit) = 0. We assume that there
exists some mg € M such that (o) > 0 and nxtg(mo, s)(a™) > 0 (i.e.,
the action a(? has a positive probability of being played in s at the start of a
play under the strategy 9t). We set, for all m € M,

Zm’eM Ninit(m/) . upgn(m’, s, d)(m) . nxtfm(m’7 3)(@(@)
Zm’eM Minit(ml) c nthm(Tn/7 S)(a(l))

Upm(ninih S, fl) (m) =

Whenever we have nxtoy(mo, s)(a(?) = 0 for all mg € My, we let upg (ninit, s, @)
be a Dirac distribution over m for some arbitrary (but fixed independently of
a¥)) memory state m € M.

For the next-move function nxty;, we define, for all states s € S and actions
a® € AW (s),

nxty (Rinit, s) (@) = Z Linit(m) - nxton(m, s)(a™).
meM
By construction, 91 is an observation-based Mealy machine in 8 whenever 9
is.

It remains to prove that 2 and O are outcome-equivalent. By Lemma 9.1, it
suffices to show that both strategies suggest the same distributions over actions
along histories consistent with 9t. We provide a proof in two steps. First, we
consider histories with a single state. Second, we show that the distributions
over memory states coincide in both Mealy machines after any w € SA that is
consistent with 9 takes place. We conclude from this and the construction of
N that the strategies induced by 2 and 91 map all histories that are consistent
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with 21 and have more than one state to the same distribution over actions of
P;, ending the proof.

We show the first claim above. Let s € S and a(¥ € A®(s). On the one
hand, the probability of the action a() being played after the history s under
I is given by

> pinit(m) - nxty(m, s)(a®).

meM
On the other hand, the probability of this same action a? being played after
the history s under 9 is given by nxtg(ninit, s)(al?). These two probabilities
coincide by construction.

Second, let w = sa € SA be consistent with 9. Let p,, and v, denote the
distribution over memory states after w takes place under 99t and 91 respectively
(v is well-defined because the first claim implies that sa is consistent with 7).
Fix some m € M, and let us prove that p,,(m) = v4,(m). On the one hand, the
relation between pinix and g, given by Equation (2.1) (Section 2.4.4) states that

> et Hinit (M) - upge(11, 5, @) (m) - nxtan(m?’, 5) (al?)
Zm’EM init (M) - nthm(m’, s)(a(i))

= Upm(ninih S, a(i))(m)a

fw (M) =

and on the other hand, we have (because nijnit is the sole initial state of 1),

) = upsy (Rinit, S, @) (m) - nxtoy (Ninit, 3)(a(i))

nxto(2init, 5) (a(®)) = upg(init, 5, @)(m).

V(M

We have shown that u,, = v,. Furthermore, because nxtgy and nxty agree
over M x S, and that upgy; and upy agree over M x S x A, this equality
generalises to all w € (SA)* that are consistent with 9. It follows that for
any history h € (SA)TS that is consistent with 9, the images of h by the
strategies induced by 9 and 91 match. We have shown that 991 and 9 are
outcome-equivalent. ]
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10.4 From randomised to deterministic outputs in

finite arenas

We are now concerned with the simulation of RRR strategies by RDR strategies,
i.e., with substituting randomised outputs with deterministic outputs. The idea
behind the removal of randomisation in outputs is to simulate said randomisation
by means of both stochastic initialisation and updates. These are used to
preemptively perform the random selection of an action, simultaneously with
the selection of an initial or successor memory state. This construction assumes
a finite arena. We can show that, in infinite arenas, some RRR strategies may
not admit any outcome-equivalent RDR strategy. This discussion is postponed
to Section 11.6.

Let A = (S, (A(i))z‘e[[l,n]]a J) be a finite n-player arena, ¢ € [1,n] and M =
(M, pinit, nXton, upgy) be an RRR strategy of P;. We construct an RDR strategy
M = (N, Vinit, nxtoy, upyy) that is outcome-equivalent to 9t and such that |N| <
|M| -S| - |A®|. The state space of M consists of pairs (m, ;) where m € M
and 0;: S — A is a pure memoryless strategy of P;. To achieve our bound
on the size of N, we cannot consider all pure memoryless strategies of P;, as
there are exponentially many. We illustrate how we select pure memoryless
strategies to achieve this bound through the following example. We apply the
upcoming construction on a DRD strategy (which is a special case of RRR
strategies) with a single memory state, i.e., a memoryless randomised strategy,
in an MDP.

Example 10.1. We consider an MDP M = (S, A4, ) where S = {s1, s9, s3},
A = {ay,a2, a3} and all actions are enabled in all states. The transition function
¢ is irrelevant to this example, thus we leave unspecified. For our construction,
we fix an order on the actions of A: a1 < as < as.

Let 9t = ({m}, m, nxton, upgy) be the DRD strategy such that nxtgn(m, s1)
and nxtgn(m, s2) are uniform distributions over {aj,as} and A respectively,
and nxtgn(m, s3) is defined by nxtoy(m, s3)(a1) = %, nxtop(m, s3)(ag2) = % and
nxton (m, s3)(as) = %

Figure 10.2 illustrates the probability of each action being chosen in each
state as the length of a segment. Let us write 0 = 21 < 2o < x3 <14 < 75 =1
for the endpoints of the segments appearing in the illustration. For each index
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S1 al E E a9
1
S92 al a2 as
1
1
S3 al as 1 as
1
1 1 1 : 1
Ok : o1 : (o] : g3 : g4 :
— _ 1 _ 1 _ 2 —
l’l—o x2—§x3—§x4—§ 175—1

Figure 10.2: Representation of cumulative probability of actions under strategy

M and derived memoryless strategies.

j € [1,4], we define a pure memoryless strategy o; that assigns to each state
the action lying in the segment above it in the figure. For instance, o9 is such
that o2(s1) = a1 and o02(s2) = 02(s3) = az. Furthermore, for all j € [1,4], the
length x;11 — x; of its corresponding interval denotes the probability of the

strategy being chosen during stochastic updates.

We construct an RDR strategy 91 = (IV, Vinit, nxtor, upy;) that is outcome-
equivalent to 91 in the following way. We let N = {m} x {01, 092,03,04}. The
initial distribution is given by vinit(m,0;) = j41 — x5, i.e., the probability
of o; in the illustration. We set, for any j,j’ € [1,4], s € S and a € A,
upp((m, o), s,a)((m,0;)) = xj41 —x;. Finally, we let nxtn((m, 0;),s) = 0;(s)
for all j € [1,4] and s € S.

The argument for the outcome-equivalence of 9t and 91 is the following: for
any state s € S, the probability of moving into a memory state (m,o;) such

that o;(s) = a is by construction the probability nxto(m, s)(a). <

In the previous example, we had a unique memory state m and we defined
some memoryless strategies from the next-move function partially evaluated in
this state (i.e., from nxtgn(m,-)). In general, each memory state may have a
different partially evaluated next-move function. Therefore we define memory-
less strategies for each individual memory state. For each memory state, we
can bound the number of derived memoryless strategies by |S| - |A®)]; we look

at cumulative probabilities over actions (of which there are at most |A®|) for
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each state. This explains our announced bound on |N].

Furthermore, in general, the memory update function is not trivial. Gen-
eralising the construction above can be done in a straightforward manner to
handle updates. Intuitively, the probability to move to some memory state of
the form (m,o;) is given by the probability of moving into m in 9t multiplied
by the probability of o (in the sense of Figure 10.2).

We now formally state our result in the general setting and provide its
proof. The Mealy machine we construct has updates that do not depend on
the actions of the player who owns it. We use this property to generalise the
construction to finite arenas with imperfect information (perfect recall is not
needed).

Theorem 10.5. Let n € Nyp, A = (S, (A(i))ie[[l,n]],é) be a finite n-player
arena, ‘B = (A, (Z2;,0bs;)ic[1,n]) be an arena with imperfect information and
i €[1,n]. Let M = (M, pinit, nxton, upgn) be an RRR strategy of P;. There exists
an RDR strategy M = (N, Vinit, NXtoy, upy) such that M and M are outcome-
equivalent, and such that |[N| < |M| - (|S|- (|JAD| = 1) + 1). Furthermore, if 9
18 observation-based, then so is M.

Proof. Theorem 10.1 implies that we need only consider the case n = 2 to obtain
the general case n € N5g. We assume that n = 2 and write A4 = (5, A A J)
in the remainder of the proof.

Let us fix a linear order on the set of actions A, denoted by <. Fix some
me& M. Welet 2" <...< x?(m) denote the elements of the set

Z nxton(m, s)(b%) | s € S, a? € A®)
b)) <a(?)

that are strictly inferior to 1, and let xZ’E = 1. These x" represent the

m)+1
cumulative probability provided by nxtgn(m, -) over actions of P; taken in order,
for each state of A. For each j € [1,k(m)], we define a memoryless strategy

oS — AW as follows: we have ol*(s) = a? if
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ze | Y nxtg(m,s)(07), Y nxtog(m, s)(b?)
b(®) < () b(#) <qa(®)
In other words, for any state s € S, we have 07" (s) = a) whenever z is at
least the cumulative probability of actions strictly inferior to a( in nxton (m, s)
and at most the cumulative probability of actions up to action a® included.
Refer to Figure 10.2 of Example 10.1 for an explicit illustration. We refer to
aﬁﬁl — xgn as the probability of a}” in the sequel.

Let m € M, s € S and a®” € A®(s). We show that we can relate
nxton (m, s)(a'?) and the sum of the probabilities of each o such that o7"(s) =
a) as follows. First, we introduce some notation. Let I (m, s, a(i)) denote the
set of indices j such that J]m(s) = a ie., the indices such that the jth strategy
related to m prescribes action a(? in s. It holds that

S @ — ) = nxtar(m, 5)(a). (10.2)
j€I(m,s,a(®)

Let s € S and a? € A (s). Equation (10.2) can be proven as follows. First,
note that all indices j appearing in the sum are consecutive by construc-
tion. Therefore, the sum above is telescoping and is equal to :1:;’}F o a:;”_,
where j© and j~ denote the largest and smallest indices in the sum respec-
tively. By construction, we have 27* = Db <qt) Xt (m, s)(b®) and T g =
> b0 <qt NXtan (M, 5)(b®). We conclude that ait ) — @t = nxto(m, s)(a®),
proving Equation (10.2). This equation is used to establish the outcome-
equivalence of 9T with the strategy defined below.

We now define an RDR strategy DM = (N, vinit, nxtoy, upy). We define
N ={(m,0}") |me M, j€[l,k(m)]}

The initial distribution and update function of 9t are derived from those of 9t
multiplied with the probability of the memoryless strategy that appears in the
second component of the memory state of 9T into which we move. The initial
distribution v;njt is defined as

Vinit ((m, 05")) = prinit(m) - (2741 — 27")
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for all (m,o7") € N. The update function is defined as

/ - / /

Up‘)’t(( i, @7 i)ss a)((mlva;cn )) = upim(m73ab)(m/) ’ (QCZLH -y )7

where b = (Ujm(s),a@)) if i = 1 (respectively b = (a(l),az-”(s)) if 1 = 2), for
all (m,o7"), (m',o") € N, s € S and @ € A. We remark that this update
function does not depend on the action of P; given as input. Finally, the
deterministic next-move function of M is defined as nxtn((m,07"), s) = o7"(s)
for all (m,0}") € N and all s € S. By construction, 9 is observation-based if
N is observation-based.

We now prove the outcome-equivalence of 9t and M. For any w € (SA)*,
let puyy (resp. vy,) denote the distribution over M (resp. N) after w has occurred
under strategy 9 (resp. M). The outcome-equivalence criterion of Lemma 9.1
and the definition of strategies derived from Mealy machines imply that, to
end the proof, it suffices to establish, that the following holds for all histories
h = ws consistent with 9

> pw(m) -axto(m, s)(@) = Y D" vy ((m, o). (10.3)

meM meM jei(m,s,al®)

To prove Equation (10.3), we first show that for any w € (SA)* consistent
with 90, u,,(m) is proportional to vy, ((m, 07j")). Specifically, for all w € (SA)*
consistent with 2, we have

vw((m,0i")) = (€41 — f') - (). (10.4)

To show Equation (10.4), we proceed by induction. Consider the empty word
w = e. Because pinit = pe and vinir = Ve, Equation (10.4) follows from the
definition of vinit. Let us now assume inductively that for w’ € (SA)* consistent
with 9, we have Equation (10.4) and let us prove it for w = w’sa consistent
with M. Fix (m,o7") € N.

To invoke the inductive relation between 1, and v,y (Equation (2.1),
Section 2.4.4), w must be consistent with 91. There exists m’' € supp(py)
such that nxtoy(m/,s)(a®) > 0 and j € I(m/,s,a”) (this set is non-empty
due to nxtgp(m’,s)(a?) > 0). By the induction hypothesis, we obtain
U (M 0;-",)) > 0, which is sufficient to conclude that w is consistent with .
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We thus obtain, from the equation relating vy, and vy, that v, ((m,o}")) is

equal to

Zm’GM Zj’e[(m’,s,aw) Vw/<(m/, 0?’1 )) ) up‘ﬁ((m/v 0?7 )7 S, a)(<m7 J;n))

ZW'EM Zj’e](m’,s,a(i)) Vw’((m/v 0-;'7/1/))

The numerator of the above can be rewritten as follows, by successively using
the definition of upy; followed by the inductive hypothesis and Equation (10.2):

Z Z Vo ((m/ 0;7,‘/)) ~upgn(m’, s,a)(m) - (zhq — =7")

m'eM j'cI(m/,s,a(?)

=(2fty —af) - Y | upm(m,s,@)(m) - g (m) - Y (@ —a)

m'eM j'€l(m/,s,a(D)
—@y =) S upg(m,5,@)(m) - prur () - nxtan(m, 5)(a?).
m/eM

Following the same reasoning, the denominator can be rewritten as

Z [ (M) - nxton(m, 8)(a™).
m/eM
By combining the equations above and the formula for the update of p,,, we
obtain that vy, ((m,07")) = (274, — 27") - pw(m), ending the proof of Equa-
tion (10.4).

We now show that Equation (10.4) implies Equation (10.3), which will prove
that 9t and 0N are outcome-equivalent. Let h = ws € Hist(A) be a history
consistent with M. Let a® € A®(s). The probability that the action a® is
chosen after history h under 9 is given by > 1/ pw(m) - nxton(m, s)(a®).
The probability that a(? is selected after h under 91, on the other hand, is given
by

> > wmllma) = (mlm) D0 (@ -2l

meM jcI(m,s,a(®) meM j€l(m,s,a(®)

= Z Lo () - nxton(m, s)(a).

meM
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In the above, the first equation is obtained from Equation (10.4) and the second
equation follows from Equation (10.2). This concludes the argument for the
outcome-equivalence of our two finite-memory strategies.

To end the proof of this theorem, we prove the upper bound on |N| given in
the statement of the result. For any memory state m € M, k(m) is bounded by
|S|- (|JA®| — 1) + 1: by definition of the numbers ', we see that we must have
k(m) <|S|-|A®|. To obtain the aforementioned bound, observe that for all
s €8, we have Y ;) cpnin () Xt (m, ) (b)) = 0, i.e., 0 admits (at least) |S|
different writings in the set of the z7"s, hence k(m) < [S] - A — (S| = 1) =
|S| - (JA®)| — 1) 4 1. Therefore, we have at most |S| - (JA®| — 1) + 1 pairs of
the form (m, o}") per memory state m € M. It follows that |[N| < [M] - (|S]-
(JA®D| — 1) +1). O

Remark 10.6. The choice of the order on the set of actions fixed at the start
of the previous proof influences the size of the constructed strategy. It is not
necessary to use the same ordering of actions for all memory states. The order
is used to define all memoryless strategies of the form 073", which do not interact
with strategies associated to other memory states. For this reason, it is possible
to use different orderings on actions depending on the memory state m that is
considered. <

Remark 10.7. The upper bound on the number of memory states given in the
statement of Theorem 10.5 can be slightly improved in a turn-based setting. In
general, we can replace the term |S| in the bound by the number of states that
P; controls (more precisely, by the number of P;-controlled states with at least
two enabled actions). <



CHAPTER 11

Separating classes of finite-memory
randomised strategies

This chapter presents examples witnessing the non-inclusions of classes of
randomised finite-memory strategies. We first present the separation results
that hold in our most restricted setting: finite arenas with perfect information.
These separations can be witnessed in an MDP with one state and two actions;
we present this MDP in Section 11.1. We complement these examples with
problem instances from the literature for which strategies from some class
suffice whereas strategies from the compared class do not.

We first show that DDD is a strict subset of RDD in Section 11.2. Sec-
tion 11.3 illustrates that DRD is not included in RDD. We then prove that
DRD is strictly included in RRD in Section 11.4. Finally, we show that RRD
and DDR strategies are incomparable in Section 11.5.

We then provide examples illustrating the non-inclusions of classes of strate-
gies in more general settings. We first show that DRD is not included in RDR
in infinite arenas 11.6. We then conclude by showing that RDD is not included

in DRR in arenas without perfect recall in Section 11.7.
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11.5 RRD and DDR strategies are incomparable . . . . 213
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11.7 RDD and DRR strategies are incomparable with
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11.1 Separating classes of finite-memory strategies

We first formalise the MDP used throughout this chapter and explain the
interpretation of the Mealy machine illustrations appearing in the chapter.

(Do

Figure 11.1: The MDP M, ; with a single state and two actions.

We let M,; denote the MDP depicted in Figure 11.1. To prove the
separation of two distinct classes of strategies, we provide witness strategies
in M, whenever possible. This is one of the simplest settings that allows us
to distinguish classes of strategies. We accompany the separating examples of
M, with examples derived from problems from the literature.

q1

I (m)@ s Al
init 0
b

W | pyary

-———

q2

Figure 11.2: A fragment of a stochastic Mealy machine of P; the up-
dates of which do not depend on the choices of other players. We have
pow = nxton(s)(aM), pyay = nxton(s)(BM), @1 = upgn(mo, s,a)(my) and
g2 = upgn(mo,s,a)(msa) (where a is an action profile where the action of

Py is a).
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Figure 11.3: An RDD strategy of M, ; that has no outcome-equivalent DDR

counterpart.

We describe Mealy machines through illustrations. Figure 11.2 illustrates a
fragment of a Mealy machine. Edges from a memory state are labelled by the
current arena state, then split for randomised action choices, and finally, split
again to represent stochastic memory updates. To lighten figures, we omit the
first segment of an edge (labelled by arena states) when presenting examples for
My, as there is a single state in that MDP. When depicting a Mealy machine
with deterministic updates, we omit the last edge subdivision.

11.2 DDD strategies are weaker than RDD ones

Pure finite-memory strategies are less powerful than RDD strategies. The
latter class of strategies can induce non-Dirac distributions over the plays
of Mgy, whereas the former cannot. We illustrate a strategy that has no
outcome-equivalent DDD strategy in Figure 11.3. Furthermore, there is no
DDR strategy that is outcome-equivalent to the strategy depicted in Figure 11.3:
DDR strategies lack the ability to provide a randomised action at the first step

of a game. We obtain the following result.

Lemma 11.1. There exists an RDD strategy in M,y such that there is no
outcome-equivalent DDR strategy. In particular, there is no outcome-equivalent
DDD strategy.

We now describe a setting in which RDD strategies suffice but DDD
strategies do not. We consider multi-objective MDPs, i.e., MDPs with mul-
tiple objectives or payoff functions. Let M = (S, A,0) be an MDP and let
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/I“\\
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Figure 11.4: An MDP. The highlighted states are targets for the reachability
objectives Reach(t1) and Reach(ts).

f: Plays(M) — R? be a multi-dimensional payoff function We say that q € R?
is achievable from s € S if there exists a strategy o such that EZ(f) > q.
Randomisation may be necessary to achieve vectors in multi-objective MDPs
(see, e.g., the example in Chapter 3.3). In Chapter 14, we prove that when
considering universally integrable payoffs, any achievable vector can be achieved
by using a mixed strategy with finite support. For certain classes of payoffs,
this result can be strengthened to show that it suffices to mix finitely many pure
finite-memory strategies to achieve any vector. We illustrate this property on
MDPs with multiple reachability objectives (see, e.g., [EKVY08, RRS17]). We
first provide an example where randomisation is necessary to achieve a vector.

Example 11.1. Consider the MDP depicted in Figure 11.4 and let s be the

initial state. We consider the two targets 71 = {t1} and To = {t2} and the
(3:3
of q from s; a pure strategy yields the vector (1,0) or (0, 1) if it chooses action

vector q = ). It is clear that no pure strategy witnesses the achievability
a or b in s respectively. However, there is an RDD strategy that witnesses the
achievability of q; any extension of the strategy depicted in Figure 11.3 that
accounts for the new game states t; and to achieves q. <

As claimed above, RDD strategies suffice to achieve any vector in an MDP
with multiple reachability objectives. This follows from the results of [EKVY08]:
they show that the set of achievable vectors in this setting is a polyhedral set.
Their arguments imply that the vertices of the achievable set can be attained
via pure finite-memory strategies. This implies that any vector can be achieved
by a RDD strategy in this setting.

Lemma 11.2. Let M = (S, A,0) be an MDP, s € S, Th,...,Tq4 C S be target
sets. For all vectors q that are achievable from s, there exists an RDD strategy
o such that q < (P (Reach(T}))e1,qp-
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Figure 11.5: A DRD Mealy machine for the memoryless strategy playing
uniformly at random at each step of a play. Witnesses that RDD C DRD.

11.3 DRD strategies are not included in RDD

We now show that there exists an DRD strategy that cannot be emulated by any
RDD strategy in M, . Intuitively, an RDD strategy can only randomise once
at the start between a finite number of pure finite-memory (DDD) strategies.
After this initial randomisation, the sequence of actions prescribed by the RDD
strategy is fixed relative to the play in progress. Any DRD strategy that chooses
an action randomly at each step, such as the strategy depicted in Figure 11.5,
i.e., the strategy playing actions a and b with uniform probability at each step
in M, 4, cannot be reproduced by an RDD strategy. Indeed, this randomisation
generates an infinite number of patterns of actions. These patterns cannot all
be captured by an RDD strategy due to the fact that its initial randomisation

is over a finite set.

Lemma 11.3. There exists a DRD strategy in Mgy such that there is no
outcome-equivalent RDD strategy.

Proof. Let o1: {s} = D({a,b}) be the memoryless strategy in M, induced by
the Mealy machine depicted in Figure 11.5. The distribution o (s) is the uniform
distribution over {a, b}. The strategy o1 induces a probability distribution over
plays of M, ; such that all plays have a probability of zero. Indeed, let m be
a play of M, p. One can view the singleton {r} as the decreasing intersection
Neen Cyl (7<¢). Hence, P ({7}) = limy_oo P7*(Cyl (1<¢)). For all £ € N, we
have P7* (Cyl (7<) = 2—12 It follows that the probability of {7} is zero.

We now establish that there is no outcome-equivalent RDD strategy. First,
let us recall that any RDD strategy can be presented as a distribution over




206 Chapter 11 — Separating classes of finite-memory randomised strategies

Figure 11.6: A concurrent arena. There exists a DRD almost-surely winning
strategy of P; from s in the reachability game with target {¢}, but no almost-
surely winning RDD strategy.

a finite number of pure finite-memory strategies. Given that there are no
probabilities on the transitions of M, ;, for any pure strategy o7, there is a
single outcome under 0. We can infer that, for any RDD strategy of M,
there must be at least one play that has a non-zero probability, and therefore

this strategy cannot be outcome-equivalent to o;. O

We present a setting in which RDD strategies do not suffice, whereas DRD
strategies suffice. We study two-player zero-sum concurrent reachability games.
Let A= (S, A1, AP §) be a two-player arena, T C S and G = (A, Reach(T)).
In G, the goal of P; is to maximise the worst-case probability of Reach(T).
The following example illustrates that RDD strategies may not suffice to win
almost-surely in G from a given initial state, whereas DRD strategies do suffice.

Example 11.2. Consider the arena depicted in Figure 11.6 and the two-player
zero-sum game G = (A, Reach(t)). We first claim that there are no RDD
strategies of P; that win almost-surely from s. We fix an RDD Mealy machine
M = (M, init, Nxton, upgy) of Py and let ailm denote the strategy it induces.
For all minit € supp(finit), we consider the pure finite-memory strategy oy
induced by (M, minit, nXton, upgy). We fix minit € supp(init) and a pure strategy
oy of Py such that for all histories h ending in s, oa(h) # o7 (h). It follows

that 3" Imt’UQ(Reach(T)) = 0. This implies that 91 is not almost-surely winning
from s because, by the law of total probability, we have

PIU 7 (Reach(T)) = 3 jimie(m) - P17 (Reach(T)).
meM

On the other hand, the memoryless randomised strategy depicted in Fig-

ure 11.5 is almost-surely winning: at each round prior to a visit of ¢, no matter
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Figure 11.7: An RRD strategy of M, ; with an infinite co-domain. It witnesses
the strictness of the inclusion DRD € RRD.
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the choices of Pa, this strategy ensures a probability of % of matching the action
of Ps. <

In full generality, there need not exist optimal strategies in concurrent
reachability games (see Example 2.4, Page 48). Nonetheless, memoryless
randomised strategies (which are a restricted class of DRD strategies) can be
used to ensure any possible threshold in these games. In particular, if there
exists an optimal strategy, there always exists one that is memoryless. We

summarise these results in the following theorem.

Theorem 11.4 ([dAAHKO07, FBB*23]). Let A = (S, A1, A®) §) be a two-player
concurrent arena, T C S and G = (A, Reach(T)) be a zero-sum reachability game.
If P1 can ensure 0 € [0,1] in G from s € S, then there exists a (randomised)

memoryless strategy ensuring 0 from s.

11.4 DRD strategies are weaker than RRD ones

We highlight an RRD strategy in M, that has no outcome-equivalent DRD
strategy. On the one hand, a DRD strategy has a finite co-domain. Due to
its deterministic updates and initialisation, a DRD strategy can only output
distributions that are in the co-domain of its next-move function. This is not
necessarily the case for RRD strategies.

We consider the Mealy machine of Figure 11.7. Intuitively, this Mealy
machine attempts the action a at all steps with a positive probability due
to memory state mp. It also has a positive probability of never playing a

due to memory state msy. Therefore, a is played after a history s(bs)* with a
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probability that decreases to zero as k increases, as otherwise a would eventually
occur almost-surely.

This behaviour cannot be achieved with a DRD strategy. The distribution
over memory states of a DRD strategy following a history is a Dirac distribution
due to the deterministic initialisation and deterministic updates. It follows
that DRD strategies suggest actions with probabilities given directly by the
next-move function, i.e., the image of a DRD strategy is finite. It follows that
there is no DRD strategy that is outcome-equivalent to the strategy depicted
in Figure 11.7. We formalise this argument in the proof of the following lemma.

Lemma 11.5. There exists an RRD strategy in M,y such that there is no
outcome-equivalent DRD strategy.

Proof. We consider the RRD strategy o1 induced by the Mealy machine 9t =
(M, m, nxton, upgy) depicted in Figure 11.7. For any w € ({s}{a,b})*, let uy,
denote the distribution over M after w as taken place under 9. It can be

shown by induction that for any k € N, pgyr(mi) = 1 — pgyr(me) = Qk—lﬂ
and for any w € ({s}{a,b})* with at least one occurrence of a, p,,(my) = 1. It

follows that for any k € N, o1 ((sb)*s)(a) = m and o1((sb)*s)(b) = 2229;:11),

and for any history h containing an occurrence of a, o1(h)(a) = o1(h)(b) = 3.

We obtain that o1 plays the action a with positive probabilities that can be
arbitrarily small and that all histories of M, are consistent with o;.

We now show that no DRD strategy is outcome-equivalent to o;. Let
M = (V, Ninit, NXty, upgy;) denote a DRD strategy and let 71 denote its induced
strategy. By Lemma 9.1, 71 is outcome-equivalent to o if and only if both
strategies are equal, as all histories are consistent with o;. For all h = ws €
Hist(M,y), due to the deterministic initialisation and updates of 9, we have
71(h) = nxtm(n,last(h)) for n = upy(w). In particular, 71 cannot play the
action a with arbitrarily small positive probabilities as it can only assign finitely
many distributions to histories. We conclude that 7 # o1, which ends the

proof. O

The Mealy machine of Figure 11.7 is based on the finite-memory positively
winning strategies of Py of [CDH10] for the snowball game. We have presented
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(h, k)

Figure 11.8: The arena of the snowball game of [dAHKO7].

the snowball game in Example 2.4 (Page 48); we recall its arena A in Figure 11.8.
Let G = (A, Reach(home)).

We have previously seen that P; does not have an optimal strategy from hide
in G by analysing the memoryless strategies of P;. Another approach to show
this is to show the existence of a positively winning strategy of Py from hide in G,
i.e., a strategy o9 such that, for all strategies o1 of Py, Py7% (Reach(home)) > 0.
A positively winning strategy of Py is shown to exist in [IAHKO7] in G, although
it is shown that DRD strategies do not suffice. An RRD positively winning
strategy of Py is provided in [CDH10]. This Mealy machine can be obtained
by renaming the outputs a and b in the Mealy machine of Figure 11.7 by t
and k respectively. This strategy is positively winning because it has a positive
probability of never throwing the snowball while having a positive probability
of throwing it at every round. Therefore, no matter when P; chooses to run,
there is a positive probability of them being hit by a snowball.

More generally, in a two-player zero-sum concurrent reachability game, Po
has a positively winning strategy from any state that is not almost-surely
winning for P;. It is argued in [CDH10] that RRR strategies are sufficient for
Ps in this setting. We build on their construction to show that RRD strategies
suffice. We show the equivalent property that RRD strategies suffice to win
positively in games with safety objectives for P;.

We let A = (S, A, AP §) be a two-player arena, T C S and let G =
(A, Safe(T")). The following properties are a consequence of the (correctness
proof of the) algorithm of [{AHKO7| to compute states that are almost-surely

winning in concurrent zero-sum reachability games. Each state in G can be
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assigned a rank. States of highest rank are those from which Py wins almost-
surely for their dual reachability objective Reach(7T'). States of minimal rank,
if they are not simultaneously of maximal rank, are those from which P; can
surely enforce the safety objective no matter the strategy of Ps, i.e., P; has
a (memoryless) strategy such that all plays consistent with this strategy that
start from a state of minimal rank satisfy the safety objective.

Let s € S be a state that is positively winning. There exists an action of
P1, which we will call a sound action, and a set A&z)(s) C A®)(s) of actions
of Py such that the sound action surely prevents moving to states of higher
rank against all actions in Af)(s). Furthermore, for actions of P, outside of
Ag)(s), there is an action of P; that moves to a state of strictly lower rank
with positive probability. For instance, in the snowball game (Figure 11.8),
seen as a safety game from the perspective of P, the action k is a sound action
for hide with respect to A&Z)(s) = {h}.

The property we require on our strategy to win positively is to use a
strategy much like that of Figure 11.7. On the one hand, it must have a positive
probability of only using sound actions from any point: this way, the safety
objective is ensured whenever Py only uses actions in the sets of the form
Ag)(s) in the remainder of the play. On the other hand, to account for the
possibility of Py taking an action outside of AP) (s) in state s, all actions should
have a positive probability of occurring in all rounds, so a vertex of lower rank

can be reached with positive probability in this case.

Because the state space is finite, one of two cases occurs. If Py only
resorts to actions compatible with sound actions from some point on, then the
safety objective is satisfied with positive probability because sound actions are
guaranteed to be always played from some point on with positive probability.
Otherwise, states of minimal ranks are reached with positive probability, from

which P can surely avoid T'.

The idea of the RRR strategy proposed in [CDH10] to obtain the behaviour
described above is to rely on pairs of memory states. In a pair, one memory
state only proposes sound actions and the other memory state suggests all
actions uniformly at random. When initialising the Mealy machine and each
time there is a change in the rank of states, to ensure the resulting strategy

has the property above, a stochastic memory update is used to give a uniform
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probability over such a pair of states.

We show that it suffices to randomise once at the start, for each rank
(besides the maximum and minimum one), whether only sound actions should
be suggested or whether we should play uniformly at random. This allows us
to avoid stochastic updates and obtain an RRD strategy.

Theorem 11.6. Let A = (S, A(l),A(Q),(D be a two-player arena, T C S and
G = (A,Safe(T)) be a zero-sum safety game. There exists an RRD strategy I
such that, for all siniy € S, if there exists a positively winning strategy from sinit

for the objective Safe(T), then M is positively winning from Sin.

Proof. We assume that there exists at least some state from which P; wins
positively, otherwise the result is immediate. We use properties of [{AHKO7,
Algorithm 3|, which computes the set of almost-surely winning states in a
concurrent reachability game, i.e., the complement of the set of positively
winning states for the player with a safety objective. Each iteration of this
algorithm computes two sets of states that are positively winning for P; and
(essentially) removes them from the state space. Therefore, it yields a non-
increasing sequence S = Uy 2 Uy ... D Uy, of sets of states (k + 2 being double
the number of iterations of the algorithm) such that S\ Uy is the set of positively
winning states for P;. In particular, note that 7' C Uy. Let, for all s € S, rk(s)
be the greatest j such that s € Uj.

The sequence of sets (Uj)i1<j<r has the following property. For all states
s € S such that rk(s) < k, there exists a sound action a(d)( ) € AW (s) and a
subset Af)(s) C A®)(s) such that

(i) for all a® € A,(?)(s) and all s € supp(é(s,ag)(s),a@))), rk(s") < rk(s),

and

(ii) for all a(® € AP (s)\ Aj @ 5), there exists an action a®) € AW (s) and a
state s’ € supp(d(s,aV), a?)) such that rk(s') < rk(s).

These conditions follow from the structure of the algorithm. In particular, the
pure memoryless strategy of P; that only plays sound actions, when played
from states of rank 0, is such that all of its outcomes satisfy Safe(T’) (i.e., states
of rank 0 are surely winning for P;).
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We now define an RRD strategy. Let 9 = (M, finit, nXton, upgyy) such that
M = {sd,un}*=1 (sd and un respectively stand for sound and uniform). We
let pinit be a uniform distribution over M. Let m = (m;)i<j<x—1 € M and
s € S. If rk(s) = k, we let nxtop(m, s) be arbitrary. Otherwise, if rk(s) = 0 or
Mi(s) = $d, we let nxtan(m, s) be a Dirac distribution on agtlj) (s). Otherwise (if
0 < rk(s) < k and myy(s) = un), we let nxtor(m, s) be a uniform distribution
over A (s). The deterministic memory updates are trivial: for all m € M,
s € S and a € A(s), we let upgy(m,s,a) = m. Given w € (SA)*, we let fu,
denote the distribution over memory states of 91 after w has taken place. For
m € M, we let o" be the strategy induced by the Mealy machine obtained by
fixing the initial state of 2 to m.

We now prove that 9 induces a positively winning strategy from any state
from which P; has a positively winning strategy. Let so be such a state and let
o2 be an arbitrary strategy of Py. We use an inductive argument on histories,
starting with the history hg = sg. At step j of the induction, we assume that
we have some history h; = wjs; consistent with oo such that rk(s;) < k —j
and supp(pw,) = {sd,un}™() x M; for some M; C {sd,un}*—k(s) (this last
hypothesis implies that h; is consistent with 9, otherwise p,,; would not be
defined). This induction hypothesis is clearly satisfied at step 0 of the induction
(positively winning states have rank at most k — 1).

We consider two cases. First, we assume that, for all extensions w;h of h;, if
they are consistent with o9 and only sound actions are used by P; in the suffix
h, then supp(o2(w;h)) C A&z)(last(h)). We remark that if rk(s;) = 0, we are
necessarily in this case. We claim that for all extensions w;h of h; consistent
with o9 in which only sound P; actions occur in A, it holds that all states in A
have rank at most rk(s;). This follows by a straightforward induction using the
definition of sound actions and actions in sets Aiz)(s’ ) (informally, the rank of
states cannot increase at each step in this setting).

By the induction hypothesis, there exists some m € supp(,uwj) such that
my = sd for all £ < rk(s;). In particular, h; is consistent with o{" due to the
definition of updates in 9. It follows from the above that all extensions of h;
that are consistent with both o]* and oy satisfy Safe(T") (because all targets
have rank k). Therefore, only a subset of Cyl (h;) of PJ" "% measure zero is
not included in Safe(T"). Therefore, pgi72 (Safe(T)) > Pginm(Cyl (hj)) > 0.
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We conclude that Pg7?(Safe(T)) > 0 as pgi 72 (Safe(T')) is the conditional
probability of Safe(T") with respect to Pg"*“? assuming that the initial memory
state is m.

Next, assume that there exists a history w;h extending h; that is consistent
with o9, in which only sound actions are used by P; in the suffix h and such that
supp(o2(wjh)) € A Iast )). We assume that w;h is the shortest such exten-
sion of h;. We fix a(2) € supp(o2)(w;h) \Aiz)(last(h)), and ™™ € AW (last(h))
and s;11 € supp(d(last(h),aM, a®)) such that rk(sj+1) < rk(last(h)). We let
a=(aV,a®?).

We define hji1 = wjhas;j+1 and show that it satisfies the induction hy-
pothesis above. First, by construction, h;, is consistent with o3. Second, it
holds that rk(last(h)) < rk(s;). This can be shown by the same argument as
in the first case, as only sound actions occur in h and all P, actions taken in
any state s in h are in Ag)(s). It follows that rk(s;41) < rk(s;), implying that
rk(sj+1) < k — (j +1). Third, it can be shown by a straightforward induction
that supp(pw) = supp(jtw;) for w such that w;h = wlast(h). The omitted
inductive argument is based on the fact that all P; actions are sound in h,
are taken in states of rank at most rk(s;) and supp(pw,;) = {sd, un}r(si) x M;.
Finally, it holds that supp(ftw;na) = {m € supp(fw;) | Mrkgast(n)) = un} if

1) £ a (Iast(h)) and supp(fiw;ha) = SUpp(Hw,) otherwise. By the inductive
hypothesw7 we obtain that

SUPP(Mw]ha) — {Sd un}rk (last(h))—1 I % {Sd,un}rk(s]‘)frk(last(h)) % Mj7

where I = {un} in the first case, and I = {sd,un} otherwise. This shows that
we can continue the inductive argument with ;1.

The second case can occur in the worst case only in the k& — 1 first steps
of the induction: at step k, si has rank 0, which guarantees we find ourselves
in the first case. This concludes the proof that 9 is positively winning from
S0- ]

11.5 RRD and DDR strategies are incomparable

We prove in this section that the classes RRD and DDR of finite-memory
strategies are incomparable. We have previously shown Lemma 11.1, which



214 Chapter 11 — Separating classes of finite-memory randomised strategies

(m27 b)

1 1
1 2
i -b@ b1
1
b|i
l L
2
b CL|%
% a r
(

b) An outcome-equivalent RRR strat-
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Figure 11.9: Outcome-equivalent strategies witnessing the non-inclusion DDR ¢
RRD. For the sake of readability, we do not label transitions by s. We omit
the probability of actions in Figure 11.9a as outputs are deterministic.

states that RDD ¢ DDR and therefore implies that DRD ¢ DDR and RRD ¢
DDR. It remains to show that DDR ¢ RRD.

We illustrate a DDR strategy of M, ; that has no outcome-equivalent RRD
strategy in Figure 11.9a. For ease of analysis, we illustrate in Figure 11.9b
a DRR strategy with fewer states that is outcome-equivalent to the Mealy
machine depicted in Figure 11.9a. The DDR strategy of Figure 11.9a can be
obtained by applying the construction of Theorem 10.5 to the Mealy machine
of Figure 11.9b.

Intuitively, these strategies have a non-zero probability of never using action
a after any history, while they have a positive probability of using action a
at any time besides the first round and right after the action a occurs. We

formally prove this property below.

Lemma 11.7. Let 01 denote the strategy of M induced by the Mealy machines
of Figure 11.9. For all histories h € Hist(M,y) consistent with o1 in which no
action appears or in which the last used action is a, P7*({h(bs)“}) > 0.

Proof. First, we provide a partial definition of o;. For any w € ({s}{a,b})*, let
1y denote the distribution over memory states of 9 after w has taken place. It
can be shown by induction that for any w € (({s}{b})T{s}{a})* and k > 1, we
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have piy,(m1) =1 and fryspyx (M2) = 1 — fyy(ep) (M3) = rllﬂ It follows that
for any history h consistent with o of the form s or h'as and k > 1, we have
o1(h)(b) = 1 and o1 (h(bs)*)(a) = 1 — o1 (h(bs)*)(b) = 2’@71+2

Now, fix a history A consistent with o; such that there are no actions or
such that the last action is a. Next, we show that P7* ({h(bs)*}) = P7*(Cyl (h))-
P91 ({(sb)“}). We have, for any k € N, o1(h(bs)¥)(b) = o1(s(bs)*)(b) by
definition of o1. Furthermore, the cylinder sequences (Cyl (s(bs)*))gen and
(Cyl (h(bs)¥))ren respectively decrease when taking their intersections to the
singletons {(sb)“} and {h(bs)“}. We obtain the following equations from the
definition of P7*:

P ({hee)”D) = Jim P2 (O (h(o9)") )

k—1
= lim B (Cyl (k) - [T oa((bs)")(v)
=0

k—1
=P (Cyl (k) - lim - [T o2(s(b9))(0)
=0

__po1 1 01 k
=P7'(Cyl (h)) klg]élo P? (Cyl (s(bs) ))
P71 (Cyl (B)) - P2 ({(s))}).
In light of the above, to show that P7! ({h(bs)“}) > 0, it suffices to establish

that P7* ({(sb)“}) > 0 because h is assumed to be consistent with o;. It can be

shown that PJ*({(sb)*}) = 3 as follows:

P ({(s0)°}) = lim P (Cyi (s(b9)"))
Floi 41

= lim 1- .
it 5

k—1 ;
o 2 +1
i | ey

L e A
koo 261 91-1 41 9

the product of the probabilities of b being played in each round is simplified
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using the fact that the denominator of a term is double the numerator of the

previous one. This closes the proof of our claimed inequality. O

The property stated in Lemma 11.7 cannot be reproduced by an RRD
strategy. There are two reasons to this.

First, along any play consistent with an RRD strategy, the support of the
distribution over memory states cannot increase in size. Because of deterministic
updates, the probability carried by a memory state m can only be transferred
to at most one state, and may be lost if the used action cannot be used while

in m. We formally prove this observation below.

Lemma 11.8. Let n € Nyg, A = (S5, (A(i))ie[[l,n}p ) be an n-player arena and
i € [1,n]. Let M = (N, Vinit, nXty, upy) be an RRD strategy of P; in A. Let
w = w'sa be consistent with N. Let vy, and vy denote the distributions over N

after w and w' have taken place under N. Then

(1) [supp(vuw)| < |supp(vur)| and
(ii) if there exists n € supp(vy) such that nxty(n,s)(a®) = 0, then the

previous inequality is strict.

Proof. For any memory state n € N, recall that

Zn’eN Vw’(n/) : upm(n’, S, d) (n) : nXt‘ﬂ(n/? S)(a(z))
Zm’EM Vw’(n/> ’ nXtm(”’a S)(a’(z))

vy(n) =

In particular, n € supp(v,,) if and only if there exists n’ € supp(v,) such that
upy(n/, s,a)(n) > 0 and nxty(n/, s)(a'?) > 0, i.e., the probability of elements of
supp(vy) comes from elements of supp(v,,) in which a(® is played with positive
probability in s. Because updates are deterministic, for any given n’ € N, there
is a unique n € N such that upy(n’, s,a)(n) = 1. Therefore, any element
n' € supp(v,) transfers its probability to at most one memory state when
deriving v, and this probability is transferred only if nxty(n’, s)(a¥) > 0.
Both (i) and (i) follow. O

The property of RRD strategies presented in Lemma 11.8 does not hold for
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strategies that have stochastic updates, such as those of Figure 11.9.

Second, we can engineer situations in which the size of the support of the
distribution over memory states of an RRD strategy must decrease. If after
a given history h, the action a has a positive probability of never being used
despite being assigned a positive probability at each round after h, then at
some point there must be some memory state of the RRD strategy that has
positive probability and that assigns (via the next-move function) probability
zero to action a. For instance, this is the case from the start with the RRD
strategy depicted in Figure 11.7. Intuitively, if at all times, all memory states
in the support of the distribution over memory states after the current history
assign a positive probability to action a, the probability of using a at each
round after A would be bounded from below by the smallest positive probability
assigned to a by the next-move function. Therefore a would eventually be
played almost-surely assuming h has taken place, contradicting the fact that
there was a positive probability of never using action a after h. By using action
a at a point in which some memory state in the support of the distribution
over memory states assigns probability zero to a, the size of the support of the
memory state distribution decreases.

By design of our DDR strategy, if one assumes the existence of an outcome-
equivalent RRD strategy, then it is possible to construct a play along which the
size of the support of the distribution over memory states of the RRD strategy
decreases infinitely often. Because this size cannot increase along a play, this
is not possible, i.e., there is no such RRD strategy. We formalise the sketch
above in the proof of the following lemma.

Lemma 11.9. There exists a DDR strategy in Mgy such that there is no
outcome-equivalent RRD strategy.

Proof. Consider the Mealy machine 9t = (M, mq, nxtgy, upgy) depicted in Fig-
ure 11.9b and let o7 denote the strategy induced by 9t. We recall that 91 is a
DRR Mealy machine that is outcome-equivalent to the DDR strategy illustrated
in Figure 11.9a. It therefore suffices to show that there are no RRD strategies
that are outcome-equivalent to o; to end the proof. Let 91 = (N, Vinit, nxtor, ups;)
be an RRD Mealy machine and let 71 be the strategy it induces.
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We assume that o1 and 71 are outcome-equivalent towards a contradiction.
By Lemma 11.7, for all histories h € Hist(M,y) that are consistent with oy
such that either there are no actions in h or such that the last action is a, we
have P71 ({h(bs)“}) > 0.

For any w € ({s}{a,b})*, let v, denote the distribution over memory states
in N after w has taken place under 9t. We show that for any history A consistent
with 71, if the probability of a never appearing again after h is non-zero, i.e., if
P7({h(bs)*}) > 0, and for any k € N, we have 71(h(bs)*)(a) > 0, then there
exists some ko € N such that [supp(v,psykop)| > [SUPP(Vpsyko+14)]-

Let h be consistent with 71. Assume that P7'({h(bs)*}) > 0, and for
any k € N, we have 7 (h(bs)¥)(a) > 0. By Lemma 11.8 (on the support of
the distributions 14,), we need only show that for some kg € N, there exists
n € SupP(Vy e kop) Such that nxty(n, s)(a) = 0. Assume towards a contradiction
that this is not the case, i.e., for all k € N and all n € supp(v,s)kp), we have
nxtyr(n,s)(a) > 0. Let k& € N. The probability 71(h(bs)**1)(a) is bounded
below by the positive constant

min {nxtym(n, s)(a) | n € N s. t. nxtn(n,s)(a > 0}.

It follows that the action a must be used almost-surely assuming h has taken
place, contradicting the fact that P7' ({h(bs)“}) > 0. This ends the proof of the
above claim.

We can repeatedly use the property shown above to construct a sequence
of non-zero natural numbers (k¢)sen such that (|supp(va,)|)een is an infinite
decreasing sequence, where wg = € and for all £ € N, w1 = wg(sb)kf sa. This
contradicts the well-order of N. This shows that there are no RRD strategies
that are outcome-equivalent to o. ]

As in the previous sections, we provide a game and a specification that
cannot be accomplished using an RRD strategy, but can be accomplished using
a DDR strategy. In the following example, we consider a two-player turn-based
game with several reachability objectives with absorbing targets. The goal is
to construct, if it exists, a strategy that ensures given thresholds for several
reachability objectives at once.

Example 11.3. Let A = (51,52, A4,9d) be the two-player turn-based arena
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Figure 11.10: A turn-based stochastic game with multiple reachability objec-
tives [CFK'13a]. Circles and squares respectively represent states controlled
by Py and Ps. States t1, to and t3 are drawn repeatedly for clarity (duplicates
all represent the same state). Actions p and ¢ stand for proceed and check

respectively.

SOROTNO

Figure 11.11: A Mealy machine update scheme for the arena of Figure 11.10.
Updates depend only on states, not on actions. Updates that do not change

the memory state are not depicted.
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depicted in Figure 11.10, originating from [CFK'13a]. We consider three
targets: T; = {t;} for j € [1,3]. In [CFK*13a], it is shown that there is no DRD
strategy oy of Py such that for all strategies oy of Py, P5;“?(Reach(T})) > %
for all j € [1, 3], despite there existing an infinite-memory one. We prove that

(i) there is no RRD strategy that satisfies this specification and

(ii) there exists a DDR strategy that does.

We let, for k € N, hy, = so(psipsa2pso)F.

strategies is provided in the technical report [CFK*13b, App. B|. A strategy

A description of satisfactory

o1 of P ensures that all targets are visited with probability % if for all k € N,
Ul(hkp83)(€) = 1—3‘2%, Ul(hkp81C84)(f) = 1—#, Gl(hkp81p85)(€) = 1—ﬁ
and o1 (hgpsicse)(f) =1 — 216%, and for all k£ € N, the first two equations are
necessary to comply with the specification.

Let 9 be an RRD strategy and let 7{" be its induced strategy. We show
that 7" cannot satisfy the multi-objective query by showing that the set of
distributions {7{"(hxps3) | k € N} must be a finite set, which is incompatible
with the requirements given above.

Let p,, denote the distribution over memory states after w € (SA)* has
taken place under 9. For all £ € N and m € M, it holds that pp,,(m) =
Y e Minit(m') for some M' € M (which depends on both k and m). This
follows from the equations for the updates of the distributions p,,. In all states
along hip, P; only has a single action. Furthermore, 91 has deterministic
updates. Therefore, if w and wsa are prefixes of hip, for all memory states
m € M, we obtain that fi,sq(m) is the sum of p,,(m’) for all memory states
m’ such that upgy(m’,s,a) = m. In particular, this implies that the set of
distributions {y,p | k € N} is finite, which shows that {7{" (hxpss) | k € N} is
a finite set by definition of the strategy induced by a Mealy machine.

We now describe a Mealy machine 91 that induces a strategy that coincides
with o1 over Cyl (sg), i.e., that ensures a probability of % for all three reachability
objectives. As in the proof of Lemma 11.9, we provide a DRR strategy that can
be transformed into an outcome-equivalent DDR strategy via the construction
underlying Theorem 10.5. We depict the relevant update scheme in Figure 11.11;
updates that do not change the current memory state are omitted from the

figure. Let v, denote the distribution over memory states of 0N after w € (SA)*
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has taken place under 1. Let &k € N. Below, we are interested in the distribution
over memory states only for wy € {hip, hgpsic, hgpsip, hxpsipsac}: it can be

shown by a straightforward induction that we have v, (m1) = 1—vy, (m2) = zik

We now specify the next-move function of 9 and describe the strategy o73"
induced by 91. We let nxtgp(mo, s) be an arbitrary Dirac distribution for all
states s € {s3, s4, 5, 86} (we require Dirac distributions so our Mealy machine

has an outcome-equivalent DDR strategy). For s3, we let nxton(mq, s3)(r) =
and nxtgn(ma, s3)(¢) = 1. It follows that for all k € N, we have o' (hgps3)(r)

3.% = 32% For sy, we let nxton(mi, s4)(r) = % and nxton(mo, s4)(¢) = 1.

We obtain that for all k € N, we have o3 (hgpsacss)(r) = ﬁ = 2,9% For ss,

we let nxton(my, s5)(r) = & and nxtg(ms, s5)(¢) = 1. For all k € N, it holds

that o' (hgpsapss)(r) = 3% Finally, for sg, we let nxton(my, s¢)(r) = 1 and

nxton (ma, s6)(£) = 1. We conclude that for all k& € N, o' (hypsapsacse)(r) =
1

4.2k

with probability at least % <

[| como

= # This shows that ¢}' ensures all reachability objectives are satisfied

Consider a turn-based stochastic arena A = (S, AW AR 0) and targets
T1,...,T4 € S. The general form of the problem from Example 11.3 is to decide,
given an initial state sy € S and a threshold vector g = (g;)1<;<a € ([0, 1]NQ)?
whether Py can ensure q from sinit, i.e., whether there exists a strategy o1 of
P such that for all strategies o9 of P, we have Pg!:"? (Reach(T})) > ¢; for all
J € [1,d].

It is not known whether RRR strategies of P; suffice to provide a positive
answer whenever possible in general. However, finite-memory strategies suffice
to approximate any vector for which the problem has a positive answer. More
precisely, if P; can ensure q = (¢;)1<j<d from sinie € S, then for all e > 0, Py
has an DRD strategy such that for all strategies o of Py and all j € [1,d], it
holds that Pgl.7?(Reach(T})) > ¢j — ¢ [CFKT13a, ACK™20].

Sinit

11.6 RDR strategies are weaker than DRD ones in

infinite arenas

By Theorem 10.5, any RRR strategy in a finite arena admits an outcome-
equivalent RDR strategy, i.e., randomisation in outputs can be removed without

reducing expressiveness. The construction presented in the proof of Theo-
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rem 10.5 yields a Mealy machine the size of which depends on both the size
of the arena and the size of the action space, and therefore does not work in
arenas with infinitely many states or infinitely many actions. We provide two
examples on deterministic MDPs: one with finitely many states and infinitely
many actions, and another with infinitely many states but only two actions.

For the first example, we consider a one-state MDP, which can be seen
extension of M,; with additional actions. Any memoryless strategy that
randomises over a given set of actions of the MDP require a RDR Mealy
machine with as many states as there are actions, due to the deterministic
outputs. It follows that a memoryless strategy that randomises over infinitely

many actions does not admit an equivalent RDR strategy.

Lemma 11.10. Let M = ({s},N,0) be a deterministic MDP in which all
actions are enabled in all states. There exists a (memoryless) DRD strategy in

M such that there is no outcome-equivalent RDR strategy.

Proof. Let o1 be the memoryless strategy of M defined by o1(s)(¢) = 24%
We claim that no RDR strategy in M is outcome-equivalent to o1. Let I =
(M, init, nXton, upgy) be an RDR Mealy machine and let 71 be the strategy
induced by 9. By definition, for all £ € N, we have

n6s) 0= D pini(m).

meM
nxten (m,s)=~

Because M is finite, we conclude that there are infinitely many ¢ € N such that

71(s)(¢) = 0. It follows that 71 cannot be outcome-equivalent to o;. O

Lemma 11.11. Let M = (N, {a, b}, d) be a deterministic MDP over N in which
all actions are enabled in s. There exists a (memoryless) DRD strategy in M
such that there is no outcome-equivalent RDR strategy.

Proof. Let o1 be the memoryless strategy of M defined by o1 (¢)(a) = 24% for
all £ € N. We claim that no RDR strategy in M is outcome-equivalent to o;.
Let 9 = (M, pinit, nXtoy, upgy) be an RDR Mealy machine and let 71 be the
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strategy induced by 9t. By definition, for all £ € N, we have

nO@= 3 ().

meM
nxton (m,0)=a
Because M is finite, it follows from the above equation that the set {71 (¢) |
¢ € N} is also finite. By definition of oy, the set {o1(¢) | £ € N} is infinite. It
follows that there exists some ¢ € N such that o1(¢) # 71(¢). This shows that
o1 and 7 are not outcome-equivalent. O

11.7 RDD and DRR strategies are incomparable with
imperfect recall

Theorem 10.2 and Theorem 10.4 respectively state that, if perfect recall holds,
any RDD strategy has an outcome-equivalent DRD counterpart and any RRR
strategy has an outcome-equivalent DRR counterpart. We illustrate that
without perfect recall, neither of these results hold. Our example is the same
as Example 9.1, which we have used to show that behavioural strategies are
less expressive than mixed strategies without perfect recall. We consider
the POMDP ‘B, built on M, such that s, a and b are assigned the same
observation 0. We show below that the RDD strategy that uniformly mixes the
two pure constant strategies of M, ; has no observation-based DRR outcome-

equivalent counterpart in B, p.

Lemma 11.12. There exists an RDD observation-based Mealy machine in P,

such that there s no outcome-equivalent DRR observation-based strategy.

Proof. Let o1 be a (behavioural) history-based strategy (i.e., a strategy in M)
that is outcome-equivalent to the RDD strategy of 3,5 obtained by uniformly
mixing the constant pure strategies a and b. Let 9 = (M, minjt, nXton, upgy)
be an observation-based DRR strategy of ,; and let 71 be the history-based
strategy it induces. We assume towards a contradiction that 7, and o; are
outcome-equivalent.

We have nxton(minit, 0)(a) = 71(s)(a) = o1(s)(a) = 3. It follows that the
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distributions s, and g, over M after sa and sb have respectively occurred are,
by definition, for all m € M,

u Minit, 0,0)(T .1
) < ol 0.0 E

2

We conclude that 71 (sas) = 71(sbs). However, the outcome-equivalence of oy
and 7, implies that 71 (sas)(a) = o1(sas)(a) = 1 and 71 (sbs)(b) = o1(sbs)(b) = 1,
which constitutes a contradiction. Ol
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CHAPTER 12

Introduction

In this part, we present the results described in Chapter 3.3, based on joint work
with Mickaél Randour [MR25]. We study Markov decision processes with multi-
dimensional payoff functions, which we call multi-objective Markov decision
processes. On the one hand, we study the structure of sets of expected payoff
vectors in countable multi-objective MDPs and the impact of their structure on
randomisation requirements in this framework. On the other hand, we study
finite multi-objective MDPs with continuous payoff functions and identify a
class of continuous payoffs for which sets of expected payoff vectors are closed.

We refer the reader to Chapter 3.3 for an extended presentation of the
context. We divide this part into three chapters. We summarise their contents
below, and comment on related work at the end of this chapter.

Expected payoffs in MDPs. Chapter 13 introduces our notation for
multi-objective MDPs. We also present general results of universally unambigu-
ously integrable payoffs, some of which are particularly useful in the following
chapter, Chapter 14.

We show that, for a subclass of universally unambiguously integrable payoffs,
their expectation from a state under a mixed strategy is the integral with respect
to the mixed strategy of the expectation of the payoff under all pure strategies
(Lemma 13.4). We exploit this result to prove several properties of universally
unambiguously integrable payoffs.

First, we use the above result to obtain a simple proof of the convexity of

sets of expected payoff vectors from a state (Theorem 13.7). The key to our

227
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argument is to observe that the expected payoff of a convex combination of
pure strategies is the convex combination of the expectations of the individual
strategies (Lemma 13.6).

Second, we prove a characterisation of universally integrable payoffs: a
one-dimensional payoff is universally integrable if and only if, for all initial
states, its set of expected payoffs from the state is bounded (Lemma 13.8).
We use this result to prove a technical result on universally unambiguously
integrable payoffs (Lemma 13.9) with which we can somewhat broaden the
application range of Lemma 13.4.

Payoff sets in multi-objective MDPs. Chapter 14 presents our general
results on the structure of expected payoff sets in multi-objective MDPs. We
focus on the relationship between sets of expected payoffs of pure strategies
and sets of expected payoffs of general strategies.

For universally integrable payoffs, we show that all expected payoff vectors
are convex combinations of expected payoffs of pure strategies (Theorem 14.4).
Our reasoning relies on lexicographic optimisation: a key observation is that, for
universally integrable payoffs, randomisation does not provide any additional
power for lexicographic optimisation (Theorem 14.1). It follows that finite-

support mixed strategies suffice to obtain any expected payoff vector.

We show that neither of the above properties extend to universally unam-
biguously integrable payoffs (Examples 14.1 and 14.4). Instead, we show that,
for such payoffs, convex combinations of pure payoffs can be used to approxi-
mate any expected payoff vector (Theorem 14.7) in the sense of the topology
of R?. In other words, finite-support mixed strategies suffice to approximate

any expected payoff vector.

We close the chapter by providing bounds on the support size of finite-
support mixed strategies. We build on Carathéodory’s theorem for convex hulls
(Theorem 2.1) to show that the expected payoff of any finite-support mixed
strategy can be obtained exactly by mixing no more than d 4 1 strategies in a
d-dimensional setting (Theorem 14.8). Together with our previous results, this
implies that it suffices to mix no more than d + 1 pure strategies to match or

approximate the expectation of any strategy.
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Continuous payoffs in finite multi-objective MDPs. Chapter 15
focuses on finite multi-objective MDPs with continuous payoffs. We focus on
universally square integrable payoffs, i.e., payoffs whose square is universally
integrable. We show that for multi-dimensional universally square integrable
payoffs, the set of expected payoffs from each state is closed (Theorem 15.8).

We mainly follow a topological approach to establishing this result. First,
we introduce a topology on the set of behavioural strategies (Chapter 15.1).
We then show that, for one-dimensional square integrable payoffs, the function
from the space of strategies to R that maps a strategy to its expectation is
continuous: we first show this for real-valued payoffs (Theorem 15.6) then
extend it to universally square integrable payoffs (Theorem 15.7).

We then show that for continuous payoffs that are not universally integrable,
the function mapping a strategy to its expected payoff need not be continuous
(Example 15.1) and expected payoff sets need not be closed (Example 15.2).

Finally, we show that universally integrable shortest-path costs are univer-
sally square integrable in finite MDPs (Lemma 15.11). This shows that our
results for continuous universally square integrable payoffs applies to universally
integrable shortest-path costs defined with a positive weight function.

Related work. We provide a few references, complementing those cited in
Chapter 3.3. In our proof of Theorem 14.4, we invoke the separating hyperplane
theorem (Theorem 2.3). This theorem also plays a role in approximation
schemes of the set of achievable vectors: see, e.g., [FKP12, QK21|; a unifying
approach is presented in [Qua23|.

Specifications with multiple objectives have also been considered in the con-
text of two-player games on finite turn-based deterministic arenas (e.g., [FH13,
CRR14]) and two-player games on finite turn-based arenas (e.g., [CFK'13a,
ACK™20]). Closely related to multi-objective specifications are approaches
that provide guarantees simultaneously in the worst case and the expected
case [BFRR17].

Regarding randomisation in strategies, [CDGH15]| studies when randomisa-
tion is helpful in strategies or in transitions of games. In particular, the authors
show that if there exists an optimal strategy to maximise the probability of an

event in a finite MDP, then there exists a pure optimal strategy. This property
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is generalised by our result on lexicographic MDPs.



CHAPTER 13

Expected payoffs in Markov decision
processes

In this chapter, we introduce our notation for multi-objective Markov decision
processes and establish technical results regarding expected payoffs in Markov
decision processes. Notation is introduced in Section 13.1. In Section 13.2, we
show that expected payoffs with respect to mixed strategies can be written
as the integral with respect to the mixed strategy of expected payoffs with
respect to pure strategies. This result generalises Lemma 2.17, which states
the same property in the special case of objective indicators. This result plays
a major role in our proofs of some of the results of Chapter 14. We use the
generalisation of Lemma 2.17 to show that convex combinations of expected
payoffs are yet again expected payoffs in Section 13.3. Finally, in Section 13.4,
we provide a characterisation of universally integrable payoffs and a technical
property of universally unambiguously integrable payoffs.
We fix a countable MDP M = (S, A, §) for this entire chapter.
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13.2 Payoffs under mixed strategies . ... ... ... .. 233
13.3 Convexity of expected payoffsets. . . ... ... .. 236
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13.1 Terminology and notation

This section introduces terminology and notation for MDPs with multiple payoff
functions. Let d € N~g. We summarise d payoffs fi,..., fq: Plays(M) — R as
a multi-dimensional payoff f: Plays(M) — R?, and write f = (f)je.a-

Let f = (fi)jeqi,qp and let s € S. We say that f is universally (resp. un-
ambiguously) integrable whenever f; is universally (resp. unambiguously) inte-
grable for all j € [1,d]. We now assume that f is universally unambiguously

integrable.

We use the following notation for the set of expected payoff vectors from

an initial state.

Definition 13.1. Let ¥ C 3(M) be a set of strategies of M and s € S. We let
PayZ(f) = {EZ(f) | o € £} denote the set of (expected) payoffs of the strategies

in ¥ from s. We let Pay,(f) and Pay?""(f) be shorthand for PaySZ(M)(f) and
Epure(./\/l) r .
Pays (f) respectively.

(f) as pure expected payoffs. A set of expected

pure

We refer to elements of Pay?

payoffs need not have a maximum for the component-wise order, e.g., there can
be several Pareto-optimal payoffs.

In multi-objective optimisation, the goal is to ensure a given threshold on

each dimension. This is formalised by the notion of achievable vectors.

Definition 13.2. A vector q € R? is achievable (from s) if there exists a

strategy o such that q < E7(f). We say that o witnesses that q is achievable.

For any class of strategies & C S(M), we let Ach>(f) = down(Pay>(f))
denote the set of vectors for which there exists a strategy of ¥ witnesses that

they are achievable. We define Achy(f) and AchP""(f) as above.

As a technical tool in our analysis of expected payoff sets, we also consider
the lexicographic optimisation of multiple objectives. We can define ensuring
a threshold similarly than in the one-dimensional context (see Section 2.6.1),
with the order over R replaced with the lexicographic order. We also define an

analogue of optimal strategies from the one-dimensional setting.
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Definition 13.3. A strategy o is lezicographically optimal if EJ(f) is the

lexicographic maximum of Pay,(f).

13.2 Payoffs under mixed strategies

Let f: Plays(M) — R be a one-dimensional universally unambiguously inte-
grable payoff. We generalise Lemma 2.17 from probabilities of objectives to
expectations of payoffs. Lemma 2.17 states for all s € S, the probability of
an objective  under a mixed strategy p from s is fTeEpure(M) PT(2)du(r). We
extend this result from indicators to general payoffs by considering payoffs of
increasing complexity, analogously to the construction of the Lebesgue integral.
In the following statement, we impose restrictions on f that ensure that we

deal with a well-defined integral.
Lemma 13.4. Let p be a mized strategy, s € S and f be a universally un-

ambiguously integrable payoff. If inf;EI(f) > 0 or sup,EI(f) < 0 or f is
P4 -integrable, then the mapping Ypure(M) — R: 7 EI(f) is measurable and

EA(f) = / EZ(f)du(r).
TEXpure (M)

Proof. Fix a state s € S and let f be a universally unambiguously integrable
payoff. Throughout this proof, we use 7 to (implicitly) denote pure strategies.
We show the result for payoffs of increasing complexity. First, we prove it for
indicators of objectives. Second, we show that it also holds for non-negative
simple functions (i.e., linear combinations of indicators) by linearity of the
integral. Third, we deal with non-negative payoffs with the monotone conver-
gence theorem. Fourth, we consider P5-integrable payoffs. Finally, we close the
proof by considering universally unambiguously integrable payoffs such that
inf, EJ(f) > 0 or sup, E7(f) < 0.

If f is the indicator of an objective, the result follows from Lemma 2.16, which
guarantees that Ypure(M) — R: 7+ P7(Q) is measurable, and Lemma 2.17,
which yields the integral.

For the second step of the argument, we assume that f is a non-negative
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simple function. Let ag,...,a, >0 and Q,...,Q, C Plays(M) be objectives
such that f = 377 ) ajlg,. The function Bpue(M) — R: 7 = EI(f) is
measurable: it is a non-negative linear combination of measurable functions by
the above. It follows from the result for indicators applied for all j € [1,n] and
the linearity of the Lebesgue integral that

59) = 3 asPE(E)
—Z%/ Q;)dpu(7)

Ezpure

=/ EZ(f)du(r).
TEXpure(M)

Third, we assume that f is a non-negative measurable function. Let (fy,)nen
be a sequence of measurable simple functions increasing to f (i.e., for all plays

7 € Plays(M), fn(m) < fnt1(m) and limy, oo fr(7m) = f(7)). By the monotone
convergence theorem and the previous point on simple functions, we have

EX(f) = lim EX(f,) = lim EI(fn)dp(7). (13.1)

=0 N0 Jre S pure (M)
For all pure strategies 7, by the monotone convergence theorem,
limy, 00 EZ(fn) = EZ(f). Therefore, the sequence of functions (7 +— EI(fy))nen
over Ypure(M) increases (i.e., is non-decreasing and converges pointwise) to
7+ EZ(f), implying that this function is measurable. The monotone conver-
gence theorem allows us to exchange the limit and integral in the rightmost

term of Equation (13.1), and implies that:

B = [ i EX(f)du(r) = [ EI(A)du(r).
T€Spure (M) "7 T€Ypure (M)

We introduce some notation for the two last cases. We let f+ = max(f,0)
and f~ = max(—f,0) denote the non-negative and non-positive parts of f
respectively; we have f = f* — f~. From the above, we obtain that for all
universally unambiguously integrable payoffs, the function 7 — E7(f) over
Ypure(M) is measurable; it is the difference of the measurable non-negative
functions 7 — ET(fT) and 7+ EI(f7).
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For the second-to-last case, we assume that f is P{-integrable. We prove
that the mappings 7 — E7(f") and 7 — EI(f~) are p-integrable. We
proceed by bounding these functions by a p-integrable function. For all
T € Zpure(M), we have ET(f1),EI(f~) < E7(|f|). By the above, we have
freEpu,e o BE(fDdp(r) = E5(|f|), which is a real number since f is P4-
integrable. We have shown that 7+— EI(|f|) is pu-integrable, which implies that
7 E7(fT) and 7+ EZ(f ™) also are. It follows that 7+ EZ(f) is u-integrable.

By definition, we have E(f) = E&(fT) — Ef(f~) and EZ(f) = EI(f*) —
E7(f~) for all strategies 7 € X,ure(M). Combining this with the linearity of the
Lebesgue integral and the result for non-negative payoffs yields the following
sequence of equalities:

EL(f) =EL(fT) —EL(Sf7)

— / EZ(f+)du(r) — / E7(f~)du(n)
TEXpure(M) TEXpure(M)

= / EZ(f*) — E7(f)du(r)
TEXpure(M)

- / EZ(f)du(r).
TE€Spure (M)

To deal with the last case, we assume that inf;E7(f) > 0. The anal-
ogous case sup,EZ(f) < 0 can be recovered from the case inf;EI(f) > 0
by considering —f as the payoff function. We assume that f is not P%-
integrable, as this case has been examined above, i.e., that E{(f) = +oo.
The integral | S pure(M) E7(f)du(r) is formally well-defined by the assump-
tion that inf, E7( f) > 0. To end the argument, we must show that this
integral is 4+o00. Assume towards a contradiction that this is not the case.
This implies that 7 — EI(f) is p-integrable. From the result for non-
negative payoffs, we obtain that fezp M) E7(fM)du(r) = E5(fT) = +o0
and erpure wy BE(fT)dp(r) = ES(f~) € R. By linearity of the Lebesgue
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integral (for p-integrable payoffs), we obtain that
B = [ EZ(f*)du(r)
Tezpure(M)
— (ET(f) + EX(/))du(r)
TEXpure (M)

- [ EGGwO+ [ ).
TE€Xpure (M) T€pure (M)
This is a contradiction: on the one hand, we have E5(f*) = 400 and, on the
other hand, the sum in the last term is a real number. This ends the argument
for the case infE7(f) > 0. O

We highlight two major consequences of Lemma 13.4 when combined with
Kuhn’s theorem. On the one hand, for all randomised (i.e., mixed or behavioural)
strategies whose expected payoff is real, there exists a pure strategy with a
greater expected payoff. On the other hand, if there exists a randomised
strategy with an infinite expected payoff, then there are pure strategies with
arbitrarily large expected payoffs in absolute value. We note that even if a
randomised strategy has an infinite expectation, there need not exist a pure
strategy with infinite expectation. This is analogous to the fact that real-valued

random variables can have an infinite expectation.

Remark 13.5 (Partially observation MDPs). Lemma 13.4 holds for all mixed
strategies. In particular, it applies to observation-based mixed strategies in
POMDPs. In the sequel, we only apply Lemma 13.4 in the perfect-information
setting. However, we remark that all of our arguments involving this property
and Kuhn’s theorem extend to countable perfect-recall POMDPs. In particular,
the results of Chapter 14 extend to this more general setting. <

13.3 Convexity of expected payoff sets

Let f = ( fi)jeq,qp be a universally unambiguously integrable payoff of M.
The goal of this section is to show that, for all s € S, convex combinations of
elements of Pay,(f) are in Pay,(f) and that Pay,(f) NR? and Ach,(f) NRY are
convex. We provide an argument that relies on mixed strategies; a proof of this
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result using behavioural strategies can be found in [Qua23].

The first step in our argument is to prove that the expected payoff of a convex
combination of mixed strategies is the convex combination of the expected
payoffs of these mixed strategies. We obtain this property as a consequence of
Lemma 13.4.

Lemma 13.6. Let s € S, p1,. .., pu, be mized strategies and o, ..., ap € 10,1]
be convex combination coefficients. Let =" | Qmpim. For all universally
unambiguously integrable payoffs f, we have E5(f) = 3" | anEL™(f).

Proof. To obtain the result for non-negative payoffs, by Lemma 13.4, it suffices
to establish that, for all measurable non-negative functions F: Xpyre(M) — R,

/ F(mdu(r) = > am / F (1)t (7).
TE€pure (M) me=1 TE€Tpure (M)

For indicators of measurable subsets of ¥pyre(M), this follows from the definition
of u and the linearity of the Lebesgue integral. It generalises to non-negative
simple functions over X,,e(M) by linearity, and to all non-negative measur-
able functions by using the monotone convergence theorem with sequences of
measurable non-negative simple functions.

The result for non-negative payoffs extends to universally unambiguously
integrable payoffs by definition of unambiguous integrals with respect to the

distribution induced by a strategy. O

Lemma 13.6 and Kuhn’s theorem imply that, for all universally unambigu-
ously integrable payoffs, convex combinations (with non-zero coefficients) of
expected payoffs also are expected payoffs. We obtain that the set of vectors of

reals in sets of expected payoffs and achievable vectors both are convex.

Theorem 13.7. Assume that f is universally unambiguously integrable. Let
s € S. For all non-zero convexr combination coefficients aq,...,an €10,1] and

expected payoff vectors qi, ..., dn € Pay,(f), we have Y | amdym € Pay (f).
In particular, Pay,(f) NR? and Achs(f) NRY are conver sets.
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Proof. The claim regarding convex combinations of expected payoffs follow
from Lemma 13.6 and Kuhn’s theorem. It directly implies that Pay,(f) NR? is
convex.

It remains to show that Ach,(f) NR? is convex. Let q, p € Achy(f) N R4
and a € ]0,1[. We must show that aq + (1 — a)p € Achs(f). There exist
(by Kuhn’s theorem) mixed strategies yq and pp such that E5?(f) > q and

E5P(f) > p. Let p= auq + (1 — @)up; it is easy to see that
aq+ (1 - a)p < EL(f) = aE + (1 - )EP(f),

where the latter equality follows from Lemma 13.6. We have shown that
aq+ (1 —a)p € Achy(s). O

13.4 Unambiguously integrable payoffs

We focus on one-dimensional payoffs in this section. We apply Lemma 13.4 to
obtain a characterisation of universally integrable payoffs. We use the property
underlying this characterisation to show that, for all universally unambiguously
integrable payoffs and all initial states, there exists a real lower or upper bound
on the possible expectations of the payoff from the initial state.

We characterise universally integrable payoffs of M as follows. Let ¥ €
{3(M), Epure(M)}. A payoff f is universally integrable if and only if for all
s € 8, sup,ex EZ(|f]) is real. The non-trivial part of the proof is showing that
the definition of universally integrable and the property when the supremum
ranges over pure strategies both imply the property with the supremum ranging
over all strategies. We show the contrapositive of both implications. We assume
that for some s € S, sup,ex EZ(|f|) = +00. Lemma 13.4 then implies that
there are pure strategies 7 with arbitrarily large EZ(|f]), which implies the
validity of one of the implications. For the other, we mix countably many of
these pure strategies to construct a mixed strategy p such that EX(|f]) = +oo.

Lemma 13.8. Let f be a payoff. Let s € S. The following assertions are

equivalent.

(i) f is P-integrable for all o € X(M).
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(i) We have sup{EJ(|f|) | ¢ € ¥(M)} € R.
(111) We have sup{EZ(|f]) | o € Epure(M)} € R.

In particular, f is universally integrable if and only if (ii) (resp. (iii)) holds for
all s € S.

Proof. Ttem (ii) directly implies the other two items. We now show that the
other two items imply (ii) via the contrapositive of these implications.

Assume that (ii) does not hold, i.e., that sup{EZ(|f]) | o € £(M)} = +c0.
If there exists a pure strategy o such that E7(|f|) = +oo, the negations of (i)
and (iii) follow directly. In the remainder of the proof, we assume that this is
not the case.

First, we show that (iii) does not hold. By Lemma 13.4 (and Kuhn’s
theorem), for all strategies o € X(M), if EJ(|f|) € R, there exists a pure
strategy 7 such that EZ(|f|) > E2(|f]) and, otherwise, if EZ(|f|) = 4+o0, then
for all M € R, there exists a pure strategy 7 such that EJ(|f|) > M. In
particular, (iii) does not hold.

We now construct a strategy o such that EZ(|f]) = 4+oo from the pure
strategies above. For all r € N, let 7, be a pure strategy such that Eg"(|f]) > 2".
Let 4 be the mixed strategy that randomises over the set {7, | » € N} and
selects strategy 7, with probability ﬁ Kuhn’s theorem implies that there
exists a behavioural strategy o that is outcome-equivalent to . We obtain that
EZ(]f|) = 4+o0. This ends the proof that (i) does not hold. O

Let f be a universally unambiguously integrable payoff. We now use
Lemma 13.8 to prove a useful property of universally unambiguously integrable
payoffs. We prove that, for all states s € S, there either exists a real lower or
upper bound on the expectation of strategies from s. We establish this result
by showing that if no upper bound and no lower bound exist, then we can

construct a mixed strategy whose expected payoft is ill-defined.

Lemma 13.9. Let f be a universally unambiguously integrable payoff function.
For all s € S, we have infoex ) EY (f) € R or supgesm ES (f) € R.
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Proof. Let s € S. Let f = max(f,0) and f~ = max(0, —f). Assume towards
a contradiction that inf,exaq) ES (f) ¢ R and sup,exa) ES (f) ¢ R. Because
¥ (M) is non-empty, we have inf,exaq) EY (f) = —o0 and sup, ey ES (f) =
+00. We show that this implies that f is not universally unambiguously
integrable, i.e., there exists a strategy o € X (M) such that EJ(f) =EJ(f~) =
+o00.

We observe that for all o € (M), we have E7(f) < E7(f1) and EJ(—f) <
EZ(f7). It follows from Lemma 13.8 and Kuhn’s theorem that there exists a
mixed strategy gy (resp. u_) such that f* (resp. f~) is not P5"-integrable
(resp. P~ -integrable). In particular, we obtain that E5™(f*) = E5~(f~) = +o0.
The mixed strategy p = u4 + su_ satisfies E5(fF) = E{(f7) = 400 by
Lemma 13.6. This shows that f is not universally unambiguously integrable:
f does not have an unambiguous P4-integral and Kuhn’s theorem guarantees

that p is outcome-equivalent to some behavioural strategy. O

Lemma 13.4 cannot be applied to all universally unambiguously integrable
payoffs: we impose some constraints on the expected payoffs to ensure that the
integral in the statement is well-defined. We can use Lemma 13.9 to circumvent
this restriction: it implies that by adding or subtracting a constant to an
unambiguously universally integrable payoff, we can obtain a payoff satisfying
the assumptions of Lemma 13.4.



CHAPTER 14

Payoff sets in multi-objective Markov

decision processes

We present in detail the results presented in Chapter 3.3 related to the structure
of payoff sets in multi-objective Markov decision processes and its impact on

randomisation requirements in this setting.

We first present an example with two discounted payoff functions that
highlights the potential complexity of payoff sets. This example illustrates that
expected payoff sets need not be convex polytopes, and that even when finite
memory suffices to obtain all expected payoffs, there need not exist a uniform

bound on the necessary amount of memory.

We then discuss lexicographic optimisation in multi-objective MDPs. We
prove that pure strategies suffice for universally integrable payoffs, but not in
general. We use this result to show that finite-support mixed strategies suffice
to (exactly) obtain any expected payoff vector when dealing with universally
integrable payoffs. We show that this result does not generalise to universally
unambiguously integrable payoffs, and prove that, for such payoffs, finite-
support mixed strategies can be used to approximate any expected payoff
vector. We close the section by giving upper bounds on the necessary size for
the supports of the finite-support mixed-strategies of the previous results.

We recall that randomised strategies are necessary to achieve vectors in
multi-objective Markov decision processes, e.g., see Chapter 3.3 or Example 11.1.
For this section, we fix an MDP M = (S, A,0) and a d-dimensional payoff
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function f = (f)jeq.a) for the whole chapter.
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14.1 Expected payoff sets need not be simple

The goal of this section is to illustrate that expected payoff sets in multi-
objective MDPs may be complex. We provide a two-dimensional example
illustrating that sets of expected payoffs are not necessarily polytopes, even
when the payoffs are universally integrable. In this section, we introduce our
example and comment on several of its properties. To lighten the presentation,
we defer the formal proofs of these properties to Appendix B.

We consider the MDP M depicted in Figure 14.1a and let w denote the two-
dimensional weight function from the illustration. On this MDP, we consider
the two-dimensional payoff f = (f1, f2) given by the discounted-sum payoffs
fi= DSumi,/l4 and fo = DSum}U/f. We note that MDPs with several discounted-
sum payoffs with different discount factors have been studied in [CFW13].

Due to the absence of randomness in transitions, the expected payoff of any
pure strategy from sq is the payoff of a play from sg. Therefore, we obtain that

Pay?(F) = {(0,2), (1,2)} U {(1 + 43—_12 - 21_1> Ire N} |

On the one hand, the payoffs (0,2) and (1,2) are obtained by moving from
so to s1 and sg respectively and looping in these states forever. On the other

hand, for all » € N, the payoff (1 + 45’—;, 2 — 21%1) is obtained by spending r
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E(f2)

1 E(f1)

(a) An MDP with deterministic transi- (b) The set of expected payoffs for the
tions. Pairs next to actions represent two- MDP of Figure 14.1a for the payoff fi; =

dimensional weights. DSumf,J/l4 and fy = Dsumiu/j

Figure 14.1: An MDP with a two-dimensional discounted-sum payoff f such

that extr(Pay, (f)) is infinite.

rounds in so then moving to s3; for r = 0, we move from sy to sz directly. We
provide detailed computations in the proof of Lemma B.1.

We approximately illustrate Pay, ( f) in Figure 14.1b. This illustration is

based on the equality Pay, (f) = conv(Pay§"*(f)). This equality follows from

S0

Theorem 14.4, which states that if f is universally integrable, then this equality

holds. Furthermore, Pay, (f) and Pay5'™(f) are both closed; this can be shown

50
directly or seen as a special case of Theorem 15.8, which implies that expected

payoff sets for multi-dimensional real-valued continuous payoffs are closed.

pure
S0

of Pay, ( f) can be obtained by using pure strategies. Indeed, any vector of

Since Pay, (f) = conv(Pay§:"(f)), we conclude that all extreme points

Pay,,(f) that cannot be obtained by a pure strategy is a convex combination
of the expected payoffs of pure strategies, and thus is not extreme. In fact,

we can show that the set of extreme points of Pay, (f) is exactly PayP'"(f)

(Lemma B.7). In particular, Pay, (f) is not a convex polytope. Furthermore,

it can be shown that all pure expected payoffs except (0,2) are Pareto-optimal
(Lemma B.6). It follows that even the set Achg,(f) of achievable vectors has a
complex structure.

Finally, we comment on the memory required to obtain certain expected
payoffs. All but three extreme points of Pay, ( f) are obtained by moving from

sp to s9 and looping there finitely many times before moving to s3. In other
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words, these extreme points require pure strategies that count up to some
arbitrarily large number. We show that we can only obtain these payoffs by
using these specific pure strategies (Lemma B.8). Intuitively, the expected
payoff of a randomised strategy that induces more than one play is a non-
trivial convex combination of payoffs of several plays, and therefore not in

extr(Pay,, (f)). This implies that some expected payoffs need strategies with

arbitrarily large albeit finite memory to be obtained in this instance.

14.2 Lexicographic Markov decision processes

We consider the lexicographic optimisation of multiple payoff functions in
MDPs. We first prove that, if f is universally integrable, then for all initial
states s € S and all strategies o € (M), there exists a pure strategy 7 such
that E7(f) <iex EI(f). We then show that this is not necessarily the case
without the assumption that f is universally integrable.

Assume that f is universally integrable. The crux of our proof is to show
that the Lebesgue integral is compatible with the lexicographic order over R
Once this is shown, we assume towards a contradiction that there is no suitable
pure strategy 7. By Lemma 13.4 and Kuhn’s theorem, we can write EZ(f) as
an integral over pure expected payoffs. We then reach the contradiction that

E2(f) <iex EZ(f). We formalise this argument below.

Theorem 14.1. Assume that f is universally integrable. Let o be a strategy

and s € S. There exists a pure strategy T such that EZ(f) <iex EL(f).

Proof. Let p be a mixed strategy that is outcome-equivalent to o (whose
existence follows from Kuhn’s theorem). To prove the theorem, we reason on
the p-integral of random variables of (YXpyre(M), Fx,,.(a)); see Chapter 2.4.3,
Page 36, for the definition of the o-algebra Fx, () For any real or multivariate
random variable Y over Ypure(M), we write [ Ydu for fTeEpure(M) Y (1)du(r) to
lighten notation.

For all 1 < j < d, we consider the real random variable X;: z — Eg*(f;)
over Ypure(M). We let X = (X1,...,X,). Because f is universally integrable,
X is p-integrable and, by Lemma 13.4, we have E(f) = [ Xdu.
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Let ¥ = (Y1,...,Yy) be an integrable multi-variate real random variable
over Spure(M). We first show that if X' <jex V, then EZ(f) = [ Xdp <iex [ Vdu.
We use this claim below to prove the theorem.

Assume that X' <jex V. We partition Xp,re(M) as follows. For all 1 < j <d,

we let
E; = {1 € Tpure(M) | X;(7) < Yj(7) and V5’ < j, Xj(1) = Yj(7)} .

Intuitively, £ is the set of elements such that the strict lexicographic ordering
of their respective images by X and ) is witnessed in component j. The sets Fy,
..., B4 partition Xpyre(M) because X <jex V. It follows that, for Z € {X, )V},
we have [ Zdu = 2?21 [ Z-1g,du.

Let 7* = min{l < j < d | u(E;) > 0}. To obtain that [ Xdu <iex [ Vdpu,
we show that, for j < j*, we have [ X;dp = [Yjdp and [ X;xdp < [Yj«dp.
To prove these relations, we formulate two observations. First, we observe that
for all 1 < j < j' <d, X; and Y; agree over Ej (by definition), and thus we

have

/Xj-]lEj/du:/Yj-]lEj,du. (14.1)

Second, since pu(Ej) = 0 for all j* < j*, it follows that for all 1 < j < d and all
Z; € {X;,Y;} that

d
/Zjduz > /Zj g, dp. (14.2)
j/:j*

Let 1 < j < j*. By combining Equations (14.1) and (14.2), we obtain that

d d
/deuz > /XJw]lEj,du: > /1/}~1Ej,dﬂ:/}/}d/j,.
j'=j* j'=j*

To end the proof that [ Xdu <jex [ Vdp, it remains to show that [ Xj«dp <
J Yj+dp. This inequality is equivalent to [ Xj« - 1g,.dp < [Vjs - 1g,.du by
Equations (14.1) and (14.2). This inequality holds by compatibility of the
Lebesgue integral with the order of R (recall that X;«(7) < Yj«(7) for all
T € Ejx) and because pu(Ejx) > 0. We have shown that [ Xdp <jex [Ydu
whenever X' <o )V holds.
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a b
1 0

Figure 14.2: A deterministic MDP in which randomisation is need to accumulate

an infinite total reward while reaching the target state ¢ almost-surely.

Now assume that for all pure strategies 7, we have E7(f) <jex EZ(f) towards

a contradiction. It follows that X (7) <iex EZ(f) for all 7 € ¥pyre(M). From the

above, we obtain that EZ(f) = [ Xdp <jex EZ(f), which is a contradiction. [

A direct corollary of Theorem 14.1 is the following.

Corollary 14.2. Assume that f is universally integrable. For all s € S, if
there exists a lexicographically optimal strategy from s, then there exists a pure

lexicographically optimal strategy.

We now provide an example illustrating that Theorem 14.1 does not hold
without assuming that f is universally integrable.

Example 14.1. We consider the MDP M depicted in Figure 14.2. Let w
denote the illustrated weight function. We consider the two-dimensional payoff
function f = (f1, f2) such that f; = TReach(ft}) and fo = TRew,,. We prove
that randomisation is necessary to play lexicographically optimally from s.

Since transitions of M are deterministic, Pay?""(f) is the set of payoffs
of plays from s. We introduce notation for these plays: for all » € N, let
7 = (sa)"s(bt)” and let mo, = (sa)”. It follows that PayP'"(f) = {f(m.) | r €

NU{oco}} ={(1,7) | r € N} U{(0,+00)}. In particular, no pure strategy has
an expected payoff of (1,400), which is the greatest that could occur with f.

However, there exists a randomised strategy whose expected payoff from s is
(1,+00). For each r € N, let 7, be a pure strategy whose outcome from s is 7.
We consider the mixed strategy p such that, for all » € N, p assigns probability

271 to 79, Tt follows that BY(f) = 00 pu(7er) - f(mar) = (1,00), i.e., p is
lexicographically optimal from s. <
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14.3 Universally integrable payoffs

The goal of this section is to show that if f is universally integrable, then for

all s € S, Pay,(f) = conv(PayP""¢(f)). We provide an overview of the proof of

s

this property in Section 14.3.1. We formally prove the result in Section 14.3.2.
Throughout this section, we assume that f is universally integrable.

14.3.1 Proof overview

Let s € S. By convexity of Pay,(f), the inclusion conv(Pay?""(f)) C Pay,(f)
holds. Therefore, the main difficulty of the proof is to prove the other inclusion.

Let q € Pay,(f). The first step of the proof is to construct a linear map
Ly: R? — R? with d’ < d such that

(i) the vector Lq(q) is the lexicographic maximum of Ly (Pay,(f)) and

(ii) we have q € ri(Pay,(f) NV) where V = Lg'(Lqg(q)) denotes the set of
vectors that share their image by Lq with q.

The mapping Lq is constructed as follows (Examples 14.2 and 14.3 below
illustrate this construction). If q is in the relative interior of Pay,(f), we let
Lq be the zero-valued linear form. Otherwise, by the supporting hyperplane
theorem (Theorem 2.4), there exists a linear form z7] such that zj(q) > =3 (p)
for all p € Pay,(f). Let Hy = (x%)~!(2%(q)) denote the supporting hyperplane
given by z7. We check whether q is in the relative interior of Pay,(q) N H;. If it
is the case, we obtain the desired linear mapping by letting Lq = 27. Otherwise,
we continue: there is a linear form % describing a hyperplane Hy that supports
Pay,(q) N H; at q. We choose 3 such that =} and x% have distinct kernels,
i.e., Hy # Hy. To ensure that the kernels are distinct, we construct x5 as an
extension to R? of a non-zero linear form over ker(x}). By induction, we continue
constructing linear forms with pairwise distinct kernels (i.e., defining pairwise
distinct supporting hyperplanes) until q € ri(Pay,(f) N mlgjgd/ Hj). When this
condition is satisfied, we define, for all v € R?, Ly(v) = (2}(v), ..., 2} (v)). The
invocation of the supporting hyperplane theorem at each iteration guarantees
that Lq(q) is a lexicographic maximum of Lq(Pay,(f)). We remark that, when
the stopping condition is fulfilled, the supporting hyperplane theorem is no

longer applicable.
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Let V = L '(Lqg(q)). By construction, q € ri(V N Pay,(f)). To conclude,

we establish that ri(V N Pay,(f)) = ri(V N conv(Pay?""®(f))). This suffices

because the latter set is a subset of conv(PayP"®(f)). This is equivalent to

showing that cl(V N Pay,(f)) = cl(V N conv(PayP“"(f))): convex subsets of R?

S

have the same relative interior as their closure [Roc70, Thm. 6.3].

On the one hand, the inclusion conv(Pay?"(f)) C Pay,(f) implies that

S

cl(V N conv(Pay?“"®(f))) C cl(V N Pay,(f)). For the other inclusion, we need

s

only show that

V N Pay,(f) C cl(V Nconv(PayR""(f))).

We assume towards a contradiction that this is not the case. We fix a vector

p € VN Pay,(f)\ c(V Nconv(Pay?""(f))). Using the hyperplane separation

S

theorem (Theorem 2.3), we obtain z} such that zi(p) > zi(v) for all v €

cl(VNconv(PayP""(f))). Because p € Pay,(f), Theorem 14.1 implies that there

S
exists a pure strategy o such that (Lq(p), 25(P)) <iex (Lq(EJ(f)), z:(EI(f))).
Furthermore, p € V implies that Lq(p) is the lexicographic maximum of

Ly(Pay,(f)), and thus so is Lq(EJ(f)), i.e., EZ(f) € V N Pay?""(f). It fol-

S
lows that z%(p) < xX(EJ(f)), which is contradictory. This closes the ar-

gument that cl(V N Pay,(f)) = cl(V N conv(Pay?""®(f))), which implies that

q € conv(PayP""(f)), ending the sketch.

We complement the sketch above with two examples that illustrate the
construction of the mapping Lq. In the first example, we select q as an
extreme point of the set of expected payoffs. In this case, the constructed linear
mapping Lg is such that q is the unique vector p € R? such that Lq(p) is the
lexicographic maximum of Lq(Pay,(f)). In our second example, Pay,(f) is not
closed and we choose q as a non-extreme point such that no pure strategy has
expected payoff q. In this case, we observe that the uniqueness property of
the first example cannot be obtained no matter which linear forms are used to

construct Lg.

Example 14.2 (Extreme point). We consider the MDP depicted in Figure 14.3.
Throughout this example, we (implicitly) consider sy as the initial state. We
study indicators of reachability objectives: we let f = (TReach(71)s LReach(T2))
where T1 = {s1,54} and T = {s2,54}. The set Pay, (f) is depicted in Fig-
ure 14.4: it is the convex hull of the expected payoffs of the pure strategies
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Figure 14.3: An MDP. The doubly circled and filled states respectively highlight
the targets of the reachability objectives Reach({s1, s4}) and Reach({s2, s4}).

f2

N

1 fi

(a) The blue dashed line (xz + 3y = 3)
is a hyperplane supporting Pay,(f) at
q. The orange dotted line (6z — 2y =
3) is a hyperplane obtained from an
extension of the linear form defining
the hyperplane {q} of the blue line.

B
Lq(0,1)

(b) The image of the set on the left
by the linear mapping Lq: (v1,v2) —
(v1 + 3vg, 6v1 — 2v2) obtained through
the equations of the hyperplanes on
the left. Remark that the image of q
is lexicographically optimal.

Figure 14.4: The set of expected payoffs for Example 14.2 and its image by a

linear mapping.



250 Chapter 14 — Payoff sets in multi-objective MDPs

that play one of the actions a, b or ¢ in sg. We focus on the extreme point

q= (%, %) in the remainder of this example.

The construction of Lq is in two steps. First, we consider the linear form
x7 defined by, foE all v € RY, 2%(v) = v1 + 3va. The hyperplane H = (z7)71(3)
supports Pay, (f) at q and is depicted by the blue dashed line in Figure 14.4a.
It is not satisfactory to set Lq = z7: q is an endpoint of the segment [(0,1),q] =

Pay,, (f) N H, and is therefore not in its relative interior.

We recall that for any linear form y* of ker(z}) (i.e., the vector space
corresponding to H), there exists v € ker(z}) such that y*(w) = (w,v)
for all w € ker(x7). Since any non-zero linear form of ker(z}) is bijective,
all of them induce a hyperplane of H supporting Pay,(f) N H at q. We
proceed with the linear form x%: R? — R defined by z3(v) = 6v; — 2vs for all
v = (v1,v2) € R? (derived from the vector w = (6, —2) € ker(z})). Observe

that ker(z7) Nker(z}) = {0}.

We define Lq(v) = (2}(v),25(v)). Since Lq is bijective, Lg'(Lqg(q)) is a
singleton set. Therefore, q is in the relative interior of Lg'(Lg(q)) N Pay,, (f).
By linearity of the expectation, it holds that Pay, (Lq o f) = Lq(Pay,,(f)).
This set is illustrated in Figure 14.4b; it is easy to check that Lq(q) is the
lexicographic maximum of this set.

In this case, Lq allows us to deduce that there exists a pure strategy o
such that EJ ( f) = a. On the one hand, by Theorem 14.1, there exists a pure
strategy o that is lexicographically optimal from sg for Lq o f. On the other

hand, the only payoff vector p € Pay, (f) such that Lq(p) is the lexicographic
maximum of Lq(Pay,,( f)) is q. This implies that q is the payoff of the pure

pure/ ¢

strategy o, and thus q € PayE"(f). <

Remark 14.3 (The necessity of induction). In Example 14.2, it is possible to
isolate q by a supporting hyperplane of Pay, ( f). We could thus choose Lq as
a linear form and bypass the induction step of the construction of Lq here. We
avoid using a linear form for the sake of illustration, as we cannot use linear
forms to isolate extreme points in general. In fact, this can be shown via the

example of Section 14.1.

We recall the set of expected payoffs of this example in Figure 14.5. Precisely,
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E(f2)

1 E(f1)

Figure 14.5: The set of expected payoffs of the example presented in Section 14.1.
The line passing through (0,2) and (1,2) is the unique hyperplane supporting
D at the point (1,2).

it is the set

D = conv ({(0,2), (1,2)} U {(1 + %2 - 2}_1) Iy e N}) .

We show that the only hyperplane supporting D at q = (1,2) is the line carrying

the segment [(0,2), (1,2)]. The slanted lines passing through q in Figure 14.5
suggest that any other hyperplane is not a supporting hyperplane of D. We
formalise this idea.

Assume towards a contradiction that there exists a linear form z*: R? — R
such that for all p € D, 2*(q) > z*(p) and z*(q) # *((0,2)). Let a, 5 € R
such that for all v = (vi,ve) € R 2*(v) = av; + Bva. We observe that
z*(q) > 2*((0,2)) is equivalent to o« > 0. We also have, for all £ € N,
x*(q) > z*((1 + 4?—:,2 - 22—1,1))7 ie, 8> Q?—fl - . The previous properties
imply that 8 must be greater than all real numbers, which is a contradiction.

We have shown that q cannot be isolated from the other elements of D
with a linear form, which implies that the induction step in the construction of

Lq cannot be bypassed when dealing with extreme points in general. <

The construction outlined in Example 14.2 can be generalised to show that
all extreme points of the set of expected payoffs of f from a given state are
the expected payoff of a pure strategy. However, this property is not sufficient
to show that all expected payoffs are convex combinations of pure expected

payoffs. In particular, the following example highlights that some expected
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b a a
(1,0) (0, 1) (0,1)

Figure 14.6: An MDP with deterministic transitions. The pairs beneath actions

represent a two-dimensional weight function. State t is doubly circled because

it is a target.

f2

B L1(4,0)
q= (272) _1‘ L1<q

—0 4\7) fl L1(0,4)

(a) The blue dashed line (x+y = (b) Image of the payoff (c¢)Image of the payoff set
4) is a hyperplane supporting set in Figure 14.7a by in Figure 14.7a by the lin-

Pay,(f) at q. The orange dotted the linear mapping L; ear mapping Ly such that
line (z — y = 0) is an orthogonal such that (vy,ve2) — (vi+ (v1,v2) — (v1 + va,v2 —
hyperplane included for reference wvq,v; — v2). v1).

for the adjacent figures.

Figure 14.7: The set of expected payoffs for Example 14.3 and its image by two
(related) linear functions. The segment ](0,0), (4,0)] in grey does not intersect

Pay,(f). Its image is similarly coloured in the two other illustrations.

payoffs are not convex combinations of extreme points of the set of expected

payoffs.

Example 14.3 (Non-extreme point). We consider the MDP depicted in Fig-
ure 14.6. We assume that state s is the initial state throughout this example.
Let w = (wy,w2) denote the two-dimensional weight function given on the
illustration. We consider a two-dimensional payoff function f. The payoff
of a play, for each dimension, is zero if ¢ is not visited and, otherwise, its
payoff is given by a discounted-sum payoff. We formalise this as the product

of a discounted-sum payoff and an indicator. Therefore, formally, f = (f1, f2)
3

is such that, for j € {1,2}, f; = Treach({t}) DSumg,j. We observe that, by
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3
definition of w, fo = DSumy,.

The set Pay,(f) is illustrated in Figure 14.7a. Any vector in Pay,(f) is a
convex combination of 0 and a vector in the segment [(0,4), (4,0)[. In particular,

no strategy has an expected payoff of (4,0) from s. We can derive Pay,(f) from
= 4

PayPUre(f) = {0} U {(4 — . j’—fl) | £ € N}. To obtain PayP“"®(f), we note

S S

that any pure strategy in this MDP induces a single play from s, because all
transitions are deterministic. On the one hand, we can obtain the payoff 0 with

the play (sb)“ (the payoff is zero on the first dimension because ¢ is not visited).
On the other hand, for all £ € N, we have f((sb)’s(at)*) = (4 - &, %)
We consider the payoff vector q = (2,2) and construct Lq. We remark

that the vector q is not a convex combination of extreme points of Pay,(f).

Therefore, is not possible to conclude that q € conv(PayP""®(f)) by adapting the

S
argument of Example 14.2 to deal with all extreme points. The only hyperplane
H that support Pay,(f) at q is the line depicted in blue in Figure 14.7a.
We let z7: R? — R be the linear form defined by x%(v) = v; + vy for all
v = (v1,v2) € R% We have H = (27)71(4). We observe (via Figure 14.7a) that

q is in the relative interior of Pay,(f) N H. We define Lq = z7.

To close this example, we provide an argument based on L Y(Ly(q)) being
a line to show that q is a convex combination of expected payoffs of pure
strategies. While this argument differs from the general proof provided below,
it can be generalised to show that q € conv(Pay?""(f)) whenever L' (Lq(q))

is a line. This argument consists in showing that there are payoffs of pure

strategies on either side of q on the line segment Pay,(f) N H = [(0,4), (4,0)].

This implies that q € conv(Pay?""(f)).

S

We fix a direction vector vy = (1,—1) of H. For all vectors p of Pay,(f)
in [q, (4,0)[ (resp. [q,(0,4)]), we have (p,vy) > (q,vu) (resp. (p,—vn) =
(q,—vp)). Consider the linear mappings Li: w — (2} (w),(w,vg)) and
Ly: w s (23(w), (w, —vg)) over R2. We illustrate the image of Pay,(f) by L;
and Ly respectively in Figure 14.7b and Figure 14.7c.

Theorem 14.1 implies that, for ¢ € {1,2}, there exists a pure strategy
o; such that L;(p;) >jex Li(q) where p; = EZ*(f). We obtain, by defini-
tion of L;, that x%(p;) = z3(q) for i € {1,2}, as =% supports Pay,(f) at
q. Therefore, ay == (p1,vy) > 0 and ay = (p2,vy) < 0. Furthermore,
for i € {1,2}, it holds that p; = q + HvaTith because (mq, mvH)
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is an orthonormal basis of R, <pi,mq> = 2”2 czi(pi) = 2v2 = |qll2

q
(as x7(pi) = 27(q)) and (p;, mvH) = —2— (by definition of «;). Thus,

) Vel

q € [p1,p2] € conv(Payf*™*(f)). <

14.3.2 Theorem statement and proof

We now formally state the main theorem of this section and prove it.

Theorem 14.4. Assume that f is universally integrable. For all s € S, we have

Pay,(f) = conv(PayP""(f)). In other words, the expected payoff of any strategy

S

1s also the expected payoff of a finite-support mixed strategy.

Proof. Throughout this proof, we assume that for all 1 < j < d, f; is a real-
valued payoff. This is without loss of generality: these payoffs are universally
integrable, and thus are PJ-almost-surely real-valued for all o € (M) and
seS.

It is sufficient to show that Pay,(f) C conv(Pay?""(f)). Let q € Pay,(f). We
construct the linear mapping Lq as explained in the sketch, i.e., such that Lq(q)
is the lexicographic maximum of Lq(Pay,(f)) and q € ri(Lal(Lq(q)) NPay,(f)).

Let D = Pay,(f) — . We observe that Lq satisfies the conditions above
if and only if Lq(0) is the lexicographic maximum of Lq(D) and 0 is in the
relative interior of D N ker(Lq). We construct Lq by working with D and 0
instead of Pay,(f) and q. This allows us to work with vector sub-spaces instead
of affine spaces, overall simplifying the presentation.

We let yi: R? — R be the constant zero function. If 0 € ri(D), we let
Lq = y5. This function satisfies the desired properties. We now assume that
0 ¢ ri(D). We inductively define a sequence of non-zero linear forms yi, ...y}
such that y7: ker(ys_;) — R for all j € [1,d]. Next, for all j € [1,d'], we
extend y; to a form z7: RY — R. Finally, we define the mapping Ly as
Lq(v) = (#3(v),...,z%/(v)) for all v € R? and show that it satisfies the desired
properties.

Let j > 1. By induction, assume that y;_; is defined (this is the case even
for j = 1). We distinguish two cases. If 0 € ri(ker(y;_;) N D), we stop the
construction. We remark that if j = d+1, then ker(y;_; ) is a singleton set and we
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are necessarily in this case (i.e., d’ < d). Now, assume that 0 ¢ ri(ker(y;_;)N D).
The supporting hyperplane theorem (Theorem 2.4) implies that there exists
a linear form y;: ker(y;_;) — R such that for all p € D Nker(y;_;), we have
y;(p) < 0=y;(0). This allows us to continue with the induction.

Assume that the procedure above has provided linear forms y7,...,y5. We
now extend them to RY. Let j € [1,d]. There exists w; € ker(y;_1) € R? such
that for all v € ker(y;_;), we have y7(v) = (v,w;). We define z7: RY — R
by, for all v € R? zi(v) = (v,wj;). We let Lq: R? — R¥ be such that
Lq(v) = (z5(v),..., 2% (Vv)) for all v € R

We now show that Lq satisfies the required properties. By construction, for
all p € D and all j € [1,d'], if 2}, (p) = 0 for all j' € [1,j — 1], then necessarily
p € ker(y;_;), and thus 27 (p) < 0. This implies that for all p € D, Lq(p) <jex
L4(0). This shows that Lq(0) is the lexicographic maximum of Lq(D). Next,
we show that 0 € ri(D Nker(Lq)). This follows from the stopping condition in
the construction of Lq and the equality ker(Lq) = (;<;j<u ker(z}) = ker(y)
(the second equality follows from x7 = y} and ker(yy) 2 ... D ker(y)).

Let V = Lg'(Lq(a)). We have shown that q € ri(V N Pay,(f)). It suffices

to show that ri(V N Pay,(f)) = ri(V N conv(Pay?""®(f))) to conclude that q €

s

pure

Pure( £)). Since all convex subsets of R? have the same relative interior

conv(Pay

as their closure [Roc70, Theorem 6.3|, the equality of the relative interiors stated

before is implied by the relation cl(V N Pay,(f)) = cl(V N conv(Pay?""(f))).

S

To end the proof, we show this equality of closures. The inclusion cl(V N

conv(PayP""®(f))) C cl(V N Pay,(f)) is direct.
For the other inclusion, it suffices to show that V N Pay,(f) C cl(V N

conv(PayP""®(f))). Let p € V NPay,(f). Assume, by contradiction, that p ¢

cl(V Nconv(Pay?""®(f))). By the hyperplane separation theorem (Theorem 2.3),

there exists a linear form x* over R such that for all p’ € V N conv(Pay?""®(f)),

we have z*(p) > z*(p’). Let Lq: R? — R¥+! such that for all v € R?, we have
La(v) = (La(v).a*(v)).

Let o such that p = EJ(f). By Theorem 14.1, there exists a pure strategy
7 such that ET(Lq o f) >iex EZ(Lq 0 f) = Lg(p). We have E7(f) € V because
Lo(EL(f)) = El(Lg o f) Ziex Lq(P) = Lq(q) and Lq(q) is lexicographically
optimal in Lq(Pay,(f)). It follows that EZ(x* o f) = z*(EI(f)) > =*(p). This
is a contradiction with z* defining a strongly separating hyperplane. O
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We now formulate two corollaries of Theorem 14.4. The first one relates to

extreme points of payoffs sets.

Corollary 14.5. Assume that f is universally integrable. For all s € S,

extr(Pay,(f)) C PayP'"(f), i.e., all extreme points of Pay,(f) are payoffs of

S

pure strategies.

Proof. By Theorem 14.4, we have Pay,(f) = conv(Pay?""(f)). All extreme

S

points of conv(PayP“"®(f)) must be in Pay?""(f) by definition of the convex

S S

hull. O

Second, we establish that, for all s € S, Pay,(f) is closed whenever Pay?""( f)
is closed. We note that, in general, the convex hull of a closed set need not
be closed. However, the convex hull of a compact subset of R? is closed
(Lemma 2.2). The set of expected payoffs of a universally integrable payoff
function is bounded by the characterisation of universally integrable payoffs in

Lemma 13.8. Therefore, it is thus compact, implying the claimed property.

Corollary 14.6. Assume that f is universally integrable. For all s € S, if

PayP"(f) is closed, then Pay (f) is compact.

Proof. Let s € S such that PayP"™(f) is closed. By Lemma 13.8, f is universally

S

integrable if and only if PayP'"(f) is bounded. It follows that PayP'™(f) is

compact. Theorem 14.4 ensures that Pay,(f) = conv(Pay?""(f)), and thus

S

Pay,(f) is compact by Lemma 2.2. O

We close this section by showing that Theorem 14.4 does not generalise
to universally unambiguously integrable payoffs. We build on Example 14.1,
which illustrates that randomisation may be necessary to play lexicographically

optimally for universally unambiguously integrable payoffs.

Example 14.4 (Example 14.1 continued). We consider the MDP M depicted
in Figure 14.2 and the payoff function f = (LReach({t}), TRewy,) where w is
the weight function of Figure 14.2. In Example 14.1, we have shown that

there exists a randomised strategy o such that EZ(f) = (1,+00) and that
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Pay§*"*(f) = {(0,+00)} U{(1,£) | £ € N}.

We show that (1,+00) ¢ conv(Pay?'"(f)). On the one hand, convex
combinations of these vectors that give a non-zero coefficient to the vector
(0, +00) have a first component is not equal to 1. On the other hand, convex
combinations that assign a zero coefficient to (0,+o0c) have a finite second

component. We obtain that (1, +00) ¢ conv(Pay?""(f)).
Although we cannot have a payoff of (1,+00) with finite-support mixed
strategies, we can approximate it with such strategies. We generalise this

observation in the next section. <

14.4 Universally unambiguously integrable payoffs

We now relax the assumption that f is universally integrable from the previous
section, and assume that f is universally unambiguously integrable. We formu-
late an approximate variant of Theorem 14.4: from a given state, any expected
payoff of a strategy can be approached by convex combinations of expected
payoffs of pure strategies (in the sense of limits in R?).

We provide a proof sketch in Section 14.4.1. The theorem statement and

proof are formalised in Section 14.4.2.

14.4.1 Proof overview

Fix s € S and a strategy o. The goal is to show that all neighbourhoods of

EZ(f) intersect conv(Pay?""(f)). In other words, we must prove that for all

€ >0 and all M € R, there exist finitely many pure strategies 71, ..., 7, and

convex combination coefficients aj, ..., a, € [0,1] and, for all j € [1,d]:
o if EZ(f;) = +oo, then >0 4 anBE™(f;) = M,
e if EZ(f;) = —o0, then > 0", o Eg™(f;) < —M and,

e otherwise, > "' _, a,E5™(f;) > EI(f;) — €.

We fix ¢ > 0 and M € R. The proof is based on the reformulation of EJ(f)
as an integral of pure expected payoffs from Lemma 13.4 and the manipulation
of random variables. Even though Lemma 13.4 is not applicable to all payoffs,

Lemma 13.9 implies that there exists a vector v such that the payoff f + v
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Figure 14.8: Illustration of the approach used to construct the approximation
Y of X adapted to a function over [0,1]. We round the blue function down
to the closest multiple of % to obtain the red function. This yields a linear
1_

combination of indicators that is ;-close in all points to the function in blue.

satisfies the assumptions of Lemma 13.4. We can then recover the result for
the original payoff using the linearity of the expectation.

We thus assume without loss of generality that Lemma 13.4 applies to all
payoffs fi1, ..., f4. We consider a mixed strategy p that is outcome-equivalent
to o, whose existence is guaranteed by Kuhn’s theorem. For all j € [1,d], we let
Xt Soure(M) = R: 7 EI(f;). We let X = (X1,...,X4). By Lemma 13.4,
we have EJ(f) = fTeEpure(M) X (1)dp(r). We sketch the proof when the X; are
(u-almost-surely) real-valued functions. We comment on the generalisation at
the end of the sketch.

The broad idea is as follows. First, we approximate X with a multivariate
random variable Y = (Y1,...,Yy) over Xyyre(M). We then approximate the
integral of Y with a convex combination ) " amY(zm) € conv(Im(Y)). Fi-
nally, we derive the convex combination > o X (2y,) from the previous one.
The successive approximations above ensure that the last convex combination
respects the claims of the theorem.

We now expand on the broad idea above. First, we construct ) such that X' —
51 <Y <X+ 31 It follows that, for all j € [1,d], fTGEpure(M
to EJ (f;) whenever EJ (f;) € {—o0, 400} and otherwise is §-close. Intuitively,

) Y;du(r) is equal

we construct ) as an infinite linear combination of indicators, following the
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rounding idea illustrated in Figure 14.8 (where the rounding precision depends
on ¢). Its integral is thus (informally) an infinite convex combination of images
of V: there are sequences (5p,)men and (zm)men respectively of coefficients
and elements of Xp,re(M) such that Y > B = 1 and f €5 pure )ydu(T) =

Y men BmY (2m). We derive a sequence (P™)pen in conv(Im(Y(z,,))) that

converges to freEp (M) Ydu(r) from this series: we let

">—Zﬂmyxm (1—Zﬁm>

for all n € N.

Fix n € N large enough such that, for all j € [1,d], component j of p(™
is §-close to frezpure(M) Yjdpu(7) if it is a real number or greater than M + ¢
in absolute value otherwise. The convex combination q =Y _, BmEs Es™ (f) +
(1=>"" o Bm)Es <"0(f) is a satisfactory convex combination with respect to the
claim of the theorem. Let j € [1,d]. If E(f;) = +oo, we obtain that ¢; > M.
Similarly, if EJ(f;) = —oo, we obtain that ¢; < —M. Otherwise, we have that
g; is e-close to EJ(f;).

We now briefly discuss the case where some X is not p-almost-surely real-
valued. For the sake of illustration, we assume that this only applies to j = d
and that X4 > 0. Therefore, we have E7(fy) = +oo and there exists some
T € Ypure(M) such that E(fq) = 400 and EJ(f;) € Rfor all j € [1,d—1]. Let
Tiy..., Ty and aq,.. ., oy given by the theorem for (f1,..., fa—1), § and M +¢.
Let g =Y_1 _; anEi™ (f). By choosing 1 € |0, 1] such that all components of
E7(f) other than the last have absolute value no more than 5 and the finite
components of (1 —7)q are §-close to the corresponding components of q, we

obtain a suitable convex combination in the form of nEI(f) + (1 —n)q.
14.4.2 Theorem statement and proof

We now formally state the main theorem of this section and prove it.
Theorem 14.7. Assume that f is universally unambiguously integrable. Let
s € S. We have cl(Pay,(f)) = cl(conv(PayP""®(f))). In particular, for all

strategies o, all € > 0 and all M € R, there exist finitely many pure strategies
Ti, -+, T, and conver combination coefficients aq, ..., oy € [0, 1] such that for
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dl1<j<d:
o if E(f;) = +oo, then Y 1, amEs™(f;) > M,
o if EJ(f;) = —oo, then Y 1 amBE™(f;) < —M, and,

o otherwise, if EZ(f;) € R, EI(f;) —e <> i amBEs™(f;) <EI(f;) +e.

Proof. The inclusion cl(conv(Pay?""(f))) C cl(Pay,(f)) follows from the con-

s

vexity of Pay,(f) (see Theorem 13.7). For other inclusion, it suffices to show

that Pay,(f) C cl(conv(Pay?""(f))). This inclusion is equivalent to the last
property of the theorem statement.

Let 0 be a strategy, e > 0 and M € R. Let u be a mixed strategy that
is outcome-equivalent to o (whose existence follows from Kuhn’s theorem).
To prove the theorem, we reason on the p-integral of random variables of
(Zpure(M), Fx,e(rm)); see Chapter 2.4.3, Page 36, for the definition of the
o-algebra Fy (a)- For any real or multivariate random variable Y over

Ypure(M), we write [Ydu for [

T

€S pure(M) Y (7)du(7) to lighten notation.

We make two assumptions without loss of generality. We defer the proof
that these assumptions are without loss of generality to the end of the proof.
First, we assume that for all j € [1,d], either E](f;) > 0 for all strategies 7

or E7(f;) <0 for all strategies 7. This assumption guarantees that EJ(f) =
freEpure(M) E7(f)du(7) by Lemma 13.4. Second, we assume that for all j € [1,d],
the set {7 € Ypure(M) | EI(f;) ¢ R} has p-measure zero.

For all j € [1,d], we consider the random variable X;: 7 — E7(f;) over
Ypure(M). We let X = (X1,..., Xy). The first assumption above implies that
for all j € [1,d], X; is a non-negative or non-positive random variable. The
second assumption implies that X is almost-surely R%-valued. We thus interpret
the random variable X" as a function X,,re(M) — RA.

We now prove the result under the assumptions above. The first step of
the proof is to construct a random variable Y = (Y1,...,Yy): Spure(M) — RY
which approximates X. To ensure that the integral of ) is an infinite convex
combination of images of ) (in the sense of the proof overview), we define ) as
a function similar to a simple function. More precisely, we define ) as a series

of indicators multiplied by coefficients.
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We fix k € N such that 2% < §. We define Y component by component
first, and introduce its series form later. Let j € [1,d]. We generalise the
construction illustrated in Figure 14.8. For all k£ € N, we let Y; be the random
variable over ¥y, (M) such that

SNy
V=3 5l E
=0 2

¥
?r“‘

if X; is non-negative, i.e., we round X; down to the closest multiple of 2, and,

Qk ’
otherwise,

2k 7ok

</
Y; = Z oF 1} =1 =] (X;),
=0

i.e., we round X; up to the closest multiple of 2% We have X; — 2% <Y; <
X; + 2% This implies that X; — § < Yj(k) < Xj + 5. In particular, Yj is
integrable if and only if X; is and, and, if both are integrable:

€ €

E3(5) - § < [ Yidn <EZ(F)+ 5 (14.3

We also have E7(f;) = oo (resp. —o00) if and only if [ Y;du = +oo (resp. —00).

Now that we have shown that ) approximates X, we prove that the integral

of Y can be written as an infinite convex combination of elements of Im(})’). To
this end, we rewrite ) in the series form mentioned above.

Let j € [1,d]. If X; > 0, we define, for all £ € N, I;(¢) = [&, 5[ and

vi(f) = 2%. Otherwise, if X; > 0 does not hold, we define, for all £ € N,

Ii(0) =] _gk_l, 2k] and v;(¢) = _Z . We fix an enumeration (£™),,cn of N¢. For

all m € N, we let £(™) = (Eg ), . ,E&m)) € N¢. We define B,, = H;l:l Ij(ég.m))

))) je[1,d]- We can rewrite ) as follows, using this notation:

Y=> vnlg,(X)

meN

and v, = (vj(ﬁg-m

Through this, we obtain that the integral of ) is an infinite convex combination:

the monotone convergence theorem ensures that

/J}dﬂ— > Vi (X7 (Bm)) -
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Next, to determine the coeflicients and pure strategies we seek, we define
a sequence in conv(Im(Y)) converging to [ Ydu. For all m € N, we let 3, =
p (X~1(Bm)) and let 7,,, € Spure(M) such that v,,, = Y(7,,) if B, # 0, and 7y,
is left arbitrary otherwise. We consider the sequence (p(™),cn defined by, for

all n € N,
= Z B (Tim) + (1 - Z 5m) V(7o)

We have lim,,_,oo p" fydu and for all n e N, p(® e conv(Im())). For all
n e N, we let p® = ( gn), ... ,pgn)).
We now fix n such that, for all j € [1,d], [ Y;dp € R implies that

- [viau<s, (14.4)

JY;dp = +oo implies that pg-n) > M + ¢ and [Yjdpy = —oo implies that
pgn) <—M—e. Weset g =1—3 1 _, B and for m € [1,n], am = Br. We
remark that p™ = 3" ., Y(7,,). We show that the convex combination
a=>n _oanX(T,) = _anEi(f) satisfies the claim of the theorem.

We write q = (q1,...,qq). It follows from the inequalities Y; — § < X; <
Y; + £ for all j € [1,d] and the definitions of q and p™ that

pW—glgqgﬂm+gL (14.5)

Let j € [1,d]. First, assume that EJ(f;) = +oo (i.e., [Y;du = +00). In

this case, it follows from Equation (14.5) and pg-n) > M + ¢ that

(n) € 2e
Zam (F)z2p” =32 M+ > M
The argument for the case EJ(f;) = —oo follows an analogous reasoning and is
omitted.
We now assume that EJ(f;) € R (ie., [Y;du € R). By applying Equa-
tions (14.5), (14.4) and (14.3) in succession, we obtain that

QJ<p§)+*

/Ydu—i—

<EZ(f;) +e
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A similar succession of inequalities (referring to the same equations), yields
¢; > E7(f;) —e. This ends the argument that q satisfies the conditions outlined
in the statement of the theorem.

To end the proof, it remains to show that the assumptions made above are
without loss of generality. We recall them first:

1. for all j € [1,d], E7(f;) > 0 for all 7 € X,re(M) or EI(f;) < 0 for all
T € Tpure(M);

2. for all j € [1,d], p({7 € Epwre(M) | X;(7) ¢ R}) = 0.

In the above, we have shown that the claim of the theorem holds with As-
sumptions 1 and 2. In the following, we first show that the theorem with both
Assumptions 1 and 2 implies the theorem with only Assumption 2. After this,
we show that the theorem with Assumption 2 implies the theorem with neither
additional assumption.

Assume that Assumption 2 holds and let us show that the claim of the
theorem holds. To obtain the result for f, we derive a payoff g = (g1,...,94)
from f such that g satisfies the conditions outlined in Assumptions 1 and 2, so
that we can apply the variant of the theorem with Assumptions 1 and 2 to g.

Let j € [1,d]. If inf cxng) EZ(f5) € R, we let g; = f; — inf exmg) EZ(S5)-
We obtain that EJ(g;) > 0 for all strategies 7. Indeed, for all strategies 7,
this follows by linearity of E if f; is Pj-integrable (which is equivalent to g;
being P7-integrable) and otherwise the non-negative parts of f; and g; are
|inf v es ) E7 (f;)|-close to one another, thus share their infinite integral and
we obtain E7(g;) = E](f;) = +o0o0 > 0. Otherwise, by Lemma 13.9, we have
suprexm) E5(fj) € R and we let g; = f; — sup,exag) E5(f;). By adapting
the argument of the previous case, we obtain that for all strategies 7, we have
E7(g;) < 0 and the equivalence E}(g;) = —oo if and only if E](f;) = —oo.

Let M’ = M +max;eq g |7;] Where ~y; is the constant such that g; = f; —;
for all j € [1,d]. We let 1, ..., 7, be the strategies and oy, ..., o, € [0,1]
be the coefficients given by the theorem with Assumptions 1 and 2 for g,
o, cand M'. Let j € [1,d]. For all m € [1,n], f; is Ps™-integrable (by
the remaining additional assumption). We thus have Y | @, E™(f;) =
i+ > amE™(g;). IEEZ(f;) € R, ie., f; is P-integrable, then so is g; and
we directly obtain EZ(f;) —e < >0 _ anEd™(f;) < EJ(f;)+e from the similar
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inequality for g;. Next, assume that EJ(f;) = +o0. By the above, this implies
that EZ (gj) = +00. We obtain (from the application of the theorem to g;) that
S L amEs™(f;) > v + M’ > M. Finally, if EZ(g;) = —oco, we obtain that
S L amEdm(f;) <vj — M’ < —M in the same way as the previous case.

It remains to show that the theorem with Assumption 2 implies the theorem
with no assumption. For convenience of notation, we assume that there exists
d' € [1,d] such that, for all j € [1,d'], p({7 € Zpure(M) | EL(f;) ¢ R}) > 0
and, for all j € [d' + 1,d] and p({T € Epure(M) | EL(f;) € R}) = 1.

For all j € [1,d'], EJ(f;) is infinite and there exists 7; € Bpure(M) such that
ES (f;) = EZ(f;) (because u({T € Spure(M) | EZ(f;) ¢ R}) > 0) and, for all j €
[d'+1,d], E7(f;) € R (because u({7 € Zpure(M) | EL(fj) € R}) =1). If d' =,
we conclude using the convex combination Z;-lzl éE? (f) = E2(f). Therefore,
we assume that d’ < d. The payoff (fg11,..., fq) satisfies Assumption 2. We
apply the theorem with Assumption 2 to (fa41,- .., fa), strategy o, § and M +¢
to obtain pure strategies 741, ..., 7, and convex combination coefficients
Bar+1, ---, Bn that satisfy the implications given in the last property of the
statement of the theorem.

We now define convex combination coefficients oy, ..., «, to obtain
the claim of the theorem for f. Fix n € ]0,1] such that (i) for all

&

j € [1,d], the real components of nE¢ (f) are no more than 5 in ab-

solute value and (i) (1 — n) > r_yiq BB ((for41,---, fa)) is §-close to
Y oredir1 BB ((fas1,---, fa)). Forall 1 < m < d, we set a,, = F and
for m € [d + 1,n], we set ay, = (1 — 1)Bm. It follows from n € ]0,1[ that
l1—-np>0and > | am,=1L1

We show that the pure strategies 7, ..., 7, and coefficients o, ..., a, are
witnesses to the implications in the theorem statement. Let j € [1,d]]. If j < d’,
it follows from n > 0 that Y7 _; s ES™ (f;) = nES (f;) = EZ(f;) € {—00, +o0},
and the required inequality is tr1v1ally satisfied. We assume from here that
j > d' + 1. It follows from properties (i) and (ii) above that > _; amEs™(f;)
is ZE-close to S _ .1 BmES™(f;). Assume that EJ(f;) = +oc. Then, we have

2.¢ 2-€
ZamET (f;) > Z BmET _72M+€_72M'
m=d’+1

We obtain that EZ(f;) = —oc implies > amEs™(f;) < —M similarly.
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Finally, assume that EJ(f;) € R. We recall that [} _ .. BB (f;) —
EZ(f;)] < § by definition of the strategies 7441, ..., 7, and coefficients By 1,
.., Pn. We obtain, by the triangular inequality, that

Z am B (f5) — EZ(f5) Esm(f5) — Z BB (f5)
m=1

m=d'+1
Z BB (f5) — ES (£5)
m=d’'+1
2-¢
< 4=
3 +3

This ends the proof that theorem with Assumption 2 implies the theorem

without any additional assumption. O

14.5 Bounding the support of mixed strategies

Theorems 14.4 and 14.7 state that it suffices to mix finitely many pure strategies
to respectively match or approximate the expected payoff of any strategy. We
provide bounds on the number of pure strategies to mix in this section, in the
same vein as Carathéodory’s theorem for convex hulls (Theorem 2.1). We show
that the expected payoff of a finite-support mixed strategy can be obtained
exactly by mixing no more than d + 1 strategies that are in its support and
that a greater or equal payoff can be obtained by mixing no more than d of
these strategies.

Let s € S, 01,...,0, be pure strategies and a1, ..., a, € [0,1] be convex
combination coefficients. Let q = (¢;)1<j<d = Yoy @mES™(f). First, let us
discuss the case when q € R?, i.e., when all considered pure strategies have a
finite expected payoff on all dimensions. In this case, the first bound is direct
by Carathéodory’s theorem for convex hulls.

For the second bound, we observe that q is an element of the compact convex
polytope D = conv({EJ™(f) | m € [1,n]}). In particular, q is dominated by
an element p lying on a proper face of D (i.e., the intersection of D and a
hyperplane). For instance, we can consider q + - 1 for § = max{y > 0 |
q + 71 € D}. Because proper faces have dimension no more than d — 1,

Carathéodory’s theorem implies that p is a convex combination of no more
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than d vectors of the form EJ™(f), taken among those lying on the considered
proper face.

Assume now that q ¢ R?. In this case, Carathéodory’s theorem does not
apply directly. The idea is to reduce ourselves to the previous case. For each
J € [1,d], if g; is infinite, there is m € [1,n] such that ES™(f,,) = ¢;. For each
infinite component of q, we fix a,,E3™(f) in the convex combination for one
such m. We then obtain the sought bounds from the above; we reason on the
real-valued components of q in the non-fixed part of the convex combination
(after normalising its coefficients to sum to one).

We formalise our theorem and the previous proof sketch below.

Theorem 14.8. Assume that f is universally unambiguously integrable. Let s €

S, o1, ..., 0, be pure strategies and o, ..., a, € [0,1] be conver combination

coefficients. There exist conver combination coefficients B1, ..., Bn € [0,1] with

H1 <m <n|pBn#0} <d+1 and convex combination coefficients v, ...,
€ [0,1] with [{1 <m < n | vy, # 0} < d such that

Z amE™ (f Z BB (f Z VB (f

Proof. For all m € [1,n], let p™ = (pg'm))je[[l,d]] = EI™(f) and let q =
(¢j)1<j<d = > r_ amp™. We assume that for all m € [1,n], a, # 0.

First, we assume that q € R%. The existence of coefficients i, ..., B
obeying the required conditions is direct by Carathéodory’s theorem for convex
hulls (Theorem 2.1). We let D = conv({p™ | m € [1,n]}), which is a compact
set (see Lemma 2.2).

We definep=q+4-1for f =sup{y>0|q+~v-1€ D}. We remark that
B is a real number. On the one hand, 0 € {y > 0| q+ -1 € D}, and thus
B # —oo. On the other hand, D is bounded, therefore 5 # +oo. Furthermore,
p € D. By convexity of D, q+v-1 € D for all 0 < v < . It follows that
pec(D)=D.

We have q < p. To end the case q € R%, we show that there exists a
hyperplane H such that p is a convex combination of the vectors p(™) that lie
in H. This suffices, because Carathéodory’s theorem then ensures that p is a
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convex combination of no more than d vectors among the p(").

If D is included in a hyperplane, there is nothing to show. We thus assume
that D is not included in a hyperplane and obtain a hyperplane using the
supporting hyperplane theorem (Theorem 2.4). By construction, p ¢ int(D) =
ri(D): for all v > 0, p+ -1 ¢ D. Therefore, there exists a linear form
r*: RY — R such that for all v € D, 2*(v) < z*(p). We claim that p is
a convex combination of the p(™ that lie in the hyperplane (z*)~!(z*(p)).
Write p as a convex combination » o/ p™. We observe that for all
m € [1,n], o/, # 0 implies z*(p™) = z*(p), as otherwise we would obtain
that *(p) < z*(p). This ends the proof in the case q € R?.

We now assume that some components of q are infinite. For convenience
of notation, we assume that there is d’ € [1,d] such that, for all j € [1,d'],
gj € {—00,+00} and, for all j € [d' +1,d], ¢; € R. For all j € [1,d'], let
m; € [1,n] such that pg-mj) =q;. If ' = d, we have q = é 25:1 p(™). We now
assume that d’ < d.

Let Io = {m; | j € [1,d']}, Ir = [1,n] \ Ioo. We have |Io] < d' < d. In
particular, if Iy is empty, the sought result is direct. We assume that Ig # (. Let
QR = ) ner, @m > 0, and let proj, g (R)* — (R)?~?" denote the projection of
a vector onto its d — d’ last components. We apply the result for vectors in R~
to projs g (Yo mer, o (m)) with respect to the payoff function (fyi1,..., fa).
It follows that there exist convex combination coefficients (3),)mer, of which at
most d — d' + 1 are positive and convex combination coefficients (., )mer, of
which at most d — d’ are positive such that

. (0% . .
Projs, Z ?gp(m) = Z ﬁ;nprobd,(p(m)) < Z ry;nprobd,(p(m)).
melr melr melr

We conclude by observing that

a= Y o™t ag- 3 2y

mEIoo mGIR
mels melr

< Y amp™+ > ory,p™,

meloo melyr
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i.e., for all m € I, we let B, = Ym = am, and for all m € Ig, we let

Bm = ar - B, and v, = QR - Vo, O

We now highlight two corollaries of Theorem 14.8. First, we obtain bounds
when dealing with universally integrable payoffs that follow from Theorem 14.4.

Corollary 14.9. Assume that f is universally integrable. Let s € S.

e For all q € Pay,(f), q is a convex combination of at most d + 1 elements

of Pay§""®(f).

e For all q € Achy(f), there exists a convex combination p of at most d

elements of PayP""®(f) such that q < p.

s

Proof. By Theorem 14.4, Pay,(f) = conv(Pay?""(f)). Furthermore, we recall

that q € Achs(f) if and only if there exists a strategy o such that q < EJ(f).
We obtain both claims of the corollary directly by Theorem 14.8. OJ

Example 14.4 implies that Corollary 14.9 does not directly extend to univer-
sally unambiguously integrable payoffs. Nonetheless, we can identify a class of
vectors that can be achieved by mixing no more than d strategies: the vectors
in int(Ach,(f) NRY). These are vectors q € Ach,(f) NR? that can be improved
in all dimensions simultaneously, i.e., such that q 4+ €1 € Achy(f) for some
€ > 0. To prove our result, intuitively, we approximate, via Theorem 14.7, the
payoff of a strategy achieving q + €1 with a finite-support mixed strategy then

invoke Theorem 14.8.

Corollary 14.10. Assume that f is universally unambiguously integrable. Let
s € 8. For q € int(Achs(f) NRY), there exists a convexr combination p of at

most d elements of PayP""®(f) such that q < p.

S

Proof. Let q = (g;)1<j<d € int(Achs(f) NR?). By definition of the interior of a
subset of R?, there exists ¢ > 0 such that q + e1 € Ach,(f). Therefore, there
exists a strategy o such that, for all j € [1,d], ¢; < EJ(f;). For all j € [1,d],
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we have EJ(f;) # —oo because EJ(f;) > ¢; € R. Let
n =min ({1} U{EZ(f;) — ¢; | EZ(f;) € R, j € [1,d]})

and
M = max ({1} U{g; + 1 | E{(f;) = +o0, j € [1,d]}).

Theorem 14.7 implies that there exist pure strategies 74, ..., 7, and convex
combination coefficients a1, ..., a, € [0,1] such that if EJ(f;) = +oo, then
> om=1 omBs™(f;) = M and, otherwise, 7 _; amBEs™(f;) — EJ(f;) = —n.
By Theorem 14.8, we can assume that n < d. Let p = (pj)icj<d =
0y amET ()

We show that q < p. Let j € [1,d]. First, assume that EJ(f;) = +o0. In
this case, M > ¢;, and we obtain ¢; < M < p;. Second, assume that E(f;) € R.
In that case, we have n <EJ(f;) — ¢;, and therefore ¢; <EJ(f;) —n <p;. O






CHAPTER 15

Continuous payoffs in finite
multi-objectives Markov decision
processes

We study the topological properties of expected payoff sets when considering
continuous payoff functions in finite multi-objective MDPs. The main result of
this section applies to continuous payoffs whose square is universally integrable,
or universally square integrable for short. We prove that the set of expected
payoffs and the set of achievable vectors are closed for such payoff functions. This
class of payoffs subsumes real-valued continuous payoffs (including discounted-
sum payoffs) because such payoffs are bounded (since the set of plays is compact)

and universally integrable continuous shortest-path costs (see Section 15.4).

We divide this chapter in four parts. In Section 15.1, we introduce a topology
on the space of behavioural strategies such that the resulting topological space
is metrisable and compact to formalise a notion of convergence of strategies.
In Section 15.2, we formulate our result for continuous universally square
integrable payoffs. Section 15.3 provides examples illustrating that the results
of Section 15.2 do not hold for continuous payoffs that are not universally
integrable. Finally, we show in Section 15.4 that the results of Section 15.2
apply to continuous universally integrable shortest-path costs.

For this whole chapter, we fix a finite MDP M = (S, A,d) and a d-
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dimensional continuous payoff f = (f;) je[Ld-
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15.1 A topology on the space of strategies

In this section, we define a topology on the space of strategies to formalise the
convergence of sequences of strategies.

First, we define a topology over D(A(s)) for all s € S. Let s € S. The set
D(A(s)) is a compact subset of RA(). In the sequel, we consider the metric
(induced by the Euclidean norm) distpopa (1, 1) = \/ZGGA(S) lu(a) — p'(a)l?
for all p, p/ € D(A(s)) on distributions over actions.

We endow the set ¥(M) = [[,epnisem) P(A(last(h))) of all strategies with
the product topology. We obtain that (M) is a compact metrisable topological

space. We do not define a metric over strategies, as it is not necessary in the
sequel. Instead, we recall that a sequence of strategies (a("))neN converges to a
strategy o if and only if, for all h € Hist(M), (¢ (h))nen converges to o(h).

We now formulate a result intuitively stating that close strategies induce
distributions that assign similar probabilities to cylinders of histories of bounded

length. We first require the following technical lemma.

Lemma 15.1. Let oy, ..., an,B1,...,0n € [0,1]. Then

n n
II em— 11 B
m=1 m=1

n
< Z |am - /Bm| :
m=1

Proof. We proceed by induction. The claim trivially holds for n = 1. To lighten
notation, we prove the case n = 2 separately first. We perform the general
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induction step below by building on this simpler case. We have:

jaaas — fufal = 501 — Br)(az + Ba) + 3 (o1 + Br)(az — )]

ao + a1 +
< log —51\'2252‘ + |2 —ﬂ2"12ﬁ1|

<lax — Bi| + | — B2l

The second line is obtained by the triangular inequality and the last line is
obtained by using the fact that a1, ag, 51,82 € [0, 1].

We now perform the general induction step. We assume that the result
holds for some n € Ny and prove that it holds for n 4+ 1. By applying the
simpler case proven above and then the induction hypothesis, we obtain that

n+1 n+1 n n
H Qm — H Bm| < H Oy — H/Bm +|an+1_ﬁn+1|
m=1 m=1 m=1 m=1
n+1
< Z |am - Bm| g
m=1

We now state the lemma regarding induced distributions.

Lemma 15.2. Let 0,7 be two strategies, k € Nsg and n > 0. Assume that, for
all histories h that are at most k states long, distpropa(0(h), 7(h)) < #. Then,
for all histories h that are at most k + 1 states long and all s € S, we have

[PZ(Cyl (h)) = PE(Cyl (R)] <.

Proof. Let h = sgagsi ... s, with » < k. We only prove the claim for s = sg.
The other case is direct because, for s € S\ {so}, we have P7(Cyl (h)) =
P7(Cyl (h)) = 0.



274 Chapter 15 — Continuous payoffs in finite multi-objective MDPs

The proof follows from the following sequence of inequations.

r—1 r—1 r—1
P, (Cyl (R)) — T, (Cyl (h)] = [ [ 6(se, ae)(sesa) - |[ [ o(h<e) = [] 7(h<e)

£=0 /=0 (=0
r—1 r—1

<|[Ieo(h<e) = [ m(h<e)
=0 =0
r—1

< D lo(h<e) — 7(h<e)|
/=0

<k- % =1

The first line is by definition of probability measures induced by the strategies
from sg. The second line uses the fact that transition probabilities are at most
1. The third line is obtained by Lemma 15.1. The last line follows from the

assumption of the lemma and r < k. O

In the following section, we prove that if f is universally square integrable
and ¥ C X(M) is closed, then Pay>(f) is compact. We close this section by
highlighting classes of strategies that are closed, i.e., classes of strategies for

which we can apply the previous result.

First, we show that ¥y,re(M) is a closed subset of ¥(M). The proof boils
down to showing that the limit of a converging sequence of Dirac distributions
is a Dirac distribution. This follows from such sequences being ultimately

constant.

Lemma 15.3. The set Ypure(M) is a closed subset of 3(M).

Proof. Let (a(”))neN be a sequence of pure strategies that converges to a strategy
o, i.e., for all h € Hist(M), the sequence (6™ (h))nen converges to a(h). We
must show that, for all h € Hist(M), o(h) is a Dirac distribution.

Let h € Hist(M). Because (0™ (h)),en is convergent, it is a Cauchy
sequence. Thus, there exists some ny € N such that for all n,m > ny,
distproba (0™ (), o™ (R)) < 1. Tt follows from (o™ (h)),en being a sequence of a
Dirac distributions and the definition of distproba that the sequence (™ (h)),>n,
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is constant. It follows that o(h) = o(")(h), and thus o(h) is a Dirac distribu-
tion. OJ

We can also show that the set of finite-memory strategies with at most
B € N5y memory states is closed. Furthermore, when taking the limit of a
converging sequence of finite-memory strategies induced by Mealy machines
with deterministic initialisation (resp. outputs, updates), the limit strategy is
also induced by a Mealy machine with deterministic initialisation (resp. outputs,
updates).

The proof reasons on the Mealy machines inducing the elements of the
sequence. First, we extract a subsequence of Mealy machines that all have the
same topology. Second, we extract a subsequence such that each component
of the Mealy machine converges. To conclude, we prove that the limit Mealy

machine induces the limit strategy of the original sequence.

The XYZ acronym in the following statement refers to the classification of
finite-memory strategies studied in Part III (described in Chapter 3.2).

Lemma 15.4. Let X,Y,Z € {D,R} and B € Nsq. The set of finite-memory
strategies induced by XYZ Mealy machines with at most B states is closed with
respect to the metric distetrat.

Proof. Let o be the limit of a sequence of finite-memory strategies (o, )nen
induced by XYZ Mealy machines with a most B states. For all n € N, we let
My, = (M, pikie, nxtgy, upgy,) be a Mealy machine with a most B states inducing
0,. We assume that M, C {1,..., B}.

We make several assumptions on the sequence of Mealy machines (9, )nen
that can be enforced by working with a subsequence if necessary (using com-
pactness of sets of distributions over finite sets). First, we assume that M,
is the same for all n € N and let M denote this set. Second, we assume
that supp(uih,) is constant for all n € N and that (uf;)nen is a convergent
sequence. Third, we assume that, for allm € M, s € S and a € A, the supports
supp(nxtgy(m, s)) and supp(upgy(m, s,a)) are the same for all n € N and the
sequences (nxtgy(m, s))neny and (upgy(m, s, a))nen are convergent.

We define a Mealy machine 9t = (M, pinit, nXton, upgy) as follows. We let
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Minit = lim, oo gty and define nxtoy and upgy such that, for all m € M,
s € S and a € A, nxtgp(m,s) = lim, o nxty(m,s) and upgy(m,s,a) =
limy, o0 upfy(m, s,a). We obtain that 9t is an XYZ Mealy machine because
sequences of Dirac distributions can only converge to Dirac distributions.

As a consequence of this definition of 9t and the assumptions above, there
are fewer initial states and transitions in 991 than in the machines 91,. For-
mally, for all m € M, s € S, a € A and n € N, we have supp(pinit) C
supp(fiinit), supp(nxton(m, s)) € supp(nxty(m, s)) and supp(upgy(m, s,a)) <
supp(uply (m, 5, ).

We let 0™ be the partially-defined strategy induced by 9, and prove that
for all histories & in the domain of ™, ¢™(h) = o(h), i.e., that o™ (h) =
limy, 00 0, (R).

For w € (SA)*, we reuse the notation i, introduced in Chapter 2.4.4 for the
distribution over memory states when playing according to 91 after w has taken
place. For all n € N and w € (SA)*, we denote by u, the similarly-defined
distribution for 2,. We first show a technical claim before proceeding with
the proof, to ensure that all objects manipulated below are well-defined. We
show that for all w € (SA)* and n € N, if w is consistent with 9, then w is
consistent with 911,,.

Let n € N. We show this claim by induction on the number of MDP
states in w (i.e., the length of w as a word over the alphabet SA). For the
base case, i.e., the empty word &, we note that ¢ is consistent with all Mealy
machines. We now let w = w’sa consistent with 91 and assume by induction
that the claim holds for w’ (which is necessarily consistent with 9, as otherwise,
w could not be). The consistency of w with 9t implies that there is some
m € supp(f) such that a € supp(nxtyp(m,s)). By the induction hypothesis,
we have m € supp(u?,(m, s)) and w’ consistent with 9t,,. It follows from these
properties and the fact that a € supp(nxton(m, s)) C supp(nxtg,(m, s)), that w
is consistent with 9t,. This ends the proof of the claim.

We now show that for all histories h consistent with 9, we have o(h) =
o™ (h). For all histories h = ws consistent with 9, we recall that o™ (h)(a) =
Y men Hw(m) - nxton(m, s)(a) for all a € A. Therefore, to conclude, we need
only prove that for all w € (SA)* consistent with 9, lim,,_,oc pl!, = ey because
for all m € M, s € S, nxton(m, s) = limy, o0 NXtgs(m, s).



15.1 — A topology on the space of strategies 277

Let w be consistent with 91. For all n € N, w is consistent with 91, i.e.,
pay is well-defined. The proof is by induction on the length of w. The base
case w = ¢ is direct via the assumption lim,, oo piy;; = Hinit- Next, assume that
w = w'sa and, by induction, that lim, o 2, = p. It suffices to show that

for all m € supp(pw), limp—soo py (M) = prw(m), i.e., that

o Svenr 1y () - nxtgy (', 5) (@) - upt (' 5,a) (m)
s X enr Hiy (m) - iy, 5) )

= fiw(m).

On the one hand, by the induction hypothesis, the numerator converges to
Y omrent B (M) - nxton(m’, s)(a) - upgy(m/, s,a)(m). Similarly, the denominator
converges to > s fhw (M) - nxtop(m/, s)(a), which is non-zero by consistency
of w with 9. This implies that lim,_,o 1, (m) = pw(m). We have thus shown
that 907 induces o. O

The set of all finite-memory strategies itself is not closed. In fact, it can be
shown that the closure of the set of strategies induced by Mealy machines with
randomised outputs (i.e., DRD strategies) is the set of all strategies. Intuitively,
with such a finite-memory strategy, it is possible to imitate any strategy for a
finite number of steps in the MDP. By considering increasingly greater number

of steps, we can converge to any strategy in the limit.

Lemma 15.5. The set of finite-memory strategies induced by Mealy machines

with randomised outputs is dense in 3(M).

Proof. Fix an arbitrary strategy o. We use € to denote the empty word. For
each n € N, we define a Mealy machine M,, = (M,, €, nxty,, upy,) where M,, =
U—o(SA)™, and for each m € My, s € S and a € A, we let upf,(m, s,a) = msa
if msa € M, and upg,(m, s,a) = m otherwise, and nxtg,;(m, s) = o(ms).

For all n € N, the strategy induced by 9, agrees with o for all histories
that are at most n + 1 states long. It follows that the sequence of strategies

induced by the Mealy machines 9%, converges to o. OJ
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15.2 Universally square integrable continuous payoffs

We prove that if f is universally square integrable, then for all s € S, Pay,(f)
and Ach,(f) are closed. Our proof relies on the following property: if f is
universally square integrable, then for all sequences (U(") Jnen Of strategies
converging to a strategy o, and for all s € S, (Eg("’(f))neN converges to EJ(f).
It suffices to prove the convergence on each dimension to obtain this property.
Therefore, we need only consider one-dimensional payoffs for now.

We split the proof into two parts: first, we consider the particular case
of real-valued continuous payoffs and then generalise to universally square
integrable payoffs. We remark that we may not assume that a universally
integrable continuous payoff is real-valued without loss of generality: changing
the payoff of plays that have an infinite payoff to a real number will violate the
continuity property. Therefore, we do not generalise the property for real-valued
continuous payoffs through such an assumption.

Let f: Plays(M) — R be a continuous real-valued payoff. The proof in
this case relies on the uniform continuity of f. Recall that f is uniformly
continuous if for all € > 0, there exists £ € N such that for all plays w, 7/,
<y = ', implies that |f(m) — f(7’)| < e. In particular, for all € > 0, f can be
5—appro>€imated by a linear combination of indicator functions of cylinders of
histories of a fixed length. This provides a means to e-approximate E](f) for
any strategy 7 as a linear combination of probabilities of cylinders of histories of
bounded length. Since Lemma 15.2 guarantees that the distributions over plays
induced by strategies that are intuitively close assign similar probabilities to
such cylinders, through the approximations above, we can obtain that Eg(") (f )
is 3e-close EJ(f) for all s € S for large values of n. We formalise this argument
below.

We do not need to make assumptions regarding whether f is universally
integrable. Continuous real-valued payoffs on finite MDPs are bounded (as the
image of a compact set by a continuous function is compact), and thus the

continuity of a real-valued payoff implies that it is universally integrable.

Theorem 15.6. Let s € S. Assume that M is finite, f: Plays(M) — R? and

that f is continuous. Then the function Y(M) — R%: o+ EZ(f) is continuous.
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In other words, for all sequences ( )nEN of strategies that converge to a
strategy o, limy,_,o0 Eg (f) EI(f).

Proof. Tt suffices to prove the theorem in the case d = 1 to obtain the general
case. For this reason, we consider a one-dimensional real-valued continuous
payoff f below. Let (0(™),cn be a sequence of strategies converging to a
strategy o. We start with some notation. By continuity of f, f is bounded. We
let || flloc = SUPreprays(m) |f ()] For any history h = spag . .. sy, we let |h] =r
denote the index of the last state of the history. We also fix, for all histories
h € Hist(M), a play w(h) € Cyl (h) which is a continuation of h.

We must prove that (Ea(n)(f))neN converges to E7(f). Let ¢ > 0. We
assume that ||f||cc > 0, as otherwise the result is direct: if ||f|lcc = 0, then
ES™ (f) = E2(f) = 0 for all n € N.

We start by constructing a simple function which f-approximates f by
exploiting the uniform continuity of f. By uniform continuity of f, there exists
some k € N5 such that, for any two plays m, 7" € Plays(M), if <), = 7,
then |f(m) — f(n')] < §. Tt follows that -

w\m

F=" fm(h) - deypy| <

|h|=k

Since f is universally integrable, it follows that, for all 7 € (M),

— Y f(x(h)) - PL(Cyl (h))| <

|h|=F

£
= (15.1)

To end the argument, we now determine ng such that, for all n > ng, we
have

> Fw(n) - (PI(Cyl () — PE™ (Cyl (0))

|h|=k

€
< —. 15.2
<t 2
Let M denote the number of histories h such that |h| = k. Since lim,, o, 0™ =
o, there exists ng € N such that for all histories h such that |h| < k (i.e., with

at most k -+ 1 states), we have distpoba(0™ (h),0(h)) < (here, we

e
3-M-[|fllook
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use the fact that there are finitely many such histories). Equation (15.2) follows
from the triangular inequality and Lemma 15.2: we have, for all n > ng,

> S () - (PE(CH () — P (Cy1 (R) )

|h|=Fk
< Uflloe - > |PE(CYI () — P2 (Cyl (1)
|h|=k
g
|h|=k
<f
-3

Let n > ng. We now show that |EZ(f) — ES"(f)| < e. From the triangular
inequality, Equation (15.1) and Equation (15.2), we obtain

EZ(f) — B ()] < [EZ(/) = 3 Flm(k) - PI(Cyl (B)

|h|=k

|22 Fr(h)) - (PO () — B (Ol (k)

Ih|=k
o) o)
+| D fr(R) - BT (Cyl () — ET(S)
|h|=Fk
LELE L E
-3 3 3
We have thus shown that (]Eg’(") (f))nen converges to EI(f). O

We now generalise Theorem 15.6 to universally square integrable payoffs.
We note that the previous proof relies on the boundedness of continuous payoffs
and their uniform continuity, and thus is not valid in this more general case.

Similarly to above, it suffices to consider one-dimensional non-negative
payoffs; the general case can be recovered by writing payoffs on each dimen-
sion as the difference of their non-negative and non-positive parts. The non-
negative and non-positive parts of a continuous payoff are also continuous
(see Lemma A.1, Page 403). We let f: Plays(M) — R be a non-negative
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continuous square integrable payoff, s € S, let (a(”))neN be a sequence of
strategies that converges to a strategy o and € > 0. Given M € R, we abbre-
viate {f(m) > M | m € Plays(M)} by {f > M}, for all strategies 7, we write
PT(f > M) instead of PL({f > M}) and we let min(f, M) denote the payoff
7 +— min{ f(7), M }.

The goal is to show that |]Eg(n) (f) —EZ(f))| < € for all large enough values
of n. We show that there exists a constant M > 0 (dependent on ¢) such
that the real-valued continuous payoff min(f, M) (whose continuity follows
from Lemma A.1) satisfies 0 < EI(f) — Ef(min(f, M)) < § for all strategies
T € 3¥(M). By the triangular inequality, |Eg(")(f) —EZ(f))| is no more than

™ () — EZ™ (min(f, M))| + [ES™ (min(f, M)) — E{ (min(f, M))|
+ [B (min(f, M)) - EZ(f).

The first and last terms are no more than § by choice of M, and the second
term is smaller than £ for large values of n by Theorem 15.6.

Thus, the main hurdle of the proof is establishing the existence of a suitable
M. The first step consists in showing that the probability of f being large
can be made arbitrarily small, in the sense that for all n > 0, there exists
M(n) such that P7(f > M(n)) < n for all strategies 7. The negation of
this property would allow the existence of strategies with an arbitrarily large
expected payoff from s, contradicting Lemma 13.8. It then follows from the
Cauchy-Schwarz inequality (e.g., [Durl9, Thm. 1.5.2.]) that, for all strategies T,
EZ(f —min(f, M)) < \/EZ(f2) - n because f —min(f, M) < f-1 ;5. Because
f? is universally integrable, Lemma 13.8 guarantees that sup, E7(f2) is finite,
i.e., we obtain the desired inequality by choosing 1 small enough.

We provide the details of the above sketch in the following proof.

Theorem 15.7. Let s € S. Assume that M is finite, and that f is continuous
and universally square integrable. Then the function $(M) — R%: o +— EI(f)
1s continuous. In other words, for all sequences (U(n))nEN of strategies that

. (n) , 7 .
converge to a strategy o, lim,_oo B (f) = EJ(f).

Proof. 1t suffices to prove the theorem in the case d = 1 to obtain the general

case. For this reason, we consider a one-dimensional universally square integrable
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continuous payoff f. Let (U(n))neN be a sequence of strategies that converges
to a strategy . We assume that f is non-negative. We show that this implies
the general case at the end of the proof.

We show that lim,, (Eg(”) (f))nen = EZ(f) by the standard definition of
convergence. Let € > 0. Our goal is to determine some M > 0 and some ng
such that for all n > ng, we have

EZ™ (f) —EZ" (min(f, M))|+|ES™ (min(f, M)) — EZ (min(f, M))|
+ |ES (min(f, M)) — EJ(f)| < &

This is sufficient: the sum highlighted above is greater or equal to |EZ o (f) —
E?(f)| by the triangular inequality. We bound each term of the above sum by
5 in the following.

The crux of the proof is determining a bound M > 0 such that for all
strategies 7, EI(f) — Ef(min(f, M)) < 5. To establish this, we show the
following property: for all 7 > 0, there exists a bound M (n) > 0 such that, for
all strategies 7, PT(f > M (n)) < n. This last property is shown by contradiction.
Assume that there exists some 1 > 0 such that for all M > 0, there exists a
strategy ) such that P5™ (f > M) > n. Then, we obtain that for all M > 0,
EM(f) 2 EM(M -Aypspy) = M -PM(f > M) > n- M. This contradicts the
fact that f is universally integrable (Lemma 13.8).

Let o =1+ sup ey m) EZ(f?) > 0. The value « is real by universal square
integrability of f (Lemma 13.8). For the remainder of the proof, we fix M > 0
such that for all strategies 7, we have P7(f > M) < %. We prove that M is the
bound sought above. First, we observe that f —min(f, M) = (f—M)-1yp>pn <
J - Lyy>ry- Because indicators are equal to their square, they are universally
square integrable. By applying the Cauchy-Schwarz inequality, we obtain that,
for all strategies T,

. €
E7(f — min(f, M) < E(f - Lpzany) < /EE(F) - EX(L gz < <.
To conclude (for non-negative payoffs), it remains to show that there exists
ng such that for all n > ng, we have |Eg(n> (min(f, M)) — Eg (min(f, M))| < 5.
To this end, we observe that the payoff min(f, M) is continuous (Lemma A.1).
)

Theorem 15.6 then implies that a suitable ng exists (min(f, M) is real-valued).
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We have shown that the theorem holds for non-negative continuous uni-
versally square integrable payoffs. We now generalise to arbitrary continuous
universally square integrable payoffs. Let f™ = max(f,0) and f~ = max(—f,0)
denote the non-negative and non-positive parts of f. These payoffs are continu-
ous by Lemma A.1. We observe that f? = (f*)? + (f7)?, and, in particular,
2> (Y2 + (f)% It follows that (fT)? and (f~)? are universally integrable.
We obtain the claim of the theorem from the above and the following sequence

of equations:
lim EZ™(f) = lim EZ™(f%) — lim EZ™ (f7)
n— o0 n—o0 n—oo
=EJ(f") —EI(f7)
=EZ (/).

O

We now prove that for multi-dimensional universally square integrable
payoffs that are continuous, given a closed set of strategies, its set of expected
payoffs and achievable set from a state are compact. For sets of expected
payoffs, this follows from Theorem 15.7: since the image of compact set by
a continuous function is compact, the result is direct. For achievable sets, it
follows from the property that the downward closure of any compact set is

compact (see Lemma A.10, Appendix A.8).

Theorem 15.8. Let s € S and ¥ C X(M) be a closed set of strategies. Assume
that M is finite and that f is a continuous universally square integrable payoff.
Then Pay>(f) and Ach®(f) are compact subsets of R? and R respectively. In

particular, Pay,(f), Achs(f), PayP""®(f) and AchP'"®(f) are compact.

Proof. Since ¥ is closed and 3 (M) is compact, we obtain that ¥ is compact.
It follows from Theorem 15.6 that Paysz( f) is the image of ¥ by a continuous

function, and thus is compact. The claim regarding Pay?"™(f) follows from

Lemma 15.3. The claims related to achievable sets follow from the property
that for all compact D C R down(D) is compact (Lemma A.10) and the fact
that AchZ(f) = down(PayZ(f)) by definition. O
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(a) A weighted MDP with one randomised (b) An MDP with two-dimensional
transition. Weights are omitted and are  weights.
all 1.

Figure 15.1: MDPs for counter-examples to Theorems 15.7 (left) and 15.8
(right) without the universally square integrable assumption.

Theorem 15.8 provides a sufficient condition on payoffs which guarantees
that we can dominate any expected payoff by a Pareto-optimal expected payoff.
This property does not hold for all universally integrable payoffs in full generality,
e.g., in the one-dimensional setting, optimal strategies need not exist.

We now turn our attention to finite-memory strategies. Theorem 15.8 and
Lemma 15.4 imply that the set of expected payoffs of strategies induced by
Mealy machines of a bounded size is closed when considering universally square
integrable continuous payoffs. Furthermore, by density of the set of finite-
memory strategies in the set of strategies of M (Lemma 15.5), it follows from
Theorem 15.7that any expectation of a universally square integrable continuous
payoff can be approximated with finite-memory strategies.

Corollary 15.9. Let s € S and 0 € 3(M). Assume that M is finite and that

f 1s a continuous universally square integrable payoff. Then for all € > 0, there

exists a finite-memory strategy T such that |[E —E7| < e.

15.3 Non-universally integrable continuous payoffs

In this section, we present counterexamples to Theorems 15.7 and 15.8 when
the assumption of universal square integrability is relaxed. The MDPs used in
these counterexamples are depicted in Figure 15.1.

For the first example, we provide an MDP with a shortest-path cost wit-
nessing that Theorem 15.7 does not generalise to shortest-path costs that are

not universally (square) integrable, even when only considering pure strategies
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and when Pay,(f) is closed.

Example 15.1. We consider the MDP M depicted in Figure 15.1a, the constant
weight function w = 1 and the shortest-path cost function SPath;{f Y We provide
a sequence of pure strategies (U(”))neN converging to a pure strategy o such
that limy,_,e0 EZ™ (SPathi?) # EZ(SPath{)). For all n € N, we define 0™ as
the pure strategy such that, for all h € Hist(M), o™ (h) = b if last(h) = s and
there are at least n actions in h, and otherwise, o™ (h) = a. Intuitively, when
starting in s, 0™ uses action a for the first n rounds of the play and then uses
b for all subsequent rounds. The pure memoryless strategy o assigning action
a to all states is easily checked to be lim, . o™,

Let n € N. Let m, denote the play (sa)™(sb)*. We have Pg(n)({wn}) = 5.
Indeed, for all r € N, the definition of the probability distribution over plays
under a strategy implies that

P7 (Cyl (s0)"(58)75)) = B (G (50)"s)) = 1.
It follows from SPath{ (m,) = 400 that EZ™ (SPathi}) = +occ. We conclude
that limp_ee EZ™ (SPathi)) = +oc.

We now show that EZ (SPath;{Ut}) € R. First, we note that P7(Reach({t})) =
1. Therefore, EJ (SPath;{f}) is the unique solution of the equation x = 1 +
tx (see, e.g., [BKO8]), ie., Eg(SPath;{f}) = 2 € R. We have shown that
limy 0o EZ™ (SPath{?) # E7 (SPath{).

We now show that PayS(SPathg}) is closed. The memoryless strategy
playing a is optimal when adopting a minimisation point of view. Furthermore,
there exist strategies with arbitrarily large but finite expected payoffs from s.
For instance, for all n € N, the strategy that plays b for the first n rounds in s
and then only uses a after ensures a finite payoff greater than n. By convexity
of Pays(SPathg}) N R, it follows that PayS(SPath;{f}) = [2,+00] and thus is
closed. <

We now present a counter-example to Theorem 15.8 when the considered
payoffs are not universally integrable: we provide a continuous payoff such that

its set of expected payoffs and achievable sets from a given state are not closed.

Example 15.2. We consider the MDP M and the weight function w = (w1, ws)
depicted in Figure 15.1b. Let f = (f1, f2) be the two-dimensional payoff such
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that f1 = DSumq}U/l2 and fy = SPatth}. To show that Pay(f) is not closed, we
show that (2, +00) € cl(Pay,(f)) \ Pay,(f).

First, we show that (2, +00) € cl(Pay,(f)). We have f((sa)¥) = (0,00) and
f(s(bt)*) = (2,1). By convexity of Pay,(f), we obtain that for all 5 € ]0, 1],

(21, +00) € Pay,(f). It follows that (2,400) € cl(Pay,(f)).

Next, we argue that (2, +00) ¢ Pay,(f). We observe that the only play 7
from s such that fi(7) = 2 is the play s(bt)¥. All other plays 7’ starting in
s are such that fi(7') < 2. Indeed, for all £ € N, we have fi((sa)’s(bt)*) =
ZE’Z( ﬁ = 22%1 < 2. It follows that, to obtain a payoff of 2 on the first
dimension from s, we require a strategy whose only outcome is s(bt)*. This

implies that (2, +00) ¢ Pay,(f). We have shown that Pay,(f) is not closed. <

15.4 Applicability to universally integrable shortest-
path costs

The goal of this section is to prove that all universally integrable shortest-path
costs are universally square integrable in finite MDPs. In particular, this
implies that Theorem 15.7 is applicable to universally integrable continuous
shortest-path costs. We assume that M is finite throughout this entire section.

Let T C S be a target set of states. We show that the payoff SPath;‘Z is
universally square integrable for all weight functions w: S x A — R if and only
if, for all strategies 7 and all initial states s € S, we have P](Reach(T")) = 1.
For any weight function w, if SPathl is universally (square) integrable, then
the set of plays with payoff 400 has zero P7-probability for all strategies o and
s € S, i.e., a target state is reached almost surely no matter the strategy and
initial state.

To show the converse, it suffices to show that SPath?, i.e., the shortest-
path cost where all weights are 1, is universally square integrable, because all
shortest-path costs in finite arenas are bounded in absolute value by a multiple
of SPath? (as there are finitely many weights in a finite MDP). Because all
weights are 1, the expectation of (SPath?)? from s € S under a strategy o
can be written as a series over r € N of 72 multiplied by the PZ-probability
of reaching T after exactly r actions are used. Convergence of this series is

guaranteed by the fact that the sequence of probabilities of reaching the target
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after exactly r actions is in O(a") for some « € [0, 1[. This asymptotic bound
on these probabilities follows from the linear convergence of value iteration for
reachability in MDPs of a specific form [HM18|.

The formal proof below requires the notion of end-components of MDPs.

Definition 15.10. An end-component of M is a pair € = (E, Ag) such that
(i) E C S is a non-empty set of states,

(ii) Ag: E — 24\ {0} is a mapping assigning, to all states s € F, a non-empty
set of actions such that for all a € A¢(s), supp(d(s,a)) C E and

(i) from any s, s’ € E, there exists a history spagsi ...ar—18, with r > 1
such that so = s, s, = s’ and ay € Ag(sy) forall0 <2 <r—1.

Condition (iii) in the previous deviation requires that an end-component be

strongly connected.

Lemma 15.11. Let T C S be a set of targets and siniy € S be an initial state.
Assume that M is finite. We have P (Reach(T')) = 1 for all strategies o if
and only if, for all strategies o and all weight functions w: S x A — R, SPathg
is g, . -square integrable. In particular, for any weight function w, if SPathg 18

universally integrable, then SPathg 1s unversally square integrable.

Proof. If all shortest-path costs with target T" are P§  -integrable for all strate-
gies o, then under all strategies and from all initial states, the set of plays with
payoff +o00 (which is independent of the weight function) must have probability
zero, i.e., the set of targets is reached almost-surely. This implies that the equiva-
lence stated in the lemma entails the claim made in particular. In the remainder
of the proof, we assume that for all strategies o, we have P _ (Reach(T)) =1
and show that for all weight functions w and strategies o, SPathg is P§  -square
integrable.

If sinit € T', then for all plays m € Cyl (sinit), SPach;(W) = 0. Therefore, we
directly obtain that SPach,; is P7  -square integrable for all strategies 0. We

thus assume that sjni ¢ T
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We assume without loss of generality that all states of M are reachable
from sjnir (i-e., for all states s € S, there exists a history starting in sjni; and
ending in s). Furthermore, we also assume that there is a unique absorbing
target state, i.e., that 7' = {t} such that for all a € A(t), §(¢,a)(t) = 1. We can
always reduce to this case by considering the MDP M’ obtained from M by
merging all target states into a single absorbing state in which all actions are
enabled. For any strategy o and all weight functions w, SPathg is 7 -square
integrable if and only if its counterpart in M’ is ]P’gi;it—square integrable, where
o' € X(M'’) agrees with o over Hist(M) N Hist(M’).

We now fix a strategy o. First, we consider the constant weight function
w = 1 and show that SPatth is ]  -square integrable. The general case follows
from this one.

We preface the argument with some notation. For all r € N, we let
Reach="(T) = {spags1... € Plays(M) | 3¢ < r, s, € T} denote the set of
plays in which a target is reached in at most r transitions. For all r € N5, we
let Reach™"(T') = Reach="(T') \ Reach="~(T") and Reach="(T) = Reach=‘(T).
Given Q € {Reach(T)} U {Reach="(T) | r € N}, we let, PRnQ) =
min e aq) PL . (€2) denote the least probabilities that strategies can obtain
for 2 from s. These minima are well-defined and (Pg?:i?(ReachST (T)))ren is an
increasing sequence that converges to Pg"(Reach(T')) = 1 (see, e.g., [BKO0S]).

The equality P (Reach(7')) = 1 implies that

ES . ((SPath{)?) =) "r? - P7_ (Reach™(T)).
reN
It suffices to show that there exists constants o € 0, 1] and g € [0, +o0o[ such
that for all 7 € N, P{  (Reach™ (7)) < 3-a" to obtain convergence. Indeed, the
convergence of the above series is implied by that of the series ) 3 - r?.af,
whose convergence is guaranteed by Cauchy’s convergence test for non-negative
series (because lim, o0 /B 72 -a" = a < 1).

We now seek the constants a and [ satisfying the above condition. We

obtain from PJ _(Reach(T)) = P2 (Reach(T')) = 1 that, for all r € N, we have

P? (Reach™(T)) < PZ  (Reach(T') \ Reach=""1(T))
=P  (Reach(T)) — IP’ginit(ReachST_l(T))

< Pg}:i?(Reach(T)) — Pg‘nii?(ReachS’"fl(T)).




15.4 — Universally integrable shortest-path costs 289

To bound the last term, we prove that M is min-reduced in the sense
of [HM18]. An MDP is min-reduced if there are two states s and s~ such
that T = {s™}, s~ # s and all end-components have a singleton {s*} or {s~}
as their set of states. In our case, the only end-components of M are of the
form ({t}, A’) where A’ C A is non-empty. By contradiction, assume that there
is an end-component & = (E, Ag) such that E # {t}. Then t ¢ E because ¢
is absorbing and an end-component is strongly connected. Because E is be
reachable from sj,it, there exists a strategy reaching FE with positive probability
and then surely remaining in E from there (by only using actions authorised by
Ag). This contradicts the fact that for all strategies 7, P . (Reach(T)) = 1.

It follows from [HM18, Proof of Thm. 2| that there exists I € N5 such
that, for all £ € N, PR%(Reach(T)) — PRt (Reach=(T)) < (1 — n!)’ where 7
is the smallest positive transition probability in M. Let r € N, £ € N and
0 < p < I such that » = ¢I + p. We obtain, using the fact that the sequence
(Ps“i‘:i?(ReachS’"/ (T))),en is non-decreasing, that

Pgi‘nii?(Reach(T)) — P??nii‘tl(ReachST(T)) < IP’?::(Reach(T)) — Pg}:i?(ReachSU(T))
<(1-7')

:<m)7~p

- (; — UI)T_(]_I)-

—I
We conclude that it suffices to set o = (/1 —nf and § = (\I/ 1- 77[) to

conclude the proof that SPath? is P  -square integrable.

We end the proof by establishing that for all weight functions w, the shortest-
path cost SPath? is PZ .-square integrable. Let W = max(, qesxa [w(s,a)l.
By the triangular inequality, we obtain that |[SPathl| < 17 - SPath?. We have
thus bounded SPathg in absolute value by a multiple of a P _-square integrable
function, thus implying that SPathiZ is also P7 _ -square integrable. OJ
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CHAPTER 16

Introduction

In this part, we detail the results presented in Chapter 3.4, originating from
joint work with Michal Ajdaréw, Petr Novotny and Mickaél Randour [AMNR25].
We study decision problems in one-counter Markov decision processes (Defini-
tion 2.49) for interval strategies, a class of memoryless strategies described by
interval partitions of the set of counter values. We focus on the state-reachability
(Definition 2.53) and selective termination (Definition 2.54) objectives, which
respectively ask to visit a target regardless of counter value and to hit counter
value zero in a target state.

We refer the reader to Chapter 3.4 for an extended presentation of the
context. We divide this part into five chapters. We summarise their contents

below, and comment on related work at the end of this chapter.

Interval strategies. Chapter 17 introduces interval strategies, presents
some of their properties and formalises our three interval strategy decision
problems. Recall that we consider two semantics for MDPs induced by OC-
MDPs (see Definition 2.51): bounded OC-MDPs, in which we impose a counter
upper bound such plays that reach it are interrupted, and unbounded OC-MDPs,
in which no counter upper bound is imposed.

An interval strategy is a memoryless strategy of the MDP over configurations
induced by an OC-MDP that admits a finite description based on interval
partitions of the set of counter values. We consider two variants of interval
strategies (Definition 17.2): open-ended interval strategies (OEIS), defined both
in bounded and unbounded OC-MDPs and cyclic interval strategies (CIS),

293
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defined in unbounded OC-MDPs. On the one hand, an OEIS is a strategy
such that, for all states, the decisions made in this state are the same for all
sufficiently large counter values. On the other hand, a CIS is a strategy for
which there exists a positive integer period such that, for all states, the decisions
made in this state are identical given two counter values that differ by the
period.

Strategies of either type can be described by some finite interval partition
of all counter values for OEISs and of counter values up to the period for
CISs, and by one memoryless strategy of the finite MDP underlying the OC-
MDP per interval. We investigate the relationship between interval strategies
and the corresponding strategies of the underlying MDP in Chapter 17.2. We
obtain that OEISs in bounded OC-MDPs and CISs correspond to finite-memory
strategies, but that the relevant Mealy machines may require as many memory
states as the counter upper bound or the period respectively (Example 17.1).
We also obtain that OEISs in unbounded OC-MDPs need not correspond to
finite-memory strategies.

We then study how powerful interval strategies are with respect to our
two objectives. In bounded OC-MDPs, the existence of optimal OEIS follows
from the existence of pure memoryless optimal strategies for reachability in
finite MDPs (e.g., [BKO08]). For unbounded OC-MDPs, we show that interval
strategies can be used to approximate the value (Lemma 17.5). We then
illustrate that an optimal OEIS (resp. CIS) need not exist, even if an optimal
CIS (resp. OEIS) does (Examples 17.2 and 17.3). This shows that interval
strategies do not suffice to play optimally in general, although they can be used
to play almost-optimally.

Finally, we formalise the three decision problems we are interested in. We
first define the interval strategy decision problem, which asks whether a given
interval strategy ensures an objective from an initial configuration with a
probability greater than a given threshold (Definition 17.6). We then define two
realisability problems for structurally-constrained interval strategies. On the
one hand, the fized-interval OEIS (resp. CIS) realisability problem asks whether
there exists an OEIS (resp. a CIS) based on a given interval partition that ensures
an objective from an initial configuration with a probability greater than a given
threshold (Definitions 17.7 and 17.8). On the other hand, the parameterised
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OEIS (resp. CIS) realisability problem asks whether there exists an interval
partition whose size and number of intervals is bounded from above by given
parameters and an OEIS (resp. a CIS) based on this partition that ensures an
objective from an initial configuration with a probability greater than a given
threshold (Definitions 17.9 and 17.10). For these two realisability problems,
we show that randomised strategies may yield better maximum probabilities
than pure strategies (Example 17.4), and thus consider two variants: one where
we ask whether a suitable pure strategy exists and another for randomised

strategies.

Compressed Markov chains. Markov chains induced (Definition 2.14)
by interval strategies are large in bounded OC-MDPs and are infinite in un-
bounded OC-MDPs. We analyse such induced Markov chains by means of a
compression approach: we build a compressed Markov chain with fewer con-
figurations and adjusted transitions. We define compressed Markov chains
in Chapter 18, then prove some key properties to solve our interval strategy
decision problems with them.

The compression of an induced Markov chain preserves selective termination
probabilities (Theorem 18.4). While this is not the case for state-reachability
probabilities, we can apply a modification to the OC-MDP such that state-
reachability probabilities are preserved for a given target (Theorem 18.5).

We obtain that verification can be reduced to the analysis of compressed
Markov chains. However, we cannot directly analyse compressed Markov chains
for two reasons. First, transition probabilities in compressed Markov chains
can be either irrational or can require large representations (Example 18.1).
Second, compressed Markov chains are obtained by removing configurations
locally for each interval over which the strategy behaves uniformly, and thus
the compression of the Markov chain induced by a CIS is infinite.

For the first issue, we show that we can represent transition probabilities as
the least solutions of polynomial size quadratic equation systems (Theorems 18.6
and 18.9). Furthermore, we show that our systems for transitions over bounded
intervals, we can refine the system to have a unique solution in polynomial time,
and the refined system can be solved in polynomial time in the Blum-Shub-Smale
(BSS) model (see Chapter 2.9) of computation (Theorem 18.11).
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For the second issue, we exploit the periodic nature of CISs to show that
compressed Markov chains for CISs are induced by one-counter Markov chains
(Chapter 18.5).

Verification algorithms. We present our verification algorithms in Chap-
ter 19. We provide a specific approach for OEIS in bounded OC-MDPs, and
two similar approaches to deal with OEISs (that works in both the unbounded
and bounded settings) and CISs.

The key to solving the verification problem for OEISs in bounded OC-MDPs
is the ability to compute the transition probabilities of the compressed Markov
chain in polynomial time in the BSS model. Therefore, in the BSS model, our
problem boils down to computing reachability probabilities in finite Markov
chains, which can be done in polynomial time by solving a linear system of
equations (see Appendix A.2.1). We obtain a PPStP complexity upper bound
(by the results of [ABKMO09]) through this approach (Theorem 19.1).

For OEISs and CISs, we reduce to checking whether a universal formula
holds in the (first-order) theory of the reals. We briefly summarise the main
idea for OEISs.

We build formulae from our characterisation of transition probabilities in
compressed Markov chains and the characterisation of reachability probabilities
in Markov chains as the least solution of a linear system. The resulting formulae
are such that any vector satisfying their conjunction is an over-estimation of the
intended values (Lemma 19.2). To answer the verification problem, it suffices to
check that all over-estimations of the probability of interest are greater or equal
to the threshold (Theorem 19.3). We thus obtain a co-ETR upper complexity
bound (Theorem 19.5).

We adapt this approach to CISs as follows. The main difference is that we
apply the compression approach twice. First, we compress the Markov chain
induced by the CIS and derive its one-counter Markov chain description. We
then compress the Markov chain induced by this one-counter Markov chain
with respect to a finite interval partition (i.e., similarly to an OEIS). We then
define an adaptation of the OEIS verification formula that uses the characteri-
sation of transition probabilities in a compression twice (Theorem 19.7). This

approach also yields a co-ETR upper bound for the CIS verification problem
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(Theorem 19.9).

Realisability algorithms. Chapter 20 presents our interval strategy
realisability algorithms. We use different approaches depending on whether the
goal is to check the existence of a well-performing pure or randomised strategy.

For pure interval strategy realisability, we propose algorithms based on a
guess-and-check approach. For the fixed-interval problem, we guess actions for
each state-interval pair, and, for the parameterised problem, we guess both an
appropriate interval partitions and actions for each state-interval pair. We then
check the resulting strategy by verifying it. Through this approach, we obtain
a NPPosSLP ypper bound for OEISs in bounded OC-MDPs (Theorem 20.2)
and a NPETR = NPETR ypper bound for OEISs in unbounded OC-MDPs
(Theorem 20.5) and for CISs (Theorem 20.8).

For randomised interval strategy realisability, we build on the formulae for
verification by treating strategy probabilities in these formulae as variables
instead of parameters. By prefacing the verification formulae with existen-
tial quantifiers for strategy probabilities (see the formulae of Theorems 20.6
and 20.9), we obtain a PSPACE upper bound for fixed-interval OEIS and CIS
realisability (Theorems 20.7 and 20.10). We obtain the same upper bounds
for the parameterised problem, as it suffices to non-deterministically guess a
partition compatible with parameters and then run a fixed-interval algorithm.

For our randomised OEIS realisability problems in bounded OC-MDPs, we
show that we can use non-determinism to reduce to checking the validity of an
existential formula (Theorem 20.3). This avoids the quantifier alternation of
the above approach, and yields an NPETR upper bound (Theorem 20.4).

Lower bounds. We close this part with lower complexity bounds in
Chapter 21. We first present square-root-sum hardness results for all of our
problems. The square-root-sum problem asks, given some natural numbers and
a natural threshold, whether the sum of the square roots of the first numbers
is greater or equal to the threshold. In unbounded OC-MDPs, we obtain
the square-root-sum hardness of our three interval strategy problems from a
square-root-sum hardness result for one-counter Markov chains [EWY10]. In
bounded OC-MDPs, we adapt the reduction of [EWY10| so that, intuitively,
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the reduction remains valid when imposing a large enough counter upper bound
(Lemma 21.6). This yields the square-root-sum hardness of our three problems
in bounded OC-MDPs (Theorem 21.7).

Finally, we show the NP-hardness of the realisability problem for (pure and
randomised) counter-oblivious strategies for selective termination, a special case
of our two interval strategy realisability problems. A counter-oblivious strategy
is a memoryless strategy that disregards counter values, i.e., a one-interval
OEIS and a CIS of period one. We provide a reduction from the NP-complete
Hamiltonian cycle problem, which asks whether there exists a simple cycle
visiting all vertices in a finite directed graph. Intuitively, we build an OC-MDP
from the graph by duplicating an initial vertex in such a way that there exists
a Hamiltonian cycle if and only if it is possible, in the OC-MDP, to reach the
duplicate initial vertex from the original one in as many steps as there are
vertices. Counter-oblivious strategies cannot almost-surely close the cycle in

the required amount of steps unless there is a Hamiltonian cycle in the graph.

Related work. In addition to the main references cited previously, we
mention some (non-exhaustive) related work. The closest is [BBNT20]: interval
strategies are similar to counter selector strategies, studied in consumption
MDPs. These differ from OC-MDPs in key aspects: all transitions consume
resources (i.e., bear negative weights), and recharges can only be done in special
reload states, where it is considered as an atomic action up to a given capacity.
Consumption and counter-based (or energy) models have different behaviors
(e.g., [BCKN12|). The authors of [BBNT20] also study incomparable objectives:
almost-sure Biichi objectives.

Another related model is solvency games [BKSVO08|, which are stateless
variants of OC-MDPs with binary counter updates. The goal in a solvency
game is to never go bankrupt (i.e., the complement objective of termination).
Berger et al. identify a natural class of rich man’s strategies, which correspond
to our OEISs. While [BKSV08| shows that optimal rich man’s strategies do
not always exist, if they do, their existence substantially simplifies the model
analysis.

Finally, we remark that restricting oneself to subclasses of strategies that

prove to be of practical interest is a common endeavor in synthesis: e.g., strate-



299

gies represented by decision trees [BCCT15, BCKT18, AJK*21, JKW23|, pure
strategies |Gim07, DKQR20, BORV23| and finite-memory strategies [CRR14,
BRV22, BORV23).






CHAPTER 17

Interval strategies

This chapter introduces interval strategies, highlights some of their properties
and formalises our interval strategy decision problems. Definitions are given
in Section 17.1. Section 17.2 discusses the conciseness of interval strategy
representations with respect to Mealy machine equivalents in the finite MDP
underlying the considered OC-MDP. We then study the power of interval
strategies in Section 17.3. On the one hand, we show that the values (i.e.,
the supremum probabilities) for state-reachability and selective termination
for pure interval strategies coincides with the value for arbitrary strategies.
On the other hand, we show that our two classes of interval strategies are
not sufficient to play optimally in general. Finally, we formalise our interval
strategy verification and realisability problems in Section 17.4.

For this whole chapter, we fix an OC-MDP Q = (@, A4, §,w) and a bound
B € N on counter values.
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17.1 Definition

Interval strategies are a subclass of memoryless strategies of M<B(Q) that
admit finite compact representations based on families of intervals. Intuitively,
a strategy is an interval strategy if there exists an interval partition (i.e.,
a partition containing only intervals) of the set of counter values such that
decisions taken in a state for two counter values in the same interval coincide.
We require that this partition has a finite representation to formulate verification

and synthesis problems for interval strategies.

The set [1, B—1] contains all counter values for which decisions are relevant.
Let Z be an interval partition of 1, B — 1]. We use the following terminology
to relate interval partitions and memoryless strategies.

Definition 17.1. A memoryless strategy o of M=B(Q) is based on the partition
Zifforallge @Q,all I € Z and all k, k' € I, we have o(q, k) = o(q, k).

All memoryless strategies are based on the trivial partition of [1, B — 1] into
singleton sets. In practice, we are interested in strategies based on partitions

with a small number of large intervals.

We define two classes of interval strategies: strategies that are based on finite
partitions and, in unbounded OC-MDPs, strategies that are based on periodic
partitions. An interval partition Z of N-q is periodic if there exists a period
p € Nsgsuchthat forall I € Z, I+p={k+p| k€ l} €I A periodic interval
partition Z with period p induces the interval partition 7 ={I € Z | I C [1,p]}
of [1, p]. Conversely, for any p € N+, an interval partition J of [1, p] generates
the periodic partition Z={I+k-p| I € J,k € N}.

We define two types of interval strategies as follows.

Definition 17.2 (Interval strategies). Let o be a memoryless strategy of
M=B(Q). The strategy o is an open-ended interval strategy (OEIS) if it
is based on a finite interval partition of [1, B — 1]. When B = o0, ¢ is a cyclic
interval strategy (CIS) if there exists a period p € N5 such that for all ¢ € @
and all k € Nyg, we have o(q, k) = o(q,k + p).
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The qualifier open-ended for OEISs follows from there being an unbounded
interval in any finite interval partition of Nsg if the counter is unbounded. A
strategy is a CIS with period p if and only if it is based on a periodic interval
partition of Nsg with period p.

Remark 17.3. We do not consider strategies based on ultimately periodic interval
partitions. However, our techniques can be adapted to analyse such strategies.
We analyse OEISs and CISs through so-called compressed Markov chains (see
Chapter 18). A compressed Markov chain can be defined for any memoryless
strategy of M=B(Q), and by combining our approaches for the analysis of
OEISs and CISs via compressed Markov chains, we can analyse strategies
based on ultimately periodic partitions. Furthermore, it can shown that our
complexity bounds for the decision problems we study extend to these strategies.
<

We represent interval strategies as follows. First, assume that o is an OEIS
and let Z be the coarsest finite interval partition of [1, B — 1] on which o is
based. We can represent o by a table that lists, for each I € Z, the bounds of
I and a memoryless strategy of O dictating the choices to be made when the

current counter value lies in 1.

Next, assume that B = oo and that o is a CIS with period p. Let J be an
interval partition of [1, p] such that o is based on the partition Z generated by
J. We represent o by p and an OEIS of M<f*1(Q) based on J that specifies
the behaviour of ¢ for counter values up to p.

Remark 17.4. In practice, in the bounded setting, it is not necessary to encode
the counter upper bound B in the representation of an OEIS; it is implicit from
M=B(Q). Nonetheless, we assume that B is part of the strategy representation
for the sake of convenience: this allows us to treat all bounded intervals
uniformly in complexity analyses, as though all interval bounds are in the
encoding of considered OEIS. This has no impact on our complexity results, as
B is part of the description of M<5(Q). <4

Interval strategies subsume counter-oblivious strategies, i.e., memoryless
strategies that make choices based only on the state and disregard the current
counter value. Counter-oblivious strategies can be viewed as memoryless
strategies o: @ — D(A) of Q.
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17.2 Interval strategies and Mealy machines

We now discuss the relationship between strategies of Q@ with memory and mem-
oryless strategies of M<5(Q). Intuitively, memoryless strategies of M<5(Q)
can be seen as strategies of @ when an initial counter value is fixed: we can
use memory to keep track of the counter instead of observing it. We can thus
compare our representation of interval strategies to the classical Mealy machine
representation of the corresponding strategies of Q.

In this section, we formalise a translation from memoryless strategies of
M=B(Q) to strategies of Q with memory. We then show that the strategies
derived from OEISs in the bounded setting and the strategies derived from CISs
are finite-memory strategies of @, and that their Mealy machine representation
may require a size exponential in the binary encoding size of the counter upper
bound for a CIS and of the smallest period of the CIS otherwise. For OEISs in
unbounded OC-MDPs, we obtain that their counterpart in Q need not be a
finite-memory strategy.

We first formalise how to derive a strategy of Q from a memoryless strategy
of M=P(Q) and an initial counter value. Let kiniz € [1, B — 1] be an initial
counter value and let o be a memoryless strategy of M<5(Q). We build a
(partially-defined) strategy Tzinit of @ from o. Intuitively, instead of having the
counter value as an input of the strategy, we store the current counter value in
memory. For any history hg = qia; ...a,—1q, € Hist(Q), we define w(hg) =
ZZ;S w(gr, ag). The strategy 77 is defined, for any history ho € Hist(Q), by
Tginit(hg) = o((last(hg), kinit + w(hg))) when kinit + w(hg) € [1, B — 1] and is
left undefined otherwise.

Similarly, the state-reachability and selective termination objectives of
M=B (Q) can be translated into objectives of @ when an initial counter value
kinit is specified. We can show that the probability in MSB(Q) of such an
objective under o from a configuration (g, kinit) matches the probability of the
counterpart objective in Q under the strategy Tgimt from gq.

If B € N, the counterpart in Q of any OEIS has finite memory: there are
only finitely many counter values. Assume that B € N and let ¢ be an OEIS.
Formally, the strategy T‘,;nit is induced by the following Mealy machine: we let
M = (M, pinit, NXton, upey) where M = [1, B —1], minit = kinit, and for all ¢ € Q,
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Figure 17.1: An OC-MDP. Edge splits following actions indicate probabilistic
transitions. We indicate the weight of a state-action pair next to each action.

ke M and a € A, we let upgy(k,q,a) =k + w(q,a) and nxtop(k, q) = o((g, k)).
Intuitively, 9 induces Tzinit because it keeps track of the weight of the current
history and this weight determines the choice prescribed by Tzin;t'

This construction yields a Mealy machine whose size is exponential in
the binary encoding size of B. The following example illustrates that such
exponential-size Mealy machines may be required, even for OEISs based on the
partition {{1}, [2, B—1]}, i.e., OEISs that only have to distinguish 1 from other
counter values. Additionally, this same example shows that the counterpart in

Q of an OEIS may require infinite memory in the unbounded setting.

Example 17.1. We consider the OC-MDP @ illustrated in Figure 17.1. Let
B € Nug, B > 3. We consider the OEIS ¢ defined by o(q1,k) = a for all
k € [2,B —1] and o(q1,1) = b. The strategy o maximises the probability of
terminating in g2 from the configuration (qo, 1).

We let 77 denote the counterpart of ¢ in Q for the initial counter value 1.
We show that for all k € [2, B — 2], a deterministic Mealy machine with at
most k states cannot induce 77. In particular, if B is finite, it means that any
Mealy machine inducing 7§ must have at least B — 1 states, and if B is infinite,
it means that there is no (finite) Mealy machine inducing 77.

Let k € [2, B — 2]. We proceed by contradiction. Assume that there exists
a Mealy machine 9 = (M, finit, NXton, upgy) inducing 77 such that |[M| < k.
For all £ € [k], we let my = Upgy((goa)*(q1a)?) and let hy = (goa)*(q1a)’qs. For
all ¢ € [k], hy is a history of Q in the domain of 7] (because k < B — 1 and
the initial counter value is 1) that is consistent with 77. Since 9t induces 77, it
follows that for all ¢ € [k — 1], we have 77 (hy) = nxtop(my, 1) = a and that

71 (h) = nxtop(mg, q1) = b. However, mj, must occur more than once in the
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sequence (1my)ger) because this sequence is obtained by repeating the update
rule upgy(+, g1, a) from mg and there are no more than & memory states in 9.
This is a contradiction. <

We now assume that B = co. The counterpart in Q of any CIS is a finite-
memory strategy: it suffices to keep track of the remainder of division of the
counter value by a period. Let o be a CIS, p be a period of o and kjnix be
an initial counter value. Formally, the strategy Tzinit is induced by the Mealy
machine 9 = (M, pinit, nxton, upgy) defined as follows. We let M = [p — 1]
and minit = Kinit mod p. Updates are defined, for all ¢ € Q, £k € M and
a € A, by upgg(k,q,a) = (k + w(g,a)) mod p. The next-move function is
defined differently following whether the memory state is zero or not. We
let, for all ¢ € Q, k € M and a € A, nxtogn(k,q)(a) = o((q,k)) if k& # 0 and
nxton (0, ¢)(a) = o((g, p)). Intuitively, 9 induces 77 because the remainder of
the current counter value for its division by the period is sufficient to mimic o.

By adapting Example 17.1, we can show that a CIS representation may be

exponentially more succinct than any Mealy machine for its counterpart in Q.

17.3 The power of interval strategies

Interval strategies are a proper subclass of memoryless strategies of M<5(Q)
whenever B = oo. Therefore, a natural question is to ask whether interval
strategies can be used to approximate the value (in the sense of Definition 2.39)
from a given initial state for selective termination and state-reachability ob-
jectives. The question is not relevant in the bounded setting: all memoryless
strategies are OEISs and uniformly optimal pure memoryless strategies always
exist in finite MDPs for reachability [BKO0S|.

In Section 17.3.1, we show that pure OEISs and CISs in unbounded OC-
MDPs are sufficient to play almost-optimally in M=Z(Q) from all states for
selective termination and state-reachability. We then provide examples in
Section 17.3.2 to illustrate that our two classes of interval strategies are not
sufficient to play optimally when optimal strategies exist. We provide an
example where there is an optimal OEIS but no optimal CIS and another where

the situation is reversed.



17.3 — The power of interval strategies 307

17.3.1 Approximating values with interval strategies

We study the question of whether OEISs and CISs in unbounded OC-MDPs
attain the same value from a given initial state as general strategies for selective
termination and state-reachability objectives. We assume that B = oo for the
remainder of the section. In countable MDPs, for reachability objectives, pure
memoryless strategies are as powerful as general ones [Orn69, KMS*20]. To
show that the value for interval strategies coincides with the classical value, we
derive interval strategies from pure memoryless strategies such that the interval
strategies perform almost as well as the initial strategy.

Let o be a pure memoryless strategy of M=>*(Q) and let s € Q x N be a
configuration. Let 7' C @ be a target and let Q € {Term(T"), Reach(T")}. Let
€ > 0 denote our approximation precision. We can write €2 as the union, for
n € N, of the plays that reach a target configuration of 2 without the counter
exceeding n. The continuity of probability implies that we can e-approximate
Pjvlgoo( Q),S(Q) by only considering the subset of 2 in which counter values are
bounded by some large enough n prior to reaching a target configuration. It
follows that any memoryless strategy 7 that agrees with o on all configurations
with a counter value of at most n will be such that

PT

(@) 2 By o) () — &

M=22(Q),s

We use this observation to construct our sought OEIS and CIS.

Lemma 17.5. Assume that B =o00. Let T C Q and 2 € {Term(T'), Reach(T)}.
Let 3 denote the set of pure OEISs (resp. the set of pure CISs). Then, for all
s € Q x N, the supremum

ilelg ]P)MSoo(Q)’S(Q)

coincides with the value from s for Q.

Proof. Let s = (q,k) € @ x N. In the following, by a target configuration,
we mean a configuration in the target set of configurations of {2 viewed as a
reachability objective. Throughout this proof, all probabilities over play are
with respect to M=*°(Q); we omit it from the notation henceforth.
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In this context, the value can be approached with pure memoryless strate-
gies [Orn69, KMS™20|. Therefore, it suffices to show that, for all pure memory-
less strategies o of M=>°(Q) and all £ > 0, there exists an OEIS (resp. a CIS)
7 such that

PI(Q) > PI(Q) —e.

Let o be a memoryless strategy of M<B(Q) and let ¢ > 0. Let, for all
n €N, Q., C Q denote the set of plays in 2 such that a target configuration
is reached without ever visiting a configuration with counter value greater or

equal to n. Because (2 is a reachability objective, we have Q = Q.. By

neN
the continuity of probability, we obtain that

lim P?(Qey) = P7(9).

n—o0

We fix n > k large enough such that
P?(Qep) > PI(Q) — €.

We now let 7 denote an OEIS or a CIS agreeing with o over @ x [n]. We
claim that
PI(Q) > PI(Q) —e.

Let H C Hist(M=>°(Q)) be the set of histories in which counter values
are strictly less than n that end in a target configuration and such that no
target configuration appears prior to the last configuration. We obtain that H
is prefix-free and that Cyl (H) = Q. Because 7 and o agree over @ x [n], we
obtain that:

PE(Q) 2 PL(Q<n) = PL(Cyl (H)) = PS(Cyl (H)) = P5(Q<n) 2 PE(Q) —e.

This ends the proof. O

17.3.2 Limitations of interval strategies

Lemma 17.5 shows that interval strategies can be used to approximate the
optimal probability of the objectives we study from any state. In this section, we
provide an example where an OEIS suffices to play optimally but no CIS does,
and another where a CIS suffices but no OEIS does. These two examples can
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Figure 17.2: An OC-MDP where all unspecified weights are —1. An OEIS is
sufficient to maximise the probability of reaching ¢ from (p, 1), but no CIS is.
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be combined to obtain an example in which a strategy based on an ultimately
periodic partition of N is required; we present them separately to simplify their
presentation.

Our two examples share a similar structure: we have an initial state with a
single enabled action with weight 1 from which we either loop back or move
into a finite-horizon MDP, i.e., an OC-MDP where all weights are —1, in which
termination is guaranteed. We obtain a uniformly optimal strategy in the
finite-horizon MDPs by using value iteration to determine optimal actions
for each remaining number of steps. We provide a brief description of value
iteration in Appendix A.2.2.

We first provide an example where an optimal OEIS exists, but no optimal
CIS does. In finite-horizon MDPs, when the remaining number of steps is large,
the optimal actions are chosen to be safe actions. More precisely, one only
uses actions that could be prescribed by an optimal memoryless strategy for
(infinite-horizon) reachability. However, when the number of steps gets low, it
can be worthwhile to take an actions that would be deemed too risky otherwise.
In the following example, we require a specific action when the number of

remaining steps gets low, and otherwise we use another action.

Example 17.2. We consider the OC-MDP Q depicted in Figure 17.2 in which
all weights are —1 besides the one on the transition leading out of p. We
consider the objective 2 = Reach(¢1) = Term(t), the counter bound B = cc.
We claim that there exists an OEIS that is optimal from (p, 1), but no CIS.
We first analyse the optimal decisions to be made in ¢ depending on the
counter value. From (g, 1), action a leads to 2 being satisfied with probability
1

5 whereas choosing b yields a probability of %. Therefore, we must choose b in
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Figure 17.3: An OC-MDP where all unspecified weights are —1. A CIS is
sufficient to maximise the probability of reaching ¢ from (p, 1), but no OEIS is:

one must alternate the actions a and b in gy to be optimal.

(¢,1). On the other hand, for any k > 2, a is preferable to b in (¢, k): action a
leads to a satisfaction probability of % + %Hk_l, where 0;_1 > % is the optimal
probability from (¢, k — 1) (the inequality 651 > % follows from k —1 > 1),
whereas b yields the smaller probability %.

We claim that the only optimal memoryless strategy from (p, 1) is the pure
OEIS o defined by o(q,1) = b and o(q, k) = a for all £ > 2. On the one hand,
regardless of the used strategy, all configurations (¢, k) with & > 2 will be
reached from (p,1). It follows that any memoryless strategy that is optimal
from (p, 1) must agree with o over all configurations with counter value greater
or equal to 2. Any strategy that agrees with o over these configurations visits
(g, 1) with positive probability and thus must also play optimally from there. It
follows that the only optimal memoryless strategy from (p, 1) is o. In particular,
no CIS is optimal from (p,1). <

We now consider an example that show that OEISs do not suffice in general
to play optimally. In our example, we describe a finite-horizon MDP in which
it is necessary to alternate between two enabled actions to play optimally. It
follows that there is an optimal CIS but no optimal OEIS.

Example 17.3. We consider the OC-MDP Q = (Q, A, §, w) depicted in Fig-
ure 17.3 in which all weights are —1 besides the one on the transition leading

out of p. We consider objective {2 = Reach(¢) = Term(t), the counter bound



17.3 — The power of interval strategies 311

B = 0o. We claim that there exists a CIS that is optimal from (p, 1), but no
OEIS. Similarly to Example 17.2, we first analyse the optimal choices in (qo, k)
for all k£ € N5g, and derive an optimal CIS from them. We let, for all £ € N,
vik) = (vt(zk))qeq where, for all g € @, vt(zk) denotes the maximum probability of
Q from (g, k) for all strategies.

First, we note that the value in all configurations in {q1, g2} x N is indepen-
dent of the chosen strategy: if one removes p and ¢y from the OC-MDP, we
obtain a one-counter Markov chain. For all £ € N, we can show by induction
that v((ﬁk) =1- 2%, v(g?kﬂ) =1- 21@-1+1 and vgk) = ngH) =1- 2%

Let 0: @ x N — A be an optimal strategy; such a strategy exists because

the only decisions are made in gy and we can define pure uniformly optimal
strategies in finite-horizon MDPs through value iteration. We establish that for
any k € N5, it must be the case that o(qp, k) = a if k is odd and o(qo, k) = b
otherwise. It follows from ¢ being optimal that

o0, k) € argmax | 3 d(a0, )(a) - oV | . (17.1)
ce{a,b} 7€Q
Let k € Ng. First, let us assume that & = 2 - ¢ + 2 is even (note that
k > 1, i.e., we can write k in this way while handling all cases). It follows from
Equation (17.1) that it suffices that the inequality

1+1 1 1 <1 1 1
6 3 2t 2 2041 )7

holds to imply o(qo, k) = b. Given that this inequality is equivalent to 4 > 3,
we obtain o(go, k) = b. Now, let us assume that k =2 - ¢+ 1 is odd. It follows
from Equation (17.1) that if suffices to have

1+1 1 1 >1 1 1
6 3 2! 2 20 )7

hold to have o(qo, k) = a. Given that this inequality is equivalent to 2 < 3, we
obtain o(qo, k) = a.

It follows from the above that the CIS that selects action a in gy for odd
counter values and b for even counter values is optimal from (p,1) for Q.
Furthermore, the above shows that no OEIS can be optimal from (p, 1), as for
all k£ > 2, we reach (qo, k) from (p, 1) with positive probability regardless of the
used strategy (and we must play optimally from these configurations). <



312 Chapter 17 — Interval strategies

17.4 Interval strategy decision problems

We formally define the decision problems we are interested in regarding interval
strategies. The common inputs of these problems are an OC-MDP ©Q with
rational transition probabilities, a counter bound B € N+ (encoded in binary
if it is finite), a target T' C @, an objective 2 € {Reach(T'), Term(7")}, an initial
configuration Sinit = (ginit, kinit) and a threshold 6 € [0,1] N Q against which
we compare the probability of 2. Problems that are related to CISs assume
that B = oo (as all strategies in the bounded case are OEISs). We lighten the
probability notation below by omitting M<B(Q) from it.

First, we are concerned with the verification of interval strategies, i.e.,

whether € is satisfied with probability at least 6 from s;,;; for a given strategy.

Definition 17.6. The interval strategy verification problem asks to decide, given
an interval strategy o, whether PZ _ (Q2) > 6.

When studying the verification problem, we assume that the encoding of

the input interval strategy matches the description of Section 17.1.

The other two problems relate to interval strategy synthesis. The corre-
sponding decision problem is called realisability. We provide algorithms checking
the existence of well-performing structurally-constrained interval strategies. We

formulate two variants of this problem.

For the first variant, we fix an interval partition Z of [1, B — 1] beforehand
and ask to check if there is a good strategy based on Z.

Definition 17.7. The fized-interval OFEIS realisability problem asks, given a
finite interval partition Z of [1, B — 1], whether there exists an OEIS o based
on Z such that P (€2) > 0.

The variant for CISs is defined similarly.

Definition 17.8. The fized-interval CIS realisability problem asks, given a
period p € N5 and an interval partition J of [1, p], whether there exists a CIS
o based on the partition generated by J such that Pg  (€2) > 6.
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For the second variant, we parameterise the number of intervals in the
partition and the size of bounded intervals.

Definition 17.9. The parameterised OFISs realisability problem asks, given a
bound d € Ny on the number of intervals and a bound n € N5 on the size
of bounded intervals, whether there exists an OEIS o such that Pg_ (£2) > 0
and o is based on an interval partition Z of [1, B — 1] with |Z| < d and, for all
bounded I € Z, |I| € [1,n].

We note that, in the above definition, the parameter n does not constrain
the required infinite interval in the unbounded setting B = oo. For CISs, the
parameterised realisability problem is defined as follows.

Definition 17.10. The parameterised CIS realisability problem asks, given a
bound d € N5 on the number of intervals and a bound n € N5 on the size of
intervals, whether there exists a CIS o such that PZ  (2) > ¢ and o is based on
an interval partition Z of N<y with period p such that |I| < n for all I € Z and

Z induces a partition of [1, p] with at most d intervals.

For both parameterised realisability problems, we assume that the number
d is given in unary. This ensures that witness strategies, when they exist, are
based on interval partitions that have a representation of size polynomial in

the size of the inputs.

Remark 17.11. In bounded OC-MDPs, instances of the parameterised OEIS
realisability problem such that no partitions are compatible with the input
parameters d and n are trivially negative. If B € N, then there are no interval
partitions of [1, B — 1] compatible with the parameters d and n whenever
B —1 > d-n. This issue does not arise for OEISs in unbounded OC-MDPs
or for CISs, as counter-oblivious strategies are always possible witnesses no
matter the parameters. <

For both realisability problems, we consider two variants, depending on
whether we want the answer with respect to the set of pure or randomised
interval strategies. For many objectives in MDPs (e.g., reachability, parity ob-
jectives |BK08, BORV23|), the maximum probability of satisfying the objective
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Figure 17.4: A variant of the OC-MDP of Figure 17.2. All weights are —1 and

are omitted from the figure.

is the same for pure and randomised strategies. As highlighted by the following
example (a variant of Example 17.2), when we restrict the structure of the
sought interval strategy, there may exist randomised strategies that perform
better than all pure ones. Intuitively, randomisation can somewhat alleviate
the loss in flexibility caused by structural restrictions [CRR14].

Example 17.4. The fixed-interval and parameterised realisability problems
subsume the realisability problem for counter-oblivious strategies. We provide
an OC-MDP in which there exists a randomised counter-oblivious strategy
that performs better than any pure counter-oblivious strategy from a given
configuration.

We consider the OC-MDP Q depicted in Figure 17.4 in which all weights
are —1, the objective Reach(tT) = Term(t7), a counter bound B > 3 and the
initial configuration (g¢,2). In Example 17.2, we have considered a variant of
this OC-MDP and have shown that to maximise the probability of reaching ¢t
from (q,2) with an unrestricted strategy, we must select action a in (gq,2) and
then b in (g, 1).

We now limit our attention to counter-oblivious strategies. For pure strate-
gies, no matter whether action a or b is chosen in g, t7 is reached with probability
% from (gq,2). However, when playing both actions uniformly at random in
g, the resulting reachability probability from (g,2) is %—g > %. This shows
that randomised counter-oblivious strategies can achieve better reachability

(resp. selective termination) probabilities than pure strategies. <



CHAPTER 18

Compressing induced Markov chains in
one-counter Markov decision processes

This chapter introduces compressed Markov chains. Compressed Markov chains
are the main tool underlying our algorithms for the interval-strategy-related
decision problems formalised in the previous chapter. We use compressed
Markov chains to analyse the (possibly infinite) Markov chains induced by
memoryless strategies over the space of configurations of an OC-MDP. A
compressed Markov chain is defined with respect to a memoryless strategy
and an interval partition on which the strategy is based. This construction
is generic, in the sense that it can formally be defined not only for interval
strategies, but for all memoryless strategies.

Section 18.1 illustrates and formalises compressed Markov chains. A com-
pressed Markov chain can only be constructed with respect to interval partitions
with intervals respecting some size constraint; Section 18.2 explains how to
efficiently refine interval partitions to enforce these constraints. In Section 18.3,
we prove that termination probabilities and the probability of hitting a counter
upper bound are preserved following compression. We show that the transition
probabilities of the compressed Markov chain can be represented as solutions of
systems of quadratic equations in Section 18.4. Finally, we close the chapter by
proving that compressed Markov chains for CISs are induced by one-counter
Markov chains in Section 18.5.

For this whole chapter, we fix an OC-MDP Q = (Q, 4, J,w), a bound
B € N5 on counter values and a memoryless strategy o of M=5(Q) based on

315
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an interval partition Z of [1, B — 1].
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18.1 Definition

We define the compressed Markov chain C7(Q) derived from the Markov chain
induced on M=5(Q) by o and the partition Z. We write C7 instead of CJ(Q)
whenever Q is clear from the context. Intuitively, we keep some configurations
in the state space of C7 and, to balance this, transitions of C7 aggregate several
histories of the induced Markov chain. We also apply compression for bounded
intervals: interval bounds are represented in binary and thus the size of an
interval is exponential in its encoding size. We open with an example.

Example 18.1. We consider the OC-MDP depicted in Figure 18.1a and
counter upper bound B = +oo. Let ¢ denote the randomised OEIS based
on Z = {[1,7],[8,c]} such that o(q,1)(a) = o(p,1)(a) = 0(q,8)(c) = 1 and
o(p,8)(a) = o (p,8)(b) = }.

We define the compressed Markov chain C7 depicted in Figure 18.1b by
processing each interval individually. First, we consider the bounded interval
I =11,7]. When we enter I from its minimum or maximum, we only consider
counter jumps by powers of 2, starting with 1 = 2°. If a counter value in I
is reached by jumping by 2%, we consider counter updates of 28+ from it;
Figure 18.2 illustrates this counter update rule. This explains the counter
progressions from (g, 1) to (¢,8) and from (¢,7) to (¢,0). The state space of
C7 with respect to I contains the configurations whose counter values can be
reached via this scheme. Transitions aggregate several histories of M<%°(Q),

e.g., the probability from s = (¢q,2) to s’ = (p,4) is the probability under o
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(a) An OC-MDP. Weights (b) Fragment of the compressed Markov chain of Exam-
are written next to actions. ple 18.1 reachable from (g,1). Configuration parentheses
are omitted to lighten the figure.

Figure 18.1: An illustration of an OC-MDP and its compression for a specific
strategy.

of all histories of M=>(Q) from s to s’ along which counter values elsewhere
than in ¢’ remain between min = 1 and 3 (i.e., the counter value before the
next step). The encoding of transition probabilities may be exponential in the
number of retained configurations; this is highlighted by the progression of
probability denominators between (g, 1) and (g, 8).

For the unbounded interval I = [8,c0], we only consider configurations
with counter value min I = 8 and consider transitions to configurations with
counter value min I —1 = 7. In this case, for instance, the transition probability
from (p, 8) to (p,7), corresponds the probability under o in M=°(Q) of hitting
counter value 7 for the first time in p from (p,8). This example illustrates that
this probability can be irrational. Here, the probability of moving from (p, 8) to
(p, 7) is a solution of the quadratic equation 2 = %—I— %1‘2 (see [KEMO6): % is the
probability of directly moving from (p,8) to (p,7) and %xz is the probability of
moving from (p, 8) to (p, 7) by first going through the intermediate configuration
(p,9).

Finally, we comment on the absorbing state L. The rules making up
transitions of C7 outlined above require a change in counter value. We redirect
the probability of never seeing such a change to L. In this example, o does not
allow a counter decrease from (g, 8). g
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BS0S0r0S0%070

Figure 18.2: An illustration of the counter update scheme in a compressed
Markov chain for the interval [1, 7].

Example 18.1 outlines the main ideas to construct C7. To ensure that
compressed Markov chains are well-defined, we impose the following assumption
on Z which guarantees that, in general, bounded intervals of Z can only be
entered by one of their bounds.

Assumption 18.1. For all bounded I € Z, logy(|I| +1) €N, ie., [I[| = 2% —1
for some B; € N.

Assumption 18.1 is not prohibitive: we prove in Section 18.2 that, given a
bounded interval, we can partition it into sub-intervals satisfying the required
size constraint in polynomial time. We assume that Assumption 18.1 is satisfied
for Z for the remainder of the chapter.

We now formalise C7 = (S7,07). We start by defining its state space St
which does not depend on o. We first formalise the configurations that are
retained for each interval.

Let I € Z. First, let us assume that I is unbounded and let b; denote its
minimum. We set St = @Q x {b; }, i.e., we only retain the configurations with
minimal counter value in I.

Next, let us assume that I is bounded and of the form [b;,bf]. Let
Br = logy(]I] + 1) (this is an integer by Assumption 18.1). We retain the
counter values that can be reached via a generalisation of the scheme depicted

in Figure 18.2. The set of retained configurations for I is given by
Si=Qx ({by +2°— 1 ae[B -1} U{bf — (2%~ 1) |ae[8 - 1]}).

Finally, we consider absorbing configurations and the new state 1. We let
S+ ={1}uU(Q x {0,B}) if B€Nand S = {L}U(Q x {0}) otherwise. We
define Sz = S+ U U7 SI-
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We now define the transition function 67. For all s € Sz, we let 67(s)(s) = 1.
For configurations whose counter value lies in one of the intervals I € Z, we
provide a unified definition based on a notion of successor counter values,
generalising the ideas of Example 18.1 and Figure 18.2.

Let I € Z. If I is unbounded, we define the successor of b, = min I to be
b; — 1. We now assume that I = [b;,b}] is bounded and let 3; = log,(|I| + 1)
and o € [B; — 1]. The successors of by + 2% — 1 are b; — 1 and b, + 22" — 1.
Symmetrically, for b} — (2% — 1), its successors are b} + 1 and b} — (2271 —1).
Both cases entail a counter change by 2%. Assumption 18.1 ensures that all
successor counter values appear in S7.

Let s = (¢,k) € S\ S7 and s’ = (¢,k') € Sz \ {L}. If ¥’ is not a
successor of k, we set 07(s)(s’) = 0. Assume now that %’ is a successor of
k. We let Heuec(s,s') C Hist(M=B(Q)) be the set of histories h such that
first(h) = s, last(h) = s’ and for all configurations s” along h besides ',
the counter value of s” is not a successor of k; outside of s’ along h, the
counter remains, in the bounded case, strictly between the two successors of
k, and, in the unbounded case, strictly above the successor k — 1 of k. We set
07 (s)(s') = PLSB(Q),S(CW (Hsuce (8, 8"))). To ensure that 07 (s) is a distribution
we let 07(s)(L) =130, 67(s)(s"); this transition captures the probability
of the counter never hitting a successor of k.

Remark 18.2. Although we have formalised compressed Markov chains for
OC-MDPs, the construction can be applied to one-counter Markov chains.
In particular, the properties outlined below transfer to the compression of a

one-counter Markov chain. <

In the following, we differentiate histories of CJ from histories of M=B(Q)

by denoting them with a bar, e.g., h indicates a history of C7.

18.2 Efficiently refining interval partitions

To define a compressed Markov chain with respect to an interval partition J
of [1, B — 1], we require that the size constraints of Assumption 18.1 hold,
i.e., that for all bounded I € J, logy(|I| + 1) € N. We present a refinement
procedure for interval partitions that enforces this property while generating few

intervals. At the end of this section, we provide an additional procedure that
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Algorithm 18.1: Procedure Refine to split an interval into intervals
of size in {2% — 1| € N}.
Data: A bounded interval I = [b~,b"].
10 [logy(b* — b~ +2) (= [logy(I1] + 1)));
if |I| = 2° — 1 then
‘ return {/};

else

I [b=,b- +20=2]; I" « [b~ +2¢ = 1,bT];

return {I'} U Refine(I”);

S A W N

can be used to retain specific configurations in the state space of compressed

Markov chains.

To refine an interval partition, we subdivide its bounded intervals one by
one. Breaking up these intervals into singleton sets is not a valid approach for
complexity reasons; any input interval partition is such that its interval bounds
are represented in binary, i.e., the size of intervals is exponential in the size of
their representation. We provide a polynomial-time refinement procedure that
divides an interval into sub-intervals of the required size in Algorithm 18.1. To
refine an interval, we determine a largest sub-interval of a suitable size and then
continue by recursively partitioning its complement. This algorithm enables
us, in the context of verification, to modify the interval partition from the
representation of an interval strategy into one suitable for compressed Markov

chains.

We show that, for all bounded intervals I of Nsg, the partition Refine(I)
(from Algorithm 18.1) has a polynomial size (with respect to the binary encoding
of the bounds of I) and all of its elements J satisfy logy(]J| +1) € N.

Lemma 18.3. Let I = [b~,b"] be a bounded interval of Nsg. The interval
partition Refine(I) of I obtained via Algorithm 18.1 satisfies |Refine(I)| <
logs(JI|+1)+1 < logy(b™)+1 and, for all J € Refine(I), we have logy(|J|+1) €
N.
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Proof. Let ¢ = |logy (|| +1)]. We show both statements by induction.

For the size of the elements in Refine(I), we proceed by induction on |I].
If |[I| = 1, then Refine(I) = {I} (since 1 = 2! — 1) and the result follows.
Now, assume that for all intervals smaller than I, the statement holds. If
I = 2°— 1, we have Refine(I) = {I} which satisfies the condition. Otherwise,
we let I' = [b=,b~ +2° — 2] and I” = [b~ + 2¢ — 1,b*]. In particular, we have
II'|=b= +2t—2—b" +1=2°—1 and thus logy(|I'| + 1) € N. We conclude
that all elements of Refine(I) = {I'} U Refine(I") satisfy the required constraint
on their size.

We now show that |Refine(I)| < ¢+ 1. We proceed by induction on ¢. If
¢ =1, then |I| =1 and we have |Refine(I)| = 1. This closes the base case.

We assume by induction that for all I’ such that ¢/ = [logy(|I'| +1)| < ¢,
we have |Refine(I’)| < ¢ + 1. If |I| = 2* — 1, we have |Refine(I)| =1 < £+ 1.
We thus assume that 2¢ — 1 < |I| < 27! — 1 (the upper bound follows from
the definition of £). We let I’ = [b=,b~ +2¢ — 2] and I"” = [b~ + 2¢ — 1,b*].
It remains to show that |Refine(I”)| < ¢ to conclude. It holds that |[I"| =
[I] — (26 —1) < 21 —1 — (2 — 1) = 2°. We distinguish two cases in light of
this. First, we assume that [I”| = 2¢ — 1. In this case, we have |Refine(I"”)| = 1,
which implies that |Refine(I)| = 2 < £+ 1. Second, we assume that |I”| < 2¢ —1.
By the induction hypothesis, we obtain that |Refine(I”)| < ¢, ensuring that
|Refine(I)| < £+ 1 and ending the argument. O

For the sake of conciseness, we extend the Refine operator to infinite intervals
and interval partitions. For any infinite interval I of N~ ¢, we let Refine(I) = {I}.
Let J be an interval of N5 and let J be a partition of J. We let Refine(J) =
Urcs Refine(I). Lemma 18.3 implies that the constraints of Assumption 18.1
are satisfied by Refine(7). This result also yields bounds on the size of Refine(J)
when J is finite.

We remark that if an interval partition J of Ns( has period p and is
generated by an interval partition J' of [1, p], then Refine(7) is generated by
Refine( 7).

We now introduce an operator ensuring that a specific counter value is
retained in a compression by making it an interval bound. For any interval
I =[b=,b"] of Nug (not necessarily bounded) and k € N, we let Isolate(1, k)
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denote {I} if k ¢ I and {[b™, k], [k + 1,b7]} \ {0} if kK € I. We extend the
Isolate operator to interval partitions as follows. For all intervals J of Nsg,
interval partitions J of J and k € N, we let Isolate(J, k) = ;¢ Isolate(Z, k).

18.3 Validity of the compression approach

We establish that for all configurations s € S7 and states g € (), the probability
of terminating or reaching the counter upper bound B in ¢ coincides in C7 and
in the Markov chain induced on M<P(Q) by o. There is not such a direct
correspondence for state-reachability probabilities. We prove that for all targets
T C @Q, there exists an OC-MDP Q' with state space @ derived by changing
transitions of Q such that, for all ¢ € T', the probability of visiting T" for the first
time via a configuration with state ¢ in M=2(Q) under ¢ coincides with the
probability of terminating or hitting the counter upper bound in ¢ in M<5(Q’)
under o.

For the first property, we rely on a relation between histories of C7 and
of MSB(Q). Let h = spag...a,_15, € Hist(M=P(Q)) such that last(h) €
Q@ x {0, B} and last(h) occurs only once in h. By induction, we identify a
sequence of configurations in Sz along h that is a well-formed history of C7. Let
fo = 0. Assume that we have constructed an increasing sequence £y < ... < £,
such that sy, ...s, € Hist(C7). If £, # r, we let £,41 be the least index £ > ¢,
such that sy € Sz and 67 (sg, )(s¢) > 0 and continue the induction. Such an index
is guaranteed to exist. Since weights are in {—1,0,1}, we witness all counter
values between that of s, and s, in the suffix sy, ... s,. Furthermore, all counter
values have a smaller successor, and those from a bounded interval have a greater
successor. If ¢, = r, the induction ends and we let h = S0Sey -+ -St,_,Se,, be the
resulting history. We say that h abstracts h, and it is the unique history of C7
that does so.

We now state the first theorem of this section. The crux of its proof is to
establish that, for all histories h of C7 ending in @ x {0, B}, the probability
of its cylinder in C7 matches the probability that a history abstracted by h
occurs in the Markov chain induced by o on M=5(Q). We conclude by writing
reachability objectives as countable unions of history cylinders. For the sake of

clarity, in the following statement, we indicate the relevant MDP or Markov
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chain for each objective.

Theorem 18.4. Let s € Sz \ {L}. For all ¢ € Q, PLSB(Q)S(Term(q)) =
Pes s(Reaches (¢,0)) and, if B € N, IP’M<B(Q) (Reach(<5(g)(q, B)) =
Pes s(Reaches (g, B)).

Proof. Let g € Q). We only prove the result for the target configuration (g,0).
The argument is the same when the target is (¢, B). To lighten notation, we let
M = M=B(Q) for the remainder of the proof.

Let h = s0s1 ..., € Hist(C7) be such that first(h) = s and last(h) = (g,0).
We let Haps(h) C Hist(M) be the set of histories abstracted by h. We show that
Pes 5(Cyles (h)) = PR s (Cylag E"Habs(/_z))). By construction of the abstraction
relation, all elements of H,ps(h) are a uniquely defined concatenation of an
element of Hgycc(S0, 51) with an element of Hgyec(s1, 52), - .., with an element
of Hsuec(Sr—1, 5r). Conversely, any such concatenation is an element of H,ps(h).
We obtain:

Pes o(Cyles (7))

M,s CyIM Hsucc(sﬁv Serl)))

> PRyl (he)

hy EHsucc(sé »Se+1 )

gl
I

- Y X (HP Cythé))>

hOEHsucc(50751) hr—leHsucc(Sr 1757‘)

- (IP’Mys(CyIM (ho -...-hH)))
ho E’Hsucc(smsl) hr_1 GHsucc(Sr—l 75r)

= %, (Cylpg (Habs(R)))-

The first line follows by definition of 47 and the definition of the probability
distribution over plays of Markov chains. For the second line, we first observe
that for all ¢ € [r — 1], the set Hsucc(S¢, S¢41) is prefix-free and thus the
cylinders of elements of Hgycc(S¢, Sp1+1) are pairwise disjoint. The third line
is a rewriting of the second. The fourth line is obtained by definition of the
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probability distribution induced by a strategy in an MDP, using the fact that o
is a memoryless strategy. The last line is obtained because Haps(h) is the set of
all concatenations occurring in the previous line.

We can now end the argument. Let H and H denote the set of histories of
M and C respectively that start in s and end in (g, 0) with only one occurrence
of (¢,0). These two sets are prefix-free and we have H = Jj,c5; Habs(h). Using
the above, we conclude that:

P s(Term(q Z P s (Cylag (R))
heH

=Y Pes (Cyles (h))
heH

— Pgs ,(Reach((q,0))).
This is the claim of the theorem. O

We now discuss state-reachability probabilities. Let T C ) be a tar-
get. Transitions of C7 group together (possibly infinitely many) transitions of
M=B(Q). In particular, this compression may result in some visits to 7" not
being observed in CJ despite occurring in M=5(Q). By slightly modifying O,
we can guarantee that all of these visits are witnessed in the new compressed
Markov chain.

The idea is to make all target states absorbing with self-loops of weight —1.
Formally, we let Q' = (Q, A,d’,w’) be the OC-MDP defined by letting, for all
g € Q and all a € A(q), §(q,a) = d(q,a) and w'(q,a) = w(q,a) if ¢ ¢ T and,
otherwise, ¢'(¢,a)(¢) = 1 and w'(q,a) = —1. We remark that o is a well-defined
memoryless strategy of M<B(Q/).

By design, any history of M<5B(Q) that ends in a configuration in 7' x [B]
and that does not visit this set before is also a history of M<5(Q’). The
cylinders of these histories in both MDPs have the same probability under o,
as transitions are the same in states outside of I'. This implies that, under
o, the probability of terminating or hitting the counter upper bound in 7" in
M=B(Q') is equal to the probability of reaching T'in M<5(Q). We conclude
by Theorem 18.4 that the compressed Markov chain C7(Q’) captures the state-
reachability probabilities for the target T in M<5(Q) under o. We formalise
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this by the following theorem, in which, for the sake of clarity, we indicate the
relevant MDP or Markov chain for each objective.

Theorem 18.5. Let T C Q. Let Q' = (Q, A, 0, w") be defined as above. For

all s € SI, P?MSB(Q)7S(ReaChM§B(Q) (T)) = ch(gl)7s(ReaChcg(Ql) (T X {O, B}))

Proof. To lighten notation, we let M = M=5(Q) and M’ = M=B(Q)
for the remainder of the proof. By Theorem 18.4, it suffices to show that
P s(Reachr((T)) = PR ((Reachpy (T x {0, B})).

Let H C Hist(M) be the set of histories h € Hist(M) such that last(h) €
T x [B] and no prior configuration of h is in T x [B]. The state-reachability
objective Reacha((T') can be written as Cyl, (H). Since H is prefix-free, we
have P (Reachp(T") = 3 j,cq Phy o (Cylpg (h)). Furthermore, for all h € H,
by definition of ¢’, since no configuration with a state in 7" occurs along h besides
the last one, we have h € Hist(M’) and P, (Cylr( (h)) =P, (Cylrg (B)).

To end the proof, it suffices to show that Cyl . (H) = Reachp¢ (T x {0, B}).
We show both inclusions. Let m € Cyl,, (H). By definition of #, there exists a
configuration of 7 with a state in 7. If the counter value of this configuration is
B, then we have m € Reach (T x {0, B}). If not, we are guaranteed to have a
configuration in 7' x {0} along 7 because states of T" are absorbing in Q' and
their self-loops have weight —1. Conversely, let ™ € Reachp¢ (T x {0, B}). By
definition of the reachability objective, there must be a configuration with a
state in 7" along 7. The earliest occurrence of a state of T' (regardless of the
counter value) witnesses that = € Cyl, (H). This ends the proof. O

18.4 Characterising transition probabilities

Example 18.1 illustrates that the transition probabilities of a compressed Markov
chain may require large representations or be irrational. This section presents
characterisations of these transition probabilities via equation systems.

For the remainder of this section, we fix an interval I € Z. We present a
system characterising the outgoing transition probabilities from configurations
of C7 with counter value in 7. In Section 18.4.1, we assume that I is unbounded,

and we handle the bounded case in Section 18.4.2. We also provide bounds on
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the size of the systems.

18.4.1 Unbounded intervals

We assume that [ is an infinite interval and let b~ = min I. This implies that
B = co. We characterise the transition probabilities from the configurations of
St with counter value b~ via existing results on termination probabilities in
one-counter Markov chains.

For any ¢, p € @, the transition probability 67((¢,b7))((p,b~ — 1)) can
be seen as a termination probability in a one-counter Markov chain. Let 7
denote the counter-oblivious strategy o(-,b~). We consider the one-counter
Markov chain R = (@, d7), where, for all ¢, p € @ and all u € {—1,0, 1}, we let
67(q) (P, ) = Xae () w(q.a)=u T(@)(a) - 0(q, a)(p).

Let ¢, p € @ and let s = (¢,b7). There is a bijection between h €
Hsuce(s, (p, b~ — 1)) and the set of histories of CS*°(R) that start in (g,1) and
end in (p,0): one omits all actions and subtracts b~ — 1 to all counter values in
the history. By definition of ¢ and 47, this bijection preserves the probability of
cylinders. This implies that 67 ((¢,b7))((p, b~ — 1)) is exactly the probability,
in C=*°(R), of terminating in p from (g, 1).

It follows that, in our case, we can characterise our transitions probabilities
as termination probabilities in one-counter Markov chains. We use the charac-
terisation of termination probabilities in probabilistic pushdown automata, a
generalisation of one-counter Markov chains in which termination equates to
reaching an empty stack, of [KEMO06]. We specialise this characterisation to
the setting of one-counter Markov chains in the following theorem.

Theorem 18.6 (|[KEMO06|). For each q,p € Q, we consider a variable (q “\ p)
and the system of equations formed by the equations, for all q,p € Q,

(@ \p) =5"(0)(p,—1) + D _ ' (9)(t,0) - (t \yp)
teQ

+Y 6 @) - [ SN N\ |

teqQ t'e@

where 51 () (¥, u) = D ac Aty w(ta)=u O (07 )(@) - 8(t,a)(t') for allt, t' € Q and
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all w € {—1,0,1}. The least non-negative solution of this system is obtained by
substituting each variable (g \, p) by 67((g,b7))((p,b~ —1)).

The equation system of Theorem 18.6 has one variable of the form (g \ p)
for every two states ¢, p € @ and there is one equation per variable. Furthermore,
the equations have length polynomial in the sizes of |A| and |Q|. Indeed, if
we distribute all products in the right-hand sides of the equations to rewrite
them as a sum of products, there are at most |4 - |Q|? products of at most
four variables or constants. We obtain the following result.

Lemma 18.7. The equation system of Theorem 18.6 has |Q|? variables and

equations. Its equations have length polynomial in |Q| and |A|.

18.4.2 Bounded intervals

We now assume that I is bounded. We write I = [b~,b"] and let 8 =
logy(|I] + 1) € Nsg. To improve readability, we assume that b~ = 1 and
bt =26 — 1. All results below can be recovered for the general case by adding
b~ — 1 to the counter values in configurations.

Counter values of I that are kept in Sz can be partitioned in two sets: the
set {2% | a € [B—1]} of values reachable from b~ and the set Q@ x {27 —2% | a €
[8—1]} of values reachable from b* (in the sense of Figure 18.2). By symmetry
of the transition structure of the compressed Markov chain, the outgoing
transitions from a configuration (g,2%) correspond to outgoing transitions from
the configuration (g, 2% — 2%).

Lemma 18.8. Let ¢,p € Q and o € [3 — 1]. It holds that 65(g,2%)(p,2°T!) =
07(q,2° — 2%)(p,2°) and 67(¢,2%)(p,0) = 67(q,2° — 2%)(p, 2° — 2°*")

Proof. We only prove that 67 (g,2%)(p, 2°™!) = 67(q, 2% —2%)(p, 2°) as the other
case is similar. We define a bijection

F: Hsuee((g,27), (p, 2a+1)) — Hsuce (5 20 — 29), (p, 26))

and prove that P (Cyl(h)) =P

MZB(Q),(q,2%) Cyl (f(h))) for all

7\/195’(9),(%2‘*—2‘*)(
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h € Hsuce((q,2%), (p,2%T1)). This is sufficient to obtain our result.

Let h € Hsuee((q,29), (p, 2°T1)). We let F(h) be the history obtained by
adding 2% — 29*1 to all counter values along h. We must show that F(h) €
Heuee((q,2° — 2%), (p,2%)). For the first and last configurations, we observe
that 2% 4 28 — 22+l = 268 _ 90 gpnd 20+1 4 26 _ 9o+l — 28 For the other
configurations, their counter values are in the interval [1,29%1 — 1], thus their
counterparts in F(h) have a counter value in [2° — 20+ 41,28 —1].

We now establish that

]P),C/r\/(SB(QL(q’ga)(Cyl (h)) = ]P)_‘;-\/[SB(Q%(%QB_QO&)(Cyl (F(h)))-
Let h = (qo, ko)ao(q1, k1) - - - ar(qr, k). Because o is memoryless, based on Z
and I € Z, we obtain

r—1

PiASB(Q)’(q,Qa)(CyI (h)) = H 5(%7 aé)(‘]ﬁ+1) ’ 0'(547 kf)(af)
£=0
r—1

= 11 6(ae, a0)(gesr) - o (s, ke + 2° = 2°F7)(ay)
=0

= P (0 (g8 (O (F(R))).

To prove that F is bijective, we define its inverse. We let ! be the function
over Hsuee((q,2° — 29), (p,27)) that subtracts 27 — 22+1 to all counter values
along histories. It is easy to verify that F~! is well-defined and that it is the

inverse of F. L]

Due to Lemma 18.8, it is sufficient for us to characterise the outgoing
transition probabilities for the configurations in @ x {2¢ |« € [5 — 1]}. We do
so via a quadratic system of equations. We provide intuition on how to derive
this system for our interval I = [1, 28 — 1] by using Markov chains: our systems
can be derived from linear systems for reachability probabilities in the Markov
chains illustrated below. We recall the general form of these linear systems in
Appendix A.2.1.

Let us first consider transitions from @ x {1}. We illustrate the situation
in Figure 18.3: we consider a Markov chain over @ x {0,1,2} where states

in @ x {0,2} are absorbing and transitions from other states are inherited
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Figure 18.3: Markov chain transition scheme used to derive a characterisation
of transitions from @ x {1} in CJ for a bounded interval of the form [1, 2% — 1].

In this figure, 6"(q)(p,u) = 3 aeaq) o((¢,1))(a) - 3(g, a)(p).

w(g,a)=u

from the Markov chain induced by o on M<5(Q). We represent transitions
in this Markov chain from a configuration (¢,1) € @ x {1} to configurations
with a state p € Q. For any ¢ € @, the probability of reaching a configuration
s € @ x {0,2} from (g, 1) in this Markov chain is 07 ((g,1))(s") by definition.

Next, we let « € [1,8 — 1] and consider configurations in ¢ x {2*}. The
situation is depicted in Fig. 18.4. We divide a counter change by 2¢ into counter
changes by 2¢~! and, thus, rely on the transition probabilities from @ x {20!}
in C7. In this case, we can see transition probabilities from @ x {2} in C7 as
reachability probabilities in a Markov chain over @ x {0,2%71,2% 3.20-1 ga+1}

By putting together the reachability systems for @ x {2%} for all a € [ —1],
we obtain a quadratic system of equations. To formalise our system and prove
its validity, we introduce some notation.

Let a« € [8—1], ¢,p € Q and k € [1,2°T — 1]. We let Ho((q,k)  p)
(resp. Ha((g,k) N\ p)) denote the set of histories h of M=B(Q) such that
first(h) = (g, k), last(h) = (p,2%"1) (resp. (p,0)) and no configuration along h
besides its last one has a counter value in {0,221}, These sets are prefix-free.

We let [(¢, k) /" Pla = Pl <n gy (g0 (Y (Hal((g: k) 7 p))) and [(g, k) i pla =

P.(/T\/ISB(Q) « k)(CyI (Ha((g, k) ¢ p))). In all of this notation, if « is the subscript,
then an upwards (resp. downwards) arrow indicates that the counter of the
target configuration is 22! (resp. 0).

The transition probabilities of C7 can be written with the above notation.

For all ¢,p € Q and a € [B — 1], we have §7((q,2%))((p,0)) = [(¢,2%) \« Pla
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Figure 18.4: Markov chain transition scheme used to derive a characterisation
of transitions from @ x {2¢} for 0 < o < 8 in CJ for a bounded interval of the
form [1,2% —1].

and 07((¢,2))((p,2*1)) = [(¢,2%) /" pla.

The following theorem formalises our characterisation of the transition
probabilities of C7 for configurations in Sz N (Q x I). The size of this system is
polynomial in |@] and S. We provide a self-contained proof that does not refer
to the Markov chains described in Figures 18.3 and 18.4. This proof is inspired
from the reasoning used to establish Theorem 18.6 in [KEMO06]|. A corollary of
this proof is that the Markov chains above yield an accurate characterisation
of the transition probabilities.

Theorem 18.9. For each q,p € Q, we consider variables ((q,1) / p)o and
{(q,1) \y o, and for all o € 1,8 — 1] and k € {2%71,2% 3. 2971} we
consider variables ((q,k) / p)a and {(q,k) \( P)a. For all q, p € Q and all
u € {~1,0,1}, let 6"(q)(p, ) = X 4e a(g)w(g.a)=u 7 (¢ (@) - (g, @) (p).
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Consider the system of equations given by, for all g,p € Q:
(¢ 1) /7 po=06"(a)(p, 1)+ > 8"(@)(t,0) - ((t,1) ./ p)o (18.1)
teQ

(@ 1) \ep)o = 6" (9)(p,—1) +>_ 6" (a)(t,0) - {(£, 1) P
teQ

and for all a € [1,5 — 1],

(0,271 S pla = E;(q, 271 S a1 - {(£,2%) / Da, (18.2)

<(Q72a) /‘p>a = Z (<(q’2a—1) /‘ t>a71 : <(t73 ’ 2(1—1) /‘p>a
teQ (18.3)
627 N oot (627 7 )
<(Q73 ' zail) /(p>a = Z <<(Q72a1) \l t>oz—1 ’ <(t7 2a) /‘p>a>
teQ (18.4)
+{(¢,2°7Y) / Pla-1,

((0:3-2°7) Nepda =D {4,271 \etha—1 - {(£,2%) \(D)a,
e

(@2 Napba =32 ({0257 o+ (6257) N
teq

(@2 A s+ (1,3 207 xp>a),
<(Q7 2a—1) \p>a :Z (((Q72a_1) /{ t>o¢—1 : <(t7 20{) \lp>o¢)

teq
+ (4,27 \yP)a1-

The least non-negative solution of this system is obtained by substituting each

variable ((q,k) / p)a by [(a,k) / Pla and ((¢,k) \ D)o by [(¢, k) \( Pla-
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Proof. Occurrences of P in this proof refer to M<5(Q), thus we omit it from
the notation. We show a claim to shorten our arguments. Let s, s € Q x [B].
Let H C Hist(M=5(Q)) be a prefix-free set of histories starting in s. Assume
that there exist two prefix-free sets of histories H1) and H(? such that the last
(resp. first) configuration of all elements of H(D (resp. H(?) is s and we have
H={hy-hy | h1 € HY hy € HP}. Then it holds that

P% (Cyl (H)) = B¢ (cy| (7—[(1))> P, (cyl (H<2>)) . (18.5)

Equation (18.5) can be proven as follows:

PI(Cyl(H) = Y. Y. PI(Cyl(h-ho))

hi€HO) hocH(2)

= Y > PI(h) -Po(ho)

h1€HM) hoeH ()

:< 3 IP"S’(CyI(hl)))-( > IP’Z(CyI(fm)))

hieH®) ho€H @)
= Pg(Cyl (D)) - PE(Cyl (HP))

The first line follows from H being prefix-free. The second line is obtained from
the definition of P¢, using the fact that ¢ is memoryless. We obtain the third
line by algebraic manipulations and the last one using the fact that H®) and
H@ are prefix-free.

We now prove the theorem. We start by proving that the asserted solution
is a solution of the system. We only verify Equations (18.1)—(18.4), i.e., the
equations in which the left-hand side of the equation has a variable with an
upwards arrow . Arguments for the others are analogous.

Let ¢,p € Q. First, we consider the case a = 0. We recall that Ho((q,1) " p)
is prefix-free. We partition Ho((g,1)  p) into two sets H and H’ such that
H is the set of histories starting in (g, 1) whose second configuration is (p,0)
and H' = Ho((q,1) 7 p) \ H. For all histories of H', their second configuration
has counter value 1. We rewrite IP‘(’ 1)(Cyl (H)) and IP"(’ 1)(Cyl (H")) to prove the
desired equality. On the one hand, we have

P (Cyl () = Y BY,(Cyl((g, )a(p,2))) = 6" (¢, )(p)-
acA(q)
w(g,a)=1
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For the other set, we partition H' according to the second configuration of the
histories. We further partition the resulting sets following the first action and
apply Equation (18.5) to obtain

P (Cyl (H))

> Y Y R, (@i Dal 1) b))

t€Q acA(q) heHMo((t,1) p)

w(q,a)=0
=X ( X )@ -5.00) By O (ot.1) )
teQ a(equ:)
= 8(¢,0)(t) - [(t,1) / plo.
te@

Equation (18.1) thus follows from the above and
[(a,1) 7 plo =P{, 1, (Cyl (H)) + P, ;) (Cyl (H')).

This ends the case where a = 0.

Let @« > 1. We start by considering Equation (18.2). All histories in
Ha((g,2%71) 7 p) have a configuration with counter value 2%. We let (Ut)ieq
be a partition of Hq((q,2%1) 7 p) based on the state of the first configuration
with counter value 2% that is reached. For all ¢ € ) and all h € U;, we let
h1 and hy such that h = hy - hg where hy is the prefix of A up to the first
occurrence of (¢,2%), and let, for ¢ € {1,2}, Ut(i) ={hi | h1-he € U}. We
have Ut(l) =Ha-1((¢,2%7 1) 7t) and Ut@) = Ha((q,2%) /' t) by construction.
We conclude that Equation (18.2) is satisfied by the candidate solution via the

following equations (the second line uses Equation (18.5)):

[(Q7 207 1) /‘p ZP(Q 20-1) (Cyl (Ut))
te@

—ZP@za NCUCRIRAMCUCH)

:Z Q72a 1 /‘t]a—l'[(uza)/(p]a-
te@

We now move on to Equation (18.3). We partition H,((q,2%) 7 p) as
follows. Let t € Q. We let U; (resp. D;) denote the subset of Hqo((g,2%) ' p)
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containing the histories such that the first configuration with counter value
3. 2971 (resp. 2°7!) that is visited has state ¢ and no prior configuration
has a counter value in {32471 29711 The sets D; and Uy, t € Q partition,
Ha((g,2%) ' p). Indeed, all of these sets are disjoint by definition and any
history from (g,2%) to (p,2%!) must traverse a configuration with counter value
3-297L Similarly to above (for Equation (18.2)), for all t € Q and all h € U,
(resp. Dy), we let h = hy - hg such that h; ends in the configuration witnessing
that h € Uy (resp. Dy). For i € {1,2}, we let U = {h; | hy - hy € U;} and
Df) = {hi | h1 - ha € D;}. By applying Equation (18.5), we obtain:

(02 210 =3 (6 (01)) Py (00 (07)
te@
5y (04 (017 (0 (017)
te@

We now prove that the cylinder probabilities match the terms in Equa-

tion (18.3). Let t € Q. We have IP’E’;’S.QQA) <Cy| (UF))) =[(t3-2°71) Apla
(2)

and P(&Qaq) <Cy| (D?))) =[(t,2°71) 7 pla because U;” and D?) are respec-
tively the sets Ho ((¢,3-2°71) 2 p) and Ho((t,2971) 7 p).

The sets Ut(l) and Dgl) do not directly match relevant sets of histories as
above. However, there are bijections from Ut(l) to Ha—1((g,2%° 1) A~ t) and
from Dgl) to Ha—1((g,2%71) \( t). Both bijections map a history to the history
obtained by subtracting 2! to the counter values in all configurations along
the history. All counter values in a history in Ut(l) or Dt(l) and its image lies in
the interval I. Therefore, for all h; € Ut(l) U D,gl) with first(h;) = s, if its image
by the relevant bijection is h} such that first(h}) = &, then P7(Cyl (h1)) =

P7,(Cyl (h})). We conclude that ]P"(’qga) <Cy| (Ut(l))> = [(¢,2*Y) a1 and

IP’E’qQQ) (Cyl (Dg”)) = [(q,2°71) \( t]a—1 (a similar argument is more detailed
in the proof of Lemma 18.8). We have shown that the asserted solution satisfies
Equation (18.3).

We now move on to Equation (18.4). We follow the same scheme as above,
i.e., we partition Ho((q,3-2%71) 7 p). First, we let U, be the subset with all
histories that never hit counter value 2%. For any ¢t € (), we let D; be the subset
of Ha((g,3-2%7Y) 7 p)\ U, consisting of histories that reach counter value 2¢
for the first time in a configuration with state ¢t. The sets Dy, t € @, and U,
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partition Ha((g,3-2%"1) 7 p). As above, for any t € Q and h € Dy, we write
h = hy - hy such that h1 1s the prefix of h up to the first occurrence of (t,2%).
For i € {1,2}, we let D = {h;i | h1 - hy € D;}. Like before, we obtain, from
Equation (18.5),

[(¢,3-2°7") / pla _ZP (g,3-20—1 (Cyl (Dlgl))> Plian (Cyl <D§2))>

teQ
+ ]P)Erq 3. 2a) (Cyl (UP)) .

Let t € Q. It follows from D{” = H,((t,2%) / p) that FF, . (cy| (Dt(?))) _
[(,29) 7 pla- We can adapt the bijection-based argument used for Equa-
tion (18.3) to conclude that }P"(’ 3.90-1) (Cyl (Dt(l))> = [(¢,2%7') \( t]a_1 and
P‘(’q73.2a,1) (Cyl (Up)) = [(q,2%7 ") /* pla—1. This shows that Equation (18.4) is
verified by the asserted solution, and ends the argument that all equations hold.

It remains to show that the asserted solution is the least non-negative
solution of the system. Once again, we only consider the case of variables with
ascending arrows as the other case can be handled similarly. We fix an arbitrary
non-negative solution of the system. We denote its component corresponding
to a variable x by x*.

All probabilities in the asserted solution can be written as the probability
of a cylinder of a set of histories. In particular, these probabilities can be
approximated by only considering the histories with at most r actions (for
r € N). It suffices therefore to show that each approximation is lesser or equal
to the fixed arbitrary solution to end the proof.

Forallr e N, ¢,pe Q, a € [f—1] andke{Qo‘*l 2¢.3.297° 1} if a £ 0
and k = 1 otherwise, we let [(¢,k) 7 plS" = P, k)(CyI (H=")) where H=" is
the subset of H,((q, k) / p) containing all histories with at most r actions. We
define [(g, k) \( p]S" similarly.

Let g and p € . We use nested induction arguments in the remainder of
the proof: an outer induction on o and an inner induction on 7.

First, we deal with the case @« = 0. Let r € N. For the base case r = 0,
we have [(¢,1) p]go =0<{((q,1) /' p)§ because we consider a non-negative
solution. We now assume that [(¢,1) * p]gr L' < ((¢g,1) /' p)§ by induction.
We can apply the reasoning used when considering Equation (18.1) in the first
part of the proof (taking in account the length of histories) and then apply the
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induction hypothesis to obtain:

(0. 1) 7 pls" = 0" () (0, 1) + > 6" () [(t,1) 7 pl§""
teQ
< @), 1)+ _6'(q) (1) /)5
teQ

=((¢,1) /" po-

This closes the proof for the case a = 0.

Next, let a > 1. We assume, by induction on «, that we have shown that for
all t, ¢ € Q, we have [(t,2°71) 7 #]o—1 < ((¢,2°7Y) /)% 1 and [(¢,2°71) N\,
a1 < {(£,2971) N\ /)% ;. The base case r = 0 of the inner induction is
direct because for all k € {2071 29 3.2°711 we have [(¢,k) / p|S° = 0.

We assume by induction that [(t,k) 2|7 < ((t,k) /)% for all t,#' € Q
and all k € {2%71 2% 3.2 11 All required inequalities are obtained by
an adaptation of the argument used in the first part of the proof for Equa-
tions (18.2), (18.3) and (18.4), i.e., partitioning the set of histories while taking
in account the length of histories and invoking Equation (18.5). For this reason,
we omit some details. From configuration (g,2%~!), we obtain that

[(@:2°71) Apls" <Y [(0:2%7Y) At - [(£2%) S pls™ "
teQ
By the induction hypotheses and the fact we are dealing with a solution of the
system, we obtain [(g,2%7!) 7 plS" < {(¢,2%71) 7 p)%. Next, for configuration
(g,2%), we obtain that

(2% ApS <Y (Kq, 201y Aoy [(t3-2570) A plErt
teq

+ (6,257 Nt - (5,271 sz’”).

It follows from the induction hypotheses and the fact we deal with a solution
that [(¢,2%) 7 pls" < {(¢,2%) /" p)%. Finally, for configuration (g, 3-2%71), we
have

[(Q73 ’ 2a_1) /‘p]gr = Z <[(Q7 2@—1) \l t]afl : [(tv2a) /‘p]gr_1>
teQ

+1(¢,2°7Y)  pla—t
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The induction hypotheses imply that [(¢,3-2%71) 7 p|s" < ((q,3-2%71) 7 p)*.
We have shown that the asserted solution is the least non-negative solution
of the system. O

We now analyse the size of the equation system of Theorem 18.9. There are
as many equations as there are variables. There are 2 - |Q|? equations in the
system for which the variable of the left-hand side is indexed by 0, and, for all
a € [1,8 — 1], there are 6 - |Q|? equations in the system for which the variable
of the left-hand side is indexed by «. We can also show that these equations
have length polynomial in |@Q| and |A|. We obtain the following result.

Lemma 18.10. The equation system of Theorem 18.9 has 2 - |Q|? - (35 — 2)

variables and equations. Its equations have length polynomial in |Q| and |A|.

Proof. The argument regarding the number of variables and equations is given
above. We thus provide an analysis of the length of the equations. We analyse
Equations (18.1)—(18.4) from Theorem 18.9. A similar analysis applies to the
other equations. We need only comment on the right-hand side of each equation,
as the left-hand side contains a single variable.

We start with Equation (18.1). If we rewrite its right-hand side as a sum
of products (we substitute references to 6! by the corresponding sum), we
obtain a sum of no more than |@Q| - |A| products of at most three variables or
constants. For Equations (18.2)—(18.4), we observe that their right-hand side
are respectively sums of no more than 2|@Q| products of two variables. O

Theorem 18.9 provides a system of equations that may not have a unique
solution. We describe how to alter this system to have a unique solution based
on the supports of the distributions assigned by o.

We rely on the Markov chains described in Figures 18.3 and 18.4. By
Theorem 18.9, the transition probabilities of C are reachability probabilities in
these Markov chains. More precisely, the system of Theorem 18.9 is a collection
of systems for reachability probabilities in these Markov chains. It follows
that modifying the equation system of Theorem 18.9 by setting all relevant

probabilities to zero will ensure uniqueness of the solution.
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It remains to determine how to identify the probabilities that are zero in
the least solution of the system. The probabilities that are zero only depend
on the transitions (with non-zero probability) between configurations (see
Appendix A.2.1). Therefore, we need not compute the transition probabilities
of the Markov chains (which would have an important computational cost, see
Example 18.1) and need only determine the transitions qualitatively.

The idea of the procedure is to proceed gradually increasing the counter
step size. First, we can study the Markov chain for counter values {0, 1,2}, as
illustrated in Figure 18.3, and perform a graph-based analysis to determine
which probabilities to set to zero for outgoing transitions from @ x {1} in C7.
Then, for all a € [ — 1], assuming that the non-zero transition probabilities
in C7 have been determined for configurations in @ x {2*7'}, we can perform
another graph-based analysis on the Markov chain described in Figure 18.4 to
determine the non-zero transition probabilities from @ x {2%} in C7.

In this way, we obtain a procedure that runs in time polynomial in |@Q| and
B: we perform a reachability analysis on one graph of size 3 - |Q| for the base
case and on /3 — 1 graphs of size 5 - |@Q| for the other cases. This analysis does
not require the precise probabilities given by o, and it is sufficient to only know
which actions are chosen with positive probabilities in @ x I. When given the
precise probabilities, the system resulting from this procedure can be solved in
polynomial time in the BSS model; by construction, its unique solution can
be computed by solving S linear systems. We summarise this result in the

following theorem.

Theorem 18.11. There exists an algorithm modifying the system of Theo-
rem 18.9 such that

(i) the least solution of the original system is the unique solution of the
modified one and

(ii) the algorithm runs in time polynomial in 3 and the representation size of

Q.

This algorithms only relies on the support of the distributions in the image
of o and not the precise probabilities. The resulting system can be solved in
polynomial time in the BSS model.
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Proof. We first formalise the Markov chains of Figures 18.3 and 18.4. The
remainder of our argument is based on these § Markov chains.

We let Cop = ({L} U (Q x {0,1,2}),3%) be the Markov chain such that all
states in { L} U(Q x {0, 2}) are absorbing and for all ¢,p € Q and u € {—1,0,1},
53((0 1) (1 140) = eyt 7@ 1)(@)-3(q, a)(p) (unattributed prob-
ability goes to L).

Forall a € [1,3—1], we let Co = ({L}U(Q x {0,291 2% 3.2071 ga+11y 51
where the states in { L }U(Q x {0,2%*1}) are absorbing and, for all ¢,p € Q and
ke {207,293 2971}, we let da((g, k) ((p, k — 2°71)) = 07((¢,2°71))((, 0))
and da((g, K))((p, b+ 2271)) = 07((g, 2°~1))((p, 29)).

We observe that for all p € @ and all a € [5—1], the subset of equations from
Theorem 18.9 with the variables of the form ((q, k) ,/ p)a (resp. (¢, k) \(P)a)
in the left-hand side coincides with a system for reachability probabilities in
C,, for target {(p,2°*1)} (resp. {(p,0)}) when substituting variables indexed
by o — 1 by their assignment in the least solution of the system. We devise
an algorithm that individually modifies every such system so it has a unique
solution. Because we are dealing with systems for reachability probabilities, we
obtain a system with a unique solution by setting the variables whose assignment
in the least solution of the system is zero to zero. This set of variables can be
determined using a qualitative reachability analysis of the Markov chains C,.

We analyse the Markov chains in order, i.e., we start with Cy, then continue
with C; and so on. This is necessary: the transitions with non-zero probabilities
in a Markov chain C, with o > 1 are not known beforehand, but can be inferred
from the analysis of C,_1. We prove the following invariant of our procedure:
after processing C,, the least non-negative solution of the modified system is
the least non-negative solution of the original system and all variables indexed
by o < a have a unique valid assignment in any solution of the new system.
We modify the system by adding constraints that are satisfied by the least
non-negative solution of the original system. Thus, the first part of the invariant
follows directly and we do not comment on it.

The transition structure of the Markov chain Cy can be constructed directly
as follows: there exists a transition from a state (¢, 1) to a state (p,1 + u) if
and only if there exists an action a € supp(o(g, 1)) such that w(q,a) = u and
p € supp(d(g,a)) (in particular, the numerical probabilities do not matter).
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This yields a directed graph Gy over @ x {0,1,2}. For all ¢,p € @, we have
[(a,1) / plo = O (resp. [(¢,1) ¢ plo = 0) if and only if (p,2) (resp. (p,0))
cannot be reached from (g, 1) in Go, and in this case, we add ((¢,1) " p)o =0
(resp. ((g,1) ¢ p)o = 0) to the system. After analysing Cy, the invariant is
satisfied. Indeed, following the addition of the new equations, there is only one
possible assignment of the variables indexed by 0 in any solution: all of these
variables are involved in a Markov chain reachability probability system with a
unique solution.

We now let o € [1,8 — 1] and assume that C,_; has been processed. We
assume that the invariant holds by induction. Via the analysis of C,_1, we know
which transitions of C, have non-zero probability because these probabilities
are reachability probabilities in C,—1 by Theorem 18.9. We construct a directed
graph G, over the state space of C, similarly to above. Let s = (¢,k) €
Qx{2971,2% 3.2V and p € Q. In G, there is an edge from s to (p, k+2%71) if
[(¢,2%7Y)  pla—1 > 0 and there is an edge from s to (p, k—2%71) if [(g,2%71) \
Pla—1 > 0. Whether these probabilities are positive is known from the analysis
of Co—1. As above, we have [(¢,k) / pla = 0 (resp. [(¢, k) \( pla = 0) if and
only if (p,2%T1) (resp. (p,0)) cannot be reached from (g, k) in G,, and in this
case, we add ((¢,k) /* p)a = 0 (resp. ((q,k) \yP)a = 0) to the system.

We prove that the invariant is preserved after this iteration. By induction,
all variables indexed by a — 1 have only one possible valid assignment. Given a
solution of the system obtained after processing C,, the variables indexed by
« must satisfy an equation system with a unique solution, the coefficients of
which are given by the unique valid assignment of the variables indexed by a— 1.
It follows that there can only be one valuation for the variables indexed by «
in any solution of this system. This, in addition to the inductive hypothesis,
guarantees that the invariant holds after the analysis of C,. In the end, after
analysing Cg_1, the invariant guarantees that the resulting system has a unique
solution.

To end the proof, it remains to show that the above algorithm respects
the asserted complexity bounds. For all « € [ — 1], constructing the graph
G, takes time polynomial in the representation of Q. Indeed, for Gy, to find
all successors of a configuration (g, 1), it suffices to iterate over all actions
a € supp(o(q,1)) and then build on the set of successors supp(d(q,a)). For
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the other graphs G, their structure is inferred from the analysis of G,_;.
Each graph G, can be analysed in polynomial time by performing a backward
reachability analysis from each configuration on the right (i.e., after the arrow)
of a variable indexed by «, and there are 2|Q| such configurations per graph.
As we analyse (8 graphs, the overall time required to implement the procedure
above respects the announced complexity bounds.

It remains to prove that the unique solution of the system provided by
the procedure above can be computed in polynomial time in the BSS model.
It suffices to solve linear systems for reachability probabilities in each of the
Markov chains C,, for a € [ — 1]. This can be done in polynomial time with
unit-cost arithmetic: these Markov chains have no more than 5 - |@Q| states
each. O]

18.5 Representing compressed Markov chains

The definition of the compressed Markov chain does not impose any conditions
on the memoryless strategy o: C7 can be defined without assuming that o
is an OEIS or a CIS. However, for algorithmic purposes, we require that C7
has a finite representation that is amenable to verification algorithms. In this
section, we focus on the representation of the state space of C7, as the results
of Section 18.4 provide a finite representation of transition probabilities for

each interval.

By construction, C7 is finite if and only if Z is finite. Thus C7 can only
be finite when ¢ is an OEIS. In the remainder of this section, our goal is to
show that C7 has a finite representation when o is a CIS and Z is periodic. We
assume that B = oo and that o is a CIS that for the remainder of the section.
We let p denote a common period of ¢ and Z. We let J be the partition of
[1, p] induced by Z.

We claim that C7 is induced by a one-counter Markov chain R% = (R7,07%)
where Ry = SzN({L}U(Qx[1, p])) and 67 is described below. We first explain
the interpretation of configurations before giving intuition on 0%. Let ((¢, k), k')
be a configuration of CSOO(”R?) such that £’ > 1 or k = p (configurations that
do not satisfy these conditions will be unreachable and thus ignored). This

configuration corresponds to the configuration (¢,p- (k' — 1) + k) € Sz. The
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counter value k keeps track of where in the period we are and the counter
value £’ indicates how many multiples of p the counter has (strictly) exceeded.
This correspondence guarantees that the configuration ((g, p),0) of CSOO(R?)
represents the configuration (¢,0) € Sz.

Transitions are defined so that successors in CS"O(R‘}) correspond to suc-
cessors in C7. We formalise 6% : Ry — D(Ry x {—1,0,1}) as follows. Like
before, | is absorbing and we give a weight of zero to its self-loop to ensure
that we cannot terminate in L. In other words, we set 67(L)(L,0) = 1. Let
s = (¢, k) € Ry. Each transition from s in CJ to a state in Rz yields a transi-
tion with weight zero in R7,, i.e., for all s’ € Rz, we let 0% (s)(s',0) = d7(s)(s).
In particular, all incoming transitions of 1 have weight zero. Any transition
from s to a configuration (p, 0) in C7 induces a transition from s to (p, p) in R
with a weight of —1, i.e., we let 67 (s)((p, p), —1) = 67(s)((p,0)). Intuitively,
in this case, we go back to the previous period. Finally, any transition from
s to the configuration (p,p + 1) in C7 yields a transition with a weight of 1
in R? from s to (p,1) € Ry (this configuration is guaranteed to be in Sz
because 1 is the minimum of the first interval and Z has period p), i.e., we let
6%(s)((p,1),1) = 67(s)((p, p + 1)) Intuitively, in this case, we have passed a
multiple of p. We obtain a well-defined transition function with the above: for
all counter values k of configurations in R, the successor counter values of k
are a counter value of a configuration in Rz, 0 or p+ 1, i.e., the upper and
lower bound respectively of the intervals adjacent to [1, p] in Z U {[0]}.

We now show that the termination probabilities in C7 and in CSOO(R?)
match from all initial configurations with the correspondence outlined previ-
ously.

Theorem 18.12. For all (¢,k) € Ry \ {L} and k' € N such that k' > 1 or
k=p and all p € Q, we have

Pz (g, (k'—1)+k) (Reach((p, 0))) = Pe<oo(r2) ((g,5),17) (Term((p, p)))-

Proof. We define an injective mapping F: Sz \ {L} — Rz x N such that,
for any s = (¢, k) € Sz, if k is divisible by p, we let F(s) = ((q, p), %), and
otherwise, we let F(s) = ((¢, k mod p), L%J + 1). We observe that the image of
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F is the set of configurations ((g, k), k') of C=°(R%) such that &' > 1 or k = p.
The configurations of CSOO(R?) with a state other than L that are not in the
image of F have no incoming transitions in C=* (R%) and are absorbing by
construction. The statement of the theorem is equivalent to showing that for all
s € Sz and all p € Q, we have Pz  (Reach(p,0)) = PCSM(RZ)J(S)(Term(p, 0))-

Let [6;]3“’ denote the transition function of Cgm(Rg). The crux of
the proof is to establish that for all s, s € Sz, we have 07(s)(s’) =
[5\‘77]90(.7: (s))(F(s")). To refer to this property, we say that F preserves transi-
tions.

Let s = (¢, k) € Sz. If k = 0, we have 67(s)(s) = 1 = [67]5°°(F(s))(F(s)) =
[051=°°(((g, p),0))((g, p),0)) since configurations with counter value zero are
absorbing. We thus assume that k& > 0.

We distinguish two cases below. First, we assume that p = 1, i.e., the
strategy o is counter-oblivious. It follows that for all (p, k') € @ x N, we have
F((p, k")) = ((p,1),k"). The successor counter values of k are k — 1 and k + 1
because p = 1. Let p € Q, u € {—1,1} and s" = (p, k +u). By definition of RY
and of C7 (in particular, its periodic structure), we have

[671=°(F($))(F () = 67((g, D)((p, 1), u)
= 07((¢; 1)) ((p, 1 +w))
= 07(s)(s)-

This ends the proof that F preserves transitions when p = 1.

Now, we assume that p > 1. First, we assume that k is divisible by p, i.e.,
that F(s) = ((q,p), %) Successor counter values of k are kK + 1 and k£ — 1,
since multiples of p are the maximum of their interval in Z. Let p € ). First,
we consider s’ = (p,k + 1). In this case, we have F(s") = ((p, 1), % +1). By
definition of R? and of C7, we have

(67152 (F())(F(s)) = 67((a: 0)) (0, 1), 1)



344 Chapter 18 — Compressing Markov chains in one-counter MDPs

[BF=>(F()(F (")) = 87((a, ) (0, p — 1), 0)

We have shown that F preserves the transitions from s whenever k is a multiple
of p.

We now assume that k is not a multiple of p, and thus that F(s) =
((¢, k mod p), L%J +1). Let p € @, k¥ be a successor counter value of k and
s = (p,k'). Let I = [b,b"] € Z such that k € I. It follows that ¥ €
[b~ —1,b" + 1]. Since multiples of p are upper bounds of intervals, this implies
that k' € [[L%J - p, (L%J +1) - p+ 1]. In light of this, we distinguish four cases:

0 K= £ p,
(i) K = (gl +1)-p
(ii)) & = (5] +1)-p+1, and
(iv) K is in none of the previous cases.

First, we assume that k' = L%j - p, which implies that F(s") = ((p, p), L%J)
We have

[0515°°(F(5)) (F(s')) = 6 ((q, k mod p))((p, p), —1)
— 89((g b mod p))((p,0))
= 53(s)(s).

Second, we assume that k' = (L%j +1) - p. This implies F(s') = ((p, p), L%J +1).
It holds that

[071=°°(F(s))(F(s')) = 6% ((gq, k mod p))((p, p),0)
= 67((g, k mod p))((p, p))
= 07(s)(s").
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Third, we assume that k' = (L%J + 1) - p+ 1. This implies that F(s') =

((p,1), {%J +2). It follows that

B (F())(F(5")) = 67((g, k mod p))((p,1),1)

Finally, we assume that none of the previous cases holds. We conclude that
f(S,) = ((p7 k/ mod p)v L%J ol 1) We obtain

[0715°°(F(s))(F(s')) = 6% ((g, k mod p))((p, K mod p),0)
= 07((g, k mod p))((p, k" mod p))
= d7(s)(s").

This ends the proof that F preserves transitions.

We lift F to histories by letting, for all h = s;...s, € Hist(C7) in which
1 does not occur, F(h) = F(s1)...F(s,) and we obtain, since F preserves
transitions, Pes g (Cyl (h)) = PcSw(R“j),f(first(E))(Cyl (F(h))). The claim
of the theorem follows by writing the objectives as disjoint unions of history
cylinders and using the fact that F is injective. 0






CHAPTER 19

Interval strategy verification
algorithms

We present algorithms for the interval strategy verification problem (Defini-
tion 17.6) based on the compressed Markov chains of Chapter 18. In Section 19.1,
we present a polynomial time algorithm in the BSS model of computation for
the verification of OEISs in bounded OC-MDPs. Sections 19.2 and 19.3 present
a reduction from the verification problem for OEISs and CISs respectively to
checking the validity of a universal formula in the theory of the reals.

Throughout this chapter, we use the Refine and Isolate operators over
interval partitions defined in Chapter 18.2. In several places, we reference linear
systems for reachability probabilities in Markov chains; we refer the reader to
Appendix A.2.1 for a description of these systems.

We fix the following inputs for the whole chapter: an OC-MDP Q =
(Q, A, 5, w), a counter upper bound B € Ng, an OEIS or CIS o of M<5(Q),
an initial configuration sinit = (Ginit, kinit) € @ x [B], a set of targets T' C @
and a threshold 6 € [0,1] N Q.

To avoid redundancy, we describe the algorithms in a unified fashion for both
the selective termination objective Term(7') and the state-reachability objective
Reach(T'). We let Q € {Term(T"),Reach(T")} denote the objective. The major
difference between the algorithms for selective termination and state-reachability
is with respect to the studied OC-MDP: analysing the state-reachability proba-
bilities requires a (polynomial-time) modification of Q beforehand (see Theo-
rem 18.5). We assume that this modification has been applied if 2 = Reach(T').

347
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To further unify notation, we let T =T x {0} if Q@ = Term(T) or B = oo and
Tq =T x {0, B} otherwise. This choice is motivated by the fact that, for all
partitions Z of [1, B — 1] for which C] = (Sz,07) is well-defined and sjnit € S7,
Theorems 18.4 and 18.5 ensure that PT\ASB(Q),SM(Q) = PC;7Sinit(Reach(TQ)).

Contents
19.1 Verification in bounded OC-MDPs . . . . . ... .. 348
19.2 Open-ended interval strategies . ... ... ... .. 349
19.3 Cyclic interval strategies . . . . ... ... ... ... 354

19.1 Verification in bounded one-counter Markov de-

cision processes

We provide a PPSYP ypper bound on the complexity of the OEIS verifi-
cation problem in bounded OC-MDPs. We assume that B € Nyg. Let
7’ be the partition of [1, B — 1] given by the description of 0. We let
T = Refine(lsolate(Z’, kinit)). It follows that o is based on Z and that sjnix € Sz
(because kinit is a bound of an interval in 7).

To obtain a PPosSLP

complexity upper bound, we need only show that
we can decide whether Pj\/lSB(Q),Sinit (2) > 0 in polynomial time in the BSS
model [ABKMO09]|. In this model of computation, we can explicitly compute
the transition probabilities of C7 in polynomial time (by Theorem 18.11) and
use them to compute the probability of reaching To from sini¢ in C7. This
reachability probability is exactly IP"/’MS B( Q)asinit(Q) by Theorems 18.4 and 18.5.
We conclude by comparing it to 8. We obtain the following result.

Theorem 19.1. The OFEIS verification problem for state-reachability and selec-

tive termination in bounded OC-MDPs is in PPosSLP.

Proof. In this proof, we reason in the BSS model of computation. Our goal is
to clarify the algorithm outlined above and prove that it runs in polynomial
time. We let Z = Refine(Isolate(Z’, kinit)) where Z' is the interval partition of
[1, B — 1] in the representation of 0. Lemma 18.3 guarantees that Z can be
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computed in polynomial time and has a polynomial-size representation with
respect to Z’, and that C7 is well-defined (cf. Assumption 18.1). It follows
from Theorem 18.11 that the transition probabilities of C7 can be computed in

polynomial time.

We have IP"/’MSB(Q) . t(Q) = Pcs . (Reach(Tp)) by Theorems 18.4 and 18.5.
It follows that P4 (©) can be computed in polynomial time by solving

M=B(Q),sinit
a linear system for Markov chain reachability probabilities (with |Sz| < 2-|Z] -

|Q| - logy(B) variables) and then can be compared to € in constant time. We
conclude that the OEIS verification problem for {2 can be solved in polynomial
time in the BSS model and thus lies in PPosStP [ABKMO09). O

19.2 Open-ended interval strategies

We describe a co-ETR algorithm for the OEIS verification problem. This
algorithm applies both in the bounded and unbounded settings. Recall that
co-ETR is the class of decision problems that can be reduced (in polynomial
time) to checking whether a universal sentence holds in the theory of the reals
and that co-ETR is included in PSPACE [Can88|. The algorithm of Section 19.1
provides a finer bound when dealing with bounded OC-MDPs.

We construct logic formulae in the signature of ordered fields to decide
the verification problem. We also use these formulae in the interval strategy
realisability algorithms presented in Chapter 20. Therefore, we provide formulae
that depend only on @ and the structure of ¢, i.e., a finite interval partition Z
of [1, B — 1] with respect to which compressed Markov chains are well-defined.
This allows to build on these formulae to check the existence of well-performing

strategies based on the considered interval partition.

We fix a finite interval partition Z of [[1, B — 1] satisfying Assumption 18.1,
i.e., such that, for all I € Z, logy(|I| +1) € N. We build a formula with respect
to @ and Z and show that we can answer the verification problem via this
formula for all OEISs based on Z from any initial configuration in Sz. We
postpone the definition of a relevant partition for o and sj,i: to the end of the

section.

Our formula uses three sets of variables. First, for all ¢ € @, a € A(q) and
I € I, we introduce a variable z} , to represent (¢, minI)(a) for any OEIS



350 Chapter 19 — Interval strategy verification algorithms

7 based on Z. For all I € I, we let 2’ = (2] ,)eaca(q) and let z = (2)c1.
We let 7, be the parametric OEIS based on T defined by 7,(¢, minI)(a) = 2/,
for all ¢ € @, a € A(q) and I € Z. The notation 7, allows us to refer to the
compressed Markov chain C7* parameterised by z in the following. To lighten

notation, we write CZ instead of C7* and % instead of 077

The second set of variables comes from Theorems 18.6 and 18.9 for each
interval of Z and are used to represent (and to characterise) the transition
probabilities of CZ from configurations in Sz \ S7 (recall that S is the set of
absorbing states of C%). We let x denote the vector of all of these variables. For
all configurations s = (¢, k) € Sz \ S7 and s’ = (p, k') € Sz \ {L} such that &’
is a successor counter value of k, we let z, o denote the variable corresponding
to 67(s)(s’). Some variables represent the outgoing probabilities from two
configurations of the compressed Markov chain (see Lemma 18.8).

The last set of variables represents the probability of the counterpart of
Q in CZ% from each configuration. For all s € Sz \ S, we introduce a variable
ys where ys represents Pcz s(Reach(Tq)). We let y denote the vector of these
variables.

We now construct, for all s € St \ S’IL, a quantifier-free formula such that
when substituting z by a vector z* that yields a well-defined strategy 7,+ and

quantifying the other variables universally, the resulting sentence holds if and
Tz *

M=B(Q),s
have a unique characterisation of the transition probabilities of C7 when B = co.

only if P (©2) > 0. We rely on universal quantification because we do not
We construct a quantifier-free conjunction (parameterised by the choices of the
strategy) that only holds for (some) over-estimations of P’ (©2). This

M=B(Q),s

allows us to check that PZ\Z*SB(Q) S(Q) exceeds 0 by checking that all of its

over-estimations do.

Our formula has two major sub-formulae. First, we define a formula
depending on z such that the least vector satisfying it includes the transition
probabilities of CZ from configurations to other configurations (i.e., not to L).
For each I € 7, we define CID(I; (x,2!) as the conjunction of all the equations in
the system characterising the transition probabilities from Sz N (Q x I) in C%Z
given by Theorems 18.6 and 18.9 (the invoked theorem depends on whether I
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is finite or not). We define

dl(x,2) = /\ x>0A /\ ol(x,2") A /\ Z sy <1, (19.1)

TEX IeZ SESI\Sf Ty o1 ETs,-

where for all s € S\ SZL, xs,. denotes the set of well-defined variables of the
form x4 ¢ (' € Sz). The first conjunction ensures that any vector satisfying CI%
is non-negative while the rightmost conjunction ensures that for all s € Sz \ S7,
s’ — x4,¢ is a sub-probability distribution. It follows that, for all configurations
s € S7\ S7 and all vectors x* and z* such that ®Z(x*,z*) holds, we can
define a distribution dx«(s) € D(S7) such that for s’ € Sz \ {L}, if 25 is a
well-defined variable then dx«(s)(s') = 2 , and, otherwise, dx+(s)(s') = 0. We
use these distributions in our correctness proof: they allow us to reason on
Markov chains over S7.

The second block of the formula describes the probability of reaching Tq
in C%. We consider the following formula, derived from a linear system for
reachability probabilities in the finite Markov chain C%,

dh(x,y) = /\ ys > 0N ys = Z T gYs + Z Zss |- (19.2)
SGSI\S%‘ xs,s/exsv' xs,slezsv‘
s'€ST\SF s'€Ty
We now state that for all well-defined instances 7.« of 7, the conjunction
ok (x,2*) A ®§(x,y) only holds for over-estimations of the values represented
by the variables. This mainly follows from the construction of the formulae (in

particular, by Theorems 18.6 and 18.9).

Lemma 19.2. Let z* be a vector such that T, is a well-defined OEIS of M=5(Q)
based on I. Let x*,y* be vectors such that R = ®(x*,z*) A ®L(x*,y*). Then,
for all s € Sz \ S, we have y* > IP’C%*,S(Reach(TQ)), and, for all s € Sz \ {L}

such that x5 s is a well-defined variable, x7 , > 6% (s)(s").

Proof. For all s € Sz \ S7 and all s’ € S7\ {L} such that z ¢ is defined, we
have z7 , > 6% (s)(s') by construction of ® through Theorems 18.6 and 18.9.
It remains to show that y¥ > IPC%*,S(Reach(TQ)) for all s € Sz \ S7.
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Our argument relies on the finite Markov chain Cxx = (S7, 0x+) where for
all s € SF, we have 0x+(s)(s) = 1 and for all s € Sz \ S7 and all s’ € Sz \ {1},
we have dx+(s)(s') = 2} , whenever z; ¢ is defined and direct the probability
mass that is not assigned to a successor of s in the previous way to L.

The least vector satisfying ®5(x*,y) is (]PCX*,S(ReaCh(Tﬂ)))seSI\Sll,~ There-
fore, it suffices to show that for all s € Sz \ SF, we have P¢_, s(Reach(1)) >
P, s(Reach(Tq)) to end the proof. It suffices to establish that for all histories
h € Hist(C%") with last(h) € Tq and no prior configuration in Ty, we have
Pes* first() (Y1 (1) < Pe, drst() (CY1 (). Let h € Hist(CZ") be such a history.
We assume that first(h) ¢ Tq, as otherwise the result is trivial. Since L is
absorbing (in both Markov chains), it follows that all states along h are configu-
rations in Sz. The desired inequality follows from dx«(s)(s') = 2§ , > 6% (s)(s")
holding for all s,s" € Sz \ {L}. O

The following theorem provides the formula we use to solve the OEIS
verification problem based on the intuition given above. Its correctness follows

from Lemma 19.2.

Theorem 19.3. Let z* be a vector such that 7,+ is a well-defined OFEIS. For all
s € S7\ S7, we have IP’:&’;B(Q) ,(Q2) >0 if and only if R = vx Vy (9% (x,2*) A
dL(x,y)) = ys > 0).

Proof. Let s € Sz \ S. By Theorems 18.4 and 18.5, we have PZ\Z*SB(Q),S(Q) =
]P’C:zr* s(Reach(Iy)). First, we assume that PC%*ﬁ(Reach(TQ)) > 0. Let x*
and y* such that R = ®Z(x*,z*) A ®L(x*,y*). By Lemma 19.2, we obtain
ys > ]P’C?,S(Reach(TQ)) > ¢. This shows the first implication.

Conversely, assume that R = Vx Vy((®f(x,z*) A ®5(x,y)) = ys > 0).
Let x* be the least non-negative satisfying assignment of x in ®Z(x,z*). The
existence of x* is guaranteed by Theorems 18.6 and 18.9, which also imply
that for all variables zy g, we have 7, ., = 6% (s)(s"). We then let y* be the
least satisfying assignment of y in the formula with parameters ®&(x*,y). By
construction of ®%, we conclude that y* exists and that ]IDC%*7 s(Reach(Tp)) =
yy > 0. O
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We now analyse the size of the formula of Theorem 19.3. We show that this
formula is of size polynomial in the encoding of @ and the natural representation
of Z, i.e., as a finite set of intervals whose bounds are described in binary. We
use this to show that we can build a formula to solve the verification problem
in polynomial time. This analysis is also relevant to obtain complexity bounds

for realisability.

Lemma 19.4. The formula (9%(x,2) A ®5(x,y)) = ys > 0 has a number of
variables and atomic sub-formulae polynomial in |Q|, |A|, |Z| and the binary

encoding of the largest integer bound in I.

Proof. Let B = maxjez |1j<o0 l0g2(| | + 1) if there is a bounded interval in 7
and, otherwise, let 8 = 1. We note that 8 < logy(b™ + 1) where b™ is the largest
integer interval bound of Z.

First, we have, by definition of z and y, |z| < |Z|-|Q|-|A| and |y| < |S7\ S7].
By definition of Sz, we have |Sz\ S| <2-3-|Z|-|Q|. Second, Lemmas 18.7
and 18.10 imply that |x| and the number and length of the atomic sub-formulae
of ®(x,z) derived from Theorems 18.6 and 18.9 are polynomial in |Q)|, |4,
|Z| and . It follows from the above that the number and length of the atomic
sub-formulae of (®%(x,z) A ®5(x,y)) = ys > 0 is polynomial in |Q|, |A|, |Z|
and (3. O

We now assume that o is an OEIS and define the interval partition used to
construct a verification formula. Let Z’ be the interval partition of [1, B — 1]
given in the representation of . We let Z = Refine(Isolate(Z’, kinit)). The
partition Z satisfies Assumption 18.1 and we have sj,; € S7. Let z° denote
the valuation of z defined by z;a = o(q,min I)(a) for all ¢ € Q, a € A(q) and
I € 7. To decide the verification problem, we check whether the formula of
Theorem 19.3 for s;,ix holds for this valuation z? of z. We obtain the following

complexity result.

Theorem 19.5. The OFEIS verification problem for selective termination and

state-reachability objectives is in co-ETR.
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Proof. We prove that the formula used to answer the verification problem
can be constructed in polynomial time. The structure of the formula is fixed.
Therefore, it can be constructed in time polynomial in its size. It follows from
Lemma 19.4 that we can construct our formula in polynomial time if Z admits
a representation of size polynomial in the number of inputs to the verification
problem.

By definition of the Refine and Isolate operators, all interval bounds of 7
are either dominated by a bound in the representation of o or by ki,ix + 1.
Therefore, all bounds admit a polynomial-size representation. Furthermore,
Lemma 18.3 guarantees that when applying the refinement procedure to obtain
7T, we obtain a partition of size polynomial in the size of the inputs to the
verification problem. O

19.3 Cyclic interval strategies

We provide a co-ETR algorithm for the CIS verification problem that follows the
same ideas as in Section 19.2. We assume throughout this section that B = co.
To analyse CISs, we compress their induced Markov chain twice. We first apply
the compression technique to the Markov chain induced by the strategy to be
verified (for a well-chosen periodic partition of Nsg). We represent this infinite
compression as a one-counter Markov chain, as described in Chapter 18.5. We
then use the compression approach to analyse this one-counter Markov chain.

As in the previous section, we provide formulae that are used in the fixed-
interval and parameterised CIS realisability algorithms of Chapter 20: we design
formulae that apply to all strategies based on a given periodic partition of N<g.
We let p € N5 be a period, J be an interval partition of [1, p] into intervals
and let Z be the periodic partition generated by [J. We fix a finite interval
partition IC of N for the second compression. For all intervals I € J UK, we
assume that logy(|7| + 1) € N to guarantee that compressed Markov chains are
well-defined with respect to these partitions (see Assumption 18.1). We design
formulae for all CISs based on Z whose structure depends only on Q, J and K.
We let T = (T x {p}) x {0} denote the target of interest in the compression of
the one-counter Markov chain (see Theorems 18.4 and 18.5).

Our formula for the verification problem uses four sets of variables; we require
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a new set of variables comparatively to Section 19.2 for the additional compres-
sion. First, we introduce variables for the choices of strategies. For all ¢ € Q,
a € A(q) and I € J, we introduce a variable z&r,a to represent o(q, minI)(a).
For all I € 7, we let z! = (Zé,a
the parametric CIS of period p based on Z defined by 7,(¢g,minI)(a) = z

)gcQ.acA(q) and let z = (z')1e 7. We let 7, be

1
q7a’

for all ¢ € Q, a € A(q) and I € J. To lighten notation, we write CZ for
the compressed Markov chain C7* associated to 7, (parameterised by z) and
R% = (R, 5}’) for the one-counter Markov chain R}z inducing C% in the sense
of Theorem 18.12. We let R} = Rz \{L}. Welet Cx(R%) = (Sk(Ryz),x[R%])
denote the compression of C=*(R%) with respect to K.

We then introduce a new set of variables v for the transitions probabilities
of R% between configurations in R}; these variables come from the system of
Theorem 18.9. For any two s,s’ € R} and weight u € {—1,0,1}, we let vy g,
denote the variable corresponding to (5}2(3)(3’ ,u) whenever this variable is well-
defined. Third, we consider a set of variables x for the transitions probabilities
of Cx(R%) taken from the systems of Theorems 18.6 and 18.9. For all 5,5 €
Sk (Ry7) such that s € R} x N5, we write x5z for the variable corresponding
to 6x[R%](5)(5') whenever this variable is defined. Finally, we introduce a
variable ys for all configurations 5 € Sx(Ry) N (R} x Nsg) to represent the
probability ]P’CK(R?Lg(Reach(T)). We let y = (95)§€SK(RJ)M(R}><N>0)'

We now formulate three sub-formulae of the formula used in our decision
procedure. For all I € J, we let \IJ(IS (v,z!) be the conjunction of the equations
obtained by Theorem 18.9 for the outgoing transitions of Ry N (Q x I) in R}Z
Similarly to Equation (19.1), we define a formula for the transitions of R% by

v/ (v,z) = /\ v>0A /\ Ul(v,zh) A /\ Z Vs < 1. (19.3)

vEV Ieg SGRJ\{J-} vs,s’,uevsv'v'

We then construct the counterpart @gc(x, v) of the formula of Equation (19.1)
for the compressed Markov chain Cxc(R7). In this case, the sub-formulae derived
from the systems of Theorem 18.6 and Theorem 18.9 for each interval of K
depend on v instead of z. We also build a counterpart ®(x,y) of the formula
given in Equation (19.2) for Cx(R%) with respect to the target T

To decide the verification problem, we rely on a formula similar to that of
Theorem 19.3: we check that over-estimations of the probability of interest

exceed the threshold 6. To validate this approach, we establish a counterpart
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of Lemma 19.2 for the conjunction ¥¥ (v,z*) A ¥ (x,v) A @ (x,y) given a
vector z* such that 7, is a well-defined CIS based on Z.

Lemma 19.6. Let z* be a vector such that T, is a well-defined CIS of M=>(Q)
based on Z. Let v*, x* andy* be vectors such that R |= U (v*, z*) A®K (x*, v¥) A
@6(x*,y*). Then, it holds that

(i) for all 5 € Sk(Rz) N (R} x Nsg), we have y% > ]P)C,C(Rz;),g(ReaCh(T))?

(i1) for all s € Sk(Rg) N (R} X Nsgo) and all 5 € Si(Ry) such that x5 is
defined, we have ¥} o > 5c[R%1(5)(8);

S

(iii) for all s, s’ € Ry \ {L} and u € {—1,0,1} such that vs g , is defined, we
have vy o, > (5? (s)(s',u).

Proof. Item (iii) follows from the construction of \1'37 based on Theorem 18.9.
To prove (i) and (ii), we consider the one-counter Markov chain Ry+ = (R, dy*)
where for all s, s € Ry and all u € {—1,0,1}, dy«(s)(s',u) = v*

when-
s,8"u

ever the variable vy ¢, is defined and any probability that is not assigned
in this way is attributed to dy«(s)(L,0). We show that in the compression
Ck(Rv+) = (Sk(Ry7),0k[Rv+]) of Ry with respect to K, we have the two
following properties:

(a) for all 5,5 € Sk(Ry) N (R], x No), 6c[Ru-J(3)(F) = 0% (5)(3);

(b) for all 5 € Sk(Rs) N (R} x Nsg), we have Pe(r,.)s(Reach(T)) >
]P’C)C(sz*)’g(Reach(T)).
These two properties along with Lemma 19.2 (with respect to the parameterised
formula ®F (x, v*) A @5 (x,y)) yield Items (i) and (ii).

We first prove (a). Let 5,8 € Sc(R7) \ {L}. Let s, s € Ry and k,k' € N
such that § = (s, k) and 5 = (s/,k’). If k¥’ is not a successor counter value of k
with respect to /C, then we have 6x[Ry+](5)(5') = 6c[R%](5)(5) = 0. Otherwise,
o [RZJ*](E)(E’ ) is the probability of reaching 5 from § in C<*°(R%) without
visiting another configuration with a successor value of k beforehand. Along
the relevant plays for this probability, there are no L configurations. Since
0k [Rv+|(5)(3) is similarly defined, the desired inequality follows from (iii).
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Item (

a) implies (b), as there are no L configuration that can occur on plays
ending in T (of which all states are absorbing). O

We obtain an adaptation of Theorem 19.3 for CISs via Lemma 19.6. We
use the correspondence between configurations of R% and Cic(R?%) established
in Theorem 18.12 in this result.

Theorem 19.7. Let z* be a vector such that T, is a well-defined CIS of
M=>(Q) based on I. For all s = ((¢,k), k') € Sc(Ry) N (R} x Nxg), we have
PT/\it*SOO(Q),(q,(k’—l)p—&-k)(ReaCh(T)) > 0 if and only if R = Vx Vy¥v((¥¥ (v,2*) A
OF (x,v) A DG (x,y)) = y5 2 0).

Proof. Let § = ((¢,k),k") € Sk(Rgz) N (R} x N5g). By Theorems 18.12

and 18.4, we have Pj\it*éoo(g),(q,(k'—1)p+k)(ReaCh(T)) = ]P’Cgoo(Rg)’g(Reach(T)) =

}P’CK(R?)’E(Reach(T))

If chw(Ro)’g(Reach(T)) > @, then we have R = VXVyVV((\IJ(sj(V,Z*) A
K (x,v) A @ (x,y)) = ys > 0) by Lemma 19.6.

Conversely, assume that R |= VxVyVV((\Ifg(v,z*) A DX (x,v) A
dK(x,y)) = ys > 0). Let v* be the least vector satisfying \Ifdj(v,z*),
x* be the least vector satisfying q)gc(x,v*) and y* be the least vector sat-
isfying ®§(x*,y). By construction of these three formulae (and Theo-
rems 18.6 and 18.9), these vectors are well-defined and we obtain yf =

choo(ng)g(Reach(T)) > 0. ]

We now study the size of the formula of Theorem 19.7 for our complexity
analysis. We obtain a conclusion similar to that provided by Lemma 19.4.

Lemma 19.8. The formula (\Ilaj(v,z) A OF(x,v) A ON(x,y)) = ys >0 has
a number of variables and atomic sub-formulae polynomial in |Q|, |Al, |T|, |K|,
the binary encoding of p and the binary encoding of the largest integer bound in

IC. The length of its atomic sub-formulae is polynomial in the same parameters.
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Proof. Lemma 19.4 implies that the number of variables and atomic formulae of
<I)§(X, v) A ®F(x,y), well as the length of these atomic formulae, is polynomial
in |R}|, || and the binary encoding of the largest bound in C (actions are not
relevant; remark that we deal with a Markov chain). By construction of RI,
we have |R}| <2-logy(p+1)-|TJ]|-|Q] (interval bounds of J are at most p).
Regarding \115‘7 (v,z), it suffices to adapt the analysis performed in the proof of
Lemma 19.4 for the formula q)? to obtain the desired bounds. O

We now assume that the input strategy o is a CIS. We close the section by
explaining how to construct J and K in polynomial time from the representation
of o and sjhix to prove that the verification problem is in co-ETR via the
previous results of this section. Let J’ denote the partition of 1, p] given
in the representation of 0. We let J = Refine(lsolate(7, kinit mod p)). For
the partition for the second compression, we let K = Refine([1, |t |]) U

{[[L%J + 1,+0c]} of N5g. We observe that the counterpart of sjnit in g’;g(Rj)
(in the sense of Theorem 18.12) is guaranteed to exist: if kjniy mod p = 0, then
we have ((Ginit, p), k‘;“) € Sk(R7), and, otherwise, we have ((ginit, kinit mod
p); {%J +1) € Sk(Ry). We let z7 denote the substitution of z such that 27,
is set to o(g,minI)(a) for all ¢ € @, a € A(q) and I € J. With the partitions

J and K given above and the formula of Theorem 19.7 with respect to the

counterpart of sy in Sx(R7) and the parameter z7, we can decide our instance
of the verification problem. We thus obtain the following complexity result.

Theorem 19.9. The CIS wverification problem for selective termination and
reachability objectives is in co-ETR.

Proof. We observe, in the same way as in the proof of Theorem 19.5, that
Lemmas 18.3 and 19.8 imply that the formula of Theorem 19.7 can be constructed

in polynomial time for the partitions described above. O



CHAPTER 20

Structurally-constrained interval
strategy realisability algorithms

We provide complexity upper bounds for the fixed-interval and parameterised
realisability problems for interval strategies. Our algorithms are built on the
verification techniques presented in Chapter 19. We first provide a technical
result for analysing the complexity of the parameterised realisability problem in
Section 20.1. In Section 20.2, we focus on the case of bounded OC-MDPs. We
consider OEISs in general, i.e., we provide an approach applicable for both the
bounded and unbounded setting, in Section 20.3. We close the chapter with
CISs in Section 20.4.

We use similar approaches for all settings. For fixed-interval realisability
for pure strategies, we non-deterministically construct strategies and verify
them. This approach is not viable for fixed-interval realisability for randomised
strategies; instead, we quantify existentially over strategy variables in the logical
formulae used for verification. For the parameterised realisability problem, we
build on our algorithms for the fixed-interval case. The main idea is use non-
determinism to find an interval partition compatible with the input parameters
and then use fixed-interval algorithms with this partition to answer our problem.
All complexity bounds provided in this chapter are in PSPACE.

We consider the following inputs for the whole section: an OC-MDP
Q = (Q,A,5,w), a counter upper bound B € Nsg, an initial configura-
tion Sinit = (Ginit, kinit) € Q@ X [B], a set of targets 7' C @, an objective
2 € {Reach(T"), Term(T')} and a threshold 6 € [0, 1] N Q. We specify the other

359



360 Chapter 20 — Interval strategy realisability algorithms

inputs below. As in Chapter 19, we assume that we work with the modified
OC-MDP of Theorem 18.5 if Q@ = Reach(T) to allow for a uniform presentation.
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20.1 Parameters and compatible interval partitions

We study the representation size of interval partitions that arise in the study
of the parameterised interval strategy realisability problems. We let d € N+
denote the parameter bounding the number of intervals in the partition and
n € Ny be the parameter bounding the size of bounded intervals of the
partition. We recall that d is assumed to be encoded in unary. Formally, we
say that an interval partition Z of [1, k] (where k € Nsg) is compatible with d
and n if such that |Z| < d and, for all bounded I € Z, |I| < n.

Our algorithms for the parameterised interval strategy realisability problems
rely on non-determinism to find an interval partition that is compatible with
the input parameters for which there exists a strategy based on it that ensures
Q with probability at least . To guarantee a PSPACE complexity upper bound,
our approach requires that the interval partitions that are compatible with d
and n admit a representation that is polynomial in the unary encoding of d

and the binary encoding size of d. We show this below.
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Lemma 20.1. Let d € Nug, n € Nug and k € N. Let Z be an interval partition
of [1,k] such that |Z| < d and for all bounded I € Z, |I| <mn. Then I can be
explicitly represented in space O(d - (logy(d) + logs(n))).

Proof. We can represent each interval [b~,b"] € Z by the pair (b™,b") (where
bT can be +00). We prove that each finite interval bound in these pairs is at
most n - d.

First, assume that k£ € N. In this case, the interval [1, k] is the union of at
most d sets of at most n elements (by the assumption on 7). It follows that
k < d-n, and thus, that all finite interval bounds of Z are no more than d - n.

Second, assume that k = co. Let I, denote the unbounded interval in Z.
It holds (by the same reasoning as above) that the bounds of all intervals in
Z\{ls} are no more than (d—1)-n. This implies that min /oo —1 < (d—1) - n.
We obtain that in this second case, all finite interval bounds in Z are no more
than (d—1)-n+1<d-n.

We conclude that, in both cases, we can represent Z using no more than d

pairs of numbers whose binary encoding is in O(logy(d) + logy(n)). O

Lemma 20.1 implies that, under the assumption that the parameter d for the
number of intervals is given in unary, the interval partitions that are compatible
with the parameters admit a polynomial-size representation with respect to the
inputs to the parameterised interval strategy realisability problems.

20.2 Realisability in bounded one-counter Markov

decision processes

Assume that B € Nyg. We provide algorithms for the fixed-interval and
parameterised OEIS realisability problems in bounded OC-MDPs. We first
discuss the variants of these problems for pure strategies in Section 20.2.1. We

then discuss the variants for randomised strategies in Section 20.2.2.
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20.2.1 Pure strategies

First, we consider the fixed-interval pure OEIS realisability problem. Fix an
input interval partition Z’ of [1, B — 1]. We obtain a straightforward non-
deterministic algorithm: we guess a pure interval strategy o based on the parti-
tion Z’ and then use our verification algorithm for OEISs in bounded OC-MDPs
PPosSLP sub-procedure (Theorem 19.1) to check whether Pl< B( Q),Sinit(Q) >
#. This realisability algorithm runs in non-deterministic polynomial time with

as a

a PosSLP oracle: we non-deterministically choose d - |Q| actions, i.e., one per
state-interval pair, and then run a deterministic polynomial-time algorithm
with a PosSLP oracle. This yields an NPP*SYP upper bound for this problem.

For the parameterised pure OEIS realisability problem in bounded OC-
MDPs, we proceed similarly. Let d € Nyg and n € Ny respectively denote
the input parameters bounding the number and size of intervals. We non-
deterministically guess an interval partition Z’ of [1, B — 1] that is compatible
with d and n (these partitions can be represented in polynomial space by
Lemma 20.1), guess a pure strategy based on Z’ and verify it. In this case, by
adapting the analysis made above, we also obtain an NP5 upper complexity

bound. We summarise the above upper bounds in the following theorem.

Theorem 20.2. The fixed-interval and parameterised pure OFIS realisability
problems for selective termination and state-reachability objectives in bounded
OC-MDPs are in NPPoSSLP.

20.2.2 Randomised strategies

We now consider the fixed-interval and parameterised randomised OEIS re-
alisability problem and describe an NPETR algorithm. We start with the
fixed-interval realisability problem. Let 7' = (1) c[1,q) denote an input inter-
val partition of [1, B — 1]. Prefacing the formula we used in our verification
algorithm (cf. Theorem 19.3) with existential quantifiers for the strategy prob-
abilities yields a polynomial-space procedure (cf. Section 20.3). We provide
an alternative approach for bounded OC-MDPs which yields a more precise
bound.

The key is to rely on a unique characterisation of the transition and reacha-
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bility probabilities in the compressed Markov chain that we consider. Theo-
rem 18.11 (Page 338) provides the means to do this: it provides systems whose
only solution contains the transition probabilities of a compressed Markov chain.
These systems also indicate which transitions have positive probability in the
compressed Markov chain. We can thus refine the reachability probability
system (described in the formula ®§ in Equation (19.2), Page 351) to have a

unique solution.

To adequately refine systems using Theorem 18.11, we must know the
supports of the distributions assigned by the considered strategy. For this, we
use non-determinism; we guess the action supports for each state-interval pair.
We then construct an existential formula that is dependent on these supports.
This formula holds if and only if there exists a strategy witnessing a positive
answer to the fixed-interval randomised OEIS realisability problem that uses

these supports.

We let Tq =T x {0} if @ = Term(T") and T, = T x {0, B} if = Reach(T).
Let Z = Refine(Isolate(Z’, kinit)). We note that sjnix € Sz. For all j € [1,d], we
let Z; ={I € T | I C I;}. We use the same variables as the verification formula
of Theorem 19.3, Chapter 19.2. We briefly recall these variables. We have a
variable vector z for the probabilities assigned by strategies and a vector z’
for all I € T for the strategy probabilities specific to I. We let 7, denote a
parametric strategy given by 7,(¢, min I)(a) = zéa for all g € Q, a € A(q) and
I € Z. We also have variable vectors x for the transition probabilities of the
compressed Markov chain C% and y for the probability of reaching T from

each configuration in Sz \ S7.

We call functions B: Q x [1,d] — 24\ {0} such that for all ¢ € Q and
J € [1,d], the inclusion B(q, j) C A(q) holds support-assigning functions. An
OEIS o based on (Ij);e[,q4) is B-supported if for all ¢ € @ and j € [1,d], we
have supp(o (¢, min I;)) = B(q, j).

We now define the required sub-formulae used in our algorithm. The first
formula checks that the substitution of z results in an interpretation of the

symbolic strategy 7, that is based on Z’ and is B-supported. For each j € [[1,d],
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we fix I¥ € Z;. We define the formula @g’II’B(Z) as the conjunction of

A (A wa=1n ol =4l |. (20.1)
j€[1,d] \9€Q acA(q) IeT;
which requires that the interpretation of 7, is a well-defined OEIS based on Z,
and

AN Al A zason A zda=0],
Jje1,d] ¢€Q \a€B(q,5) a¢B(g.5)
which requires that the interpretation of 7, be B-supported.

The other sub-formulae are built under the assumption that we consider
an interpretation of 7, with the supports described by B. The second sub-
formula is a parallel of the formula of Equation (19.1), which describes the
transition probabilities of a compressed Markov chain. For each I € Z, we let
@é’zl’B(x, z') be the conjunction of the equations in the system with a unique
solution obtained from Theorem 18.11 for the transitions from SzN(Q x I) in C%.
We let @?’I,’B(x, z) = Njer @g’zl’B(x, z!). From these equations, we can deduce
the transition structure of C7 and construct a linear system with a unique
TP y)

denote the conjunction of the equations of this system. Using the fact that

solution describing the probability of reaching Tq in C%; we let ®

these last two formulae have unique satisfying assignments for a valuation of z

satisfying @g’Il’B(z), we obtain the following theorem.

Theorem 20.3. Let B: Q x [1,d] — 24\ {0} be a support-assigning function
and s € St \ SIL. There exists a B-supported strateqy o based on I' such

that IP"/TMSB(Q)’S(Q) > 0 if and only if R = Jz3x Ely(ég’zl’s(z) A @?’II’B(X, z) A

o5 P(x,y) Ays > 0).

Proof. Assume that there exists a B-supported strategy o based on Z’ such
a

that PMSB(Q),S

o(g,minI)(a) for all ¢ € @, a € A(g) and I € Z. It is easy to see that

@E’I"B(sz) because o is B-supported. By construction of @?’I/’B(x, z) (via

Theorem 18.11), there is a unique vector x* such that CI)?II’B(X*,ZU) holds

(2) > 6. Let z° denote the valuation of z given by zé’a =

which contains the transition probabilities of C7. In turn, this implies that
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there is a unique vector y* such that @é’I/’B(X*,y*) holds, and this vector

is (IPC%S/(Reach(TQ)))S,eSI\S%. By Theorems 18.4 and 18.5, we obtain that
vt = Bog (Reach(Th)) = P, =50 () 2 0.

Conversely, let z*, x* and y* witnessing that the existential formula above
holds and define ¢ = 7,«. The strategy o is well-defined and B-supported
because @%’Z”B(z*) holds. Furthermore, by construction of the formulae @?’II’B
and @é’II’B, we deduce that yi = Pgo ((Reach(Tq)) > 0. We conclude that

)

PLSB(Q) 5(§2) =Pee (Reach(Tq)) = 6 by Theorems 18.4 and 18.5. O

To decide the fixed-interval randomised OEIS realisability problem, it
suffices to check that there exists a support-assigning function B (using non-
determinism) such that the formula of Theorem 20.3 for holds for sinix (by
construction of Z, sinix € S7). We thus obtain an NPETR upper bound for this
variant of the fixed-interval realisability problem.

For the parameterised realisability problem, we obtain an NPETR

upper
bound by altering the fixed-interval algorithm slightly. In this case, we use non-
determinism to guess an interval partition Z’ that is compatible with the input
parameters and a support-assigning function. We then check the validity of the
formula of Theorem 20.3 for the interval partition Z = Refine(Isolate(Z’, kinit))

and the initial configuration sj,i;. We obtain the following result.

Theorem 20.4. The fized-interval and parameterised randomised OFIS real-
isability problems for selective termination and state-reachability objectives in
bounded OC-MDPs are in NPETR.

Proof. We present a unified argument for both the fixed-interval and param-
eterised realisability problems. The only difference between our complexity
analysis for these two problems is how the interval partition Z’ is obtained.
In the fixed-interval case, the interval partition Z’ is a part of the input. In
the parameterised case, Z’ is of size polynomial in the input parameters by
Lemma 20.1 (recall that the parameter bounding the number of intervals is
assumed to be given in unary).

We let Z = Refine(Isolate(Z’, kinit)) and B: Q x [1,|Z']] — 24\ {0} be a
support-assigning function. Lemma 18.3, which bounds the number of intervals
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generated by Refine, guarantees that Z has a representation of size polynomial
in that of Z’ and kj,j;. The support-assigning function B can be explicitly
represented in space polynomial in |Q|, |A| and |Z’|. Therefore, to prove that
the NPETR upper bound holds, it remains to prove that the formula @g’Z/’B(z) A

@?’I/’B(x, z) A @é’II’B(X,y) A Yse = 0 can be constructed in deterministic

polynomial time from Z’, Z, B and the other inputs to the considered realisability
problem.

Lemma 19.4 implies that the number of variables in this formula is polynomial
in |Q|, |A| and |Z|, and that the formulae @?’I,’B(x,z) and @g’I/’B(x, y) have
size polynomial in |Q|, |A| and |Z|. Indeed, for these two formulae, we observe
that they can be derived from the original formulae fbg and @6 for verification by
taking their conjunction with atomic propositions requiring that some variables
in x and y are equal to zero (these variables can be identified in polynomial time
through the algorithm of Theorem 18.11 and with a reachability analysis of the
compressed Markov chain). Finally, we observe that, in the formula @g’I/’B(z),
there are no more than |Z'| - (2 |Q| + |Z| - |A| - |Q|) atomic formulae of length
in O(]A|). We have thus shown that the formula @g’I/’B(z) A @?’II’B(X, z) A

@?{I/’B(X, Y) A ys,;, > 0 can be constructed in polynomial time. O

20.3 Open-ended interval strategies

We now consider the fixed-interval and parameterised realisability problems for
OEISs in general OC-MDPs. We first consider the variant for pure strategies,

then the variant for randomised strategies.

20.3.1 Pure strategies

For pure strategies, we adapt the approach of Section 20.2. In the fixed-interval
case, we guess a pure OEIS based on the input interval partition of the set of
counter values and verify it. In the parameterised case, we guess an interval
partition compatible with the input parameters (its representation is of size
polynomial in the representation of the parameters by Lemma 20.1) and a
pure OEIS based on it, then verify it. Theorem 19.5 thus implies that the
fixed-interval and parameterised realisability problems for pure OEISs can be

solved by a non-deterministic polynomial-time algorithm that uses a co-ETR
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oracle (which is the same as using an ETR oracle). We obtain the following
upper bound.

Theorem 20.5. The fixed-interval and parameterised pure OFILS realisability

problems for selective termination and state-reachability objectives are in NPETR.

20.3.2 Randomised strategies

We now consider the variant of our realisability problems for randomised OEISs.
First, we discuss the fixed-interval problem and let 7' = (I;)jeq,q be an
input partition. Let Z = Refine(lsolate(Z’, kinit)). We let, for all j € [1,d],
Iy={1€I|ICI}.

As we have done in Section 20.2.2 for realisability in the bounded setting,
we consider the sets of variables z, x and y and the formulae ®%(x,z) and
®L(x,y) from Chapter 19.2. We introduce a new formula to constrain the

variables z similarly to the formula of Equation (20.1): we let oLt (z) be the

formula
AN NIAT N Zazon D> 2l =1|n N2 =2"]. (202
Je[Ld] I€Z; \qeQ \a€A(q) a€A(q) I'eT;

Any vector z* satisfying @g’z/(z*) defines a strategy 7,+ based on Z' and any
such strategy induces such a vector. From the formula and equivalence presented

in Theorem 19.3, we obtain the following result.

Theorem 20.6. Let s € Sz\ S7. There exists an OEIS o based on the partition
T’ such that Pj\/tSB(Q),s(Q) > 6 if and only if R = Jzvx Vy (@57 (z)A((PE(x,2)A
G(x,y)) = ys 2 0)).

We obtain that the fixed-interval realisability problem for randomised OEISs
can be reduced to deciding a sentence in R with two blocks of quantifiers. This
shows that the problem is decidable in polynomial space [BPR06, Rmk. 13.10].
For the parameterised randomised OEIS realisability problem, we obtain an
NPSPACE = PSPACE [Sav70| upper bound through the following algorithm: we
use non-determinism to obtain a partition Z’ of [1, B — 1] compatible with the
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input parameters and then check the validity of the formula of Theorem 20.6
for this partition. We obtain the following.

Theorem 20.7. The fixed-interval and parameterised randomised OFEIS realis-

ability problems for selective termination and state-reachability objectives are in

PSPACE.

Proof. Let 7' denote the input interval partition of [1, B — 1] if we consider
the fixed-interval realisability problem or the partition obtained using non-
determinism if we consider the parameterised realisability problem. In the latter,
the representation of 7’ is of size polynomial in that of the input parameters by
Lemma 20.1.

Whether a formula with two blocks of quantifiers holds in the theory of the
reals can be decided in polynomial space [BPR06, Rmk. 13.10]. Therefore, to
obtain the claim of the theorem, it suffices to show that the formula oL (z) A
((®%(x,2) A®(x,y)) = ys > 0) can be constructed in polynomial time with
respect to the representation of Q, kjnix and Z'.

Lemma 18.3 implies that Z = Refine(lsolate(Z’, kinit)) admits a representa-
tion of size polynomial in the representation of Z' and kini. It follows from
Lemma 19.4 that the sub-formula (®%(x,z) A ®5(x,y)) = ys > 0 can be
constructed in polynomial time. For @Z’T (z), we observe that it is a conjunction
of no more than |Z|- (|Q|- (|A] + 1) + |Z| - |Q| - |A]) atomic formulae of length
in O(JA)). O

20.4 Cyclic interval strategies

We now consider the fixed-interval and parameterised realisability problems
for CISs. We assume that B = oo for the remainder of the section. We adapt
the techniques of Section 20.3. We first discuss the problem variants for pure

strategies, then for randomised strategies.

20.4.1 Pure strategies

First, we provide non-deterministic algorithms for the variants of these problems

for pure CISs. In the fixed-interval case, it suffices to non-deterministically select
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an action for each state of the OC-MDP and interval from the input interval
partition and then verify the resulting CIS. We now consider the parameterised
case. Let d € Ny and n € Ny respectively denote the parameter bounding the
number of intervals and the size of intervals for the desirable interval partitions.
To solve the parameterised realisability problem, we guess a period p < d - n,
an interval partition J’ of [1, p] that is compatible with d and n and actions
for all pairs in Q x J’, then verify the obtained CIS. Our co-ETR upper bound
for the CIS verification problem of Theorem 19.9, along with Lemma 20.1 in
the parameterised case, imply that both of these problems can be solved in

non-deterministic polynomial time with an ETR oracle.

Theorem 20.8. The fized-interval and parameterised pure CIS realisability

problems for selective termination and state-reachability objectives are in NPETR.

20.4.2 Randomised strategies

We now consider the problem variants for randomised strategies. As before,
we first focus on the fixed-interval case. Let p € N denote the input period
and J' = (Ij)jep1,q) denote the input interval partition of [1,p]. We define
J = Refine(lsolate(J’, kinit mod p)) of [1,p]. We let, for all j € [1,d], J; =
{I € J|ICI;}. Wealso let K = Refine(]1, L%J]]) U {[[L%J +1,00]}. These
choices guarantee that the counterpart in the sense of Theorem 18.12 of sjnit
in Sk(Ry7) exists, where Sk (R ) is the state space of the compression of the
compression, in the sense of Chapter 19.3.

Next, we reintroduce the sets of variables z, v, x and y and the formulae
\Ifg(v, z), ®§(x,v) and ®f(x,y) from Chapter 19.3. We formulate an adapta-
tion of the formulae of Equations (20.1) and (20.2) with respect to J: we let
o7 (z) be the formula

/\ /\ /\ /\ z(iaZO/\ Z zéazl A /\zI:zll . (20.3)
jell,d] I€T; \q€Q \acA(q) acA(q) I'eJ;

Once again, we obtain a natural correspondence between vectors z* satisfying

<I>U‘7"7/ (z*) and the CISs considered for our realisability problem. The following

theorem is therefore implied by Theorem 19.7, which provides the formula used

in our CIS verification algorithm.
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Theorem 20.9. Let 5 € Sx(Ry) N (Ry x Nsg). There exists a CIS o based on
the periodic partition generated by J' such that PCSOO(R?])’g(ReaCh(T)) >0 if

and only if R |= EIszVva(q)g"T (z) A ((\Iléj(v, z) A OF (x,v) A dK(x,y)) =
ys > 0)).

We thus obtain that the fixed-interval realisability problem for randomised
CISs is reducible in polynomial time to deciding whether a sentence with
two quantifier blocks holds in the theory of the reals. We obtain a PSPACE
upper bound [BPR06, Rmk. 13.10|. For the parameterised case, we obtain an
NPSPACE = PSPACE [Sav70| upper bound; we non-deterministically guess an
interval partition [’ as we have done for the parameterised pure CIS realisability
problem, then reduce to checking the validity of the formula of Theorem 20.9
as in the fixed-interval case. The following theorem summarises our complexity

bounds.

Theorem 20.10. The fized-interval and parameterised randomised CIS realis-
ability problems for selective termination and state-reachability objectives are in

PSPACE.

Proof. This theorem follows from an adaptation of the proof of Theorem 20.7.
The major difference, in this case, is that we refer to Lemma 19.8 instead
of Lemma 19.4 for bounds on the size of the sentence used in to solve the

realisability problem. O




CHAPTER 21

Hardness of interval strategy problems

We present lower complexity bounds for the interval strategy verification prob-
lem, the fixed-interval realisability problem and the parameterised realisability
problem. In Section 21.1, we prove the square-root-sum hardness of all vari-
ants of these problems. In Section 21.2, we show that our interval strategy
realisability problems are NP-hard when considering selective termination.
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21.1 Square-root-sum hardness

We establish the square-root-sum hardness of our interval strategy problems
via an existing reduction from the square-root-sum problem to (a variant of)
the verification for one-counter Markov chains from [EWY10].

We formalise the definition of the square-root-sum problem and discuss
our definition in Section 21.1.1. We adapt the reduction of [EWY10| to our

formalism) in Section 21.1.2, and derive square-root-sum hardness for our

371
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problems in unbounded OC-MDPs. In Section 21.1.3, we present an adaptation
of this reduction to the bounded setting: intuitively, we show that we can, in
polynomial time, compute a large enough counter bound so the bounded one-
counter Markov chain approximates the one used in the unbounded reduction
well enough for the reduction to still be valid. We present some additional
technical details for this second reduction separately in Section 21.1.4.

21.1.1 The square-root-sum problem

The square-root-sum problem consists in comparing a sum of square roots of
natural numbers to some integer bound. It is formalised as follows.

Definition 21.1. The square-root-sum problem asks, given integers x1, ..., T, €
N and y € N, whether " | \/z; > y.

The square-root-sum problem is not known to be solvable in polynomial
time in the Turing model of computation. It is known that the square-root-
sum problem can be solved in polynomial time in the BSS model [Tiw92|. In
particular, the square-root-sum problem is in pPosSLP [ABKMO09] and thus in
the counting hierarchy.

We discuss our definition of the square-root-sum problem in the following.

Remark 21.2. The square-root-sum problem is typically formulated as having
to decide whether )" | \/z; < y, i.e., with the opposite inequality. For the
sake of illustrating the hardness of a problem, both problems can be seen as
equally suitable.

We argue this by briefly showing that an efficient solution to either variant
of the problem yields an efficient solution to the other one. We observe that
these two variants are almost the complement of one another. The only case in
which the two problems have the same solution for the same inputs is when
Yo vVx; = y. Deciding whether > | /z; = y can be done in polynomial
time [BFHTS85|. Therefore, an efficient decision procedure for one variant of

the square-root-sum problem would entail an efficient one for the other. <
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Figure 21.1: A fragment of Q. Transition probabilities are well-defined: gt
has n successors and its outgoing transition share the same probabilities and,

for the states g; , we have z; < m.

21.1.2 Unbounded one-counter Markov decision processes

In this section, we adapt the reduction of [EWY10] from the square-root-sum to
a verification problem in one-counter Markov chains to our OC-MDP formalism.
We use this reduction to obtain lower-bounds for all of our interval strategy
problems.

We fix inputs z1,...,x, and y to the square-root-sum problem, and let
m = maxj<i<np ; and x = (z1,...,2,). We define an OC-MDP Qx with
only one action (i.e., a one-counter Markov chain) based on x such that the
probability of terminating in a given state ¢ is # >y /@i from a fixed initial
state ginit-

We depict the fragment of Qy that is associated with x; in Figure 21.1 for
i € [1,n]. Formally, we define Ox = (Qx, {a}, 0x, wx) where Qx = {ginit, t} U
U™ {@, ¢, q; } and, for all i € [1,n], transitions and weights to and from the
state ¢, qj, g; and t match those in the illustration. For any B € Ny, we let
C<B(Qy) denote the Markov chain induced by the sole strategy of M<B(Qy).
We have the following theorem, which can also be seen as a corollary of
Theorem 18.6.

Theorem 21.3 ([EWY10]). We have Pe<oo(o,), (q.n.t, 1)(Term(t)) = LS VT
and, for all 1 <i <n, Pe<oo(g,) (g:,1)(Term(t)) = Lz

Due to the structure of Qy, reaching ¢ and terminating in ¢ are equivalent.
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Thus, Theorem 21.3 implies that we can reduce the square-root sum instance
fixed above to the verification problem for selective termination and state-
reachability on Qy for the unique (counter-oblivious) strategy of M=%°(Qy),
which is both an OEIS and a CIS, and the threshold § = . Furthermore,
as there is only a single strategy, the answer to the verification problem is
the same as the answer to the realisability problem for (pure or randomised)
counter-oblivious strategies, which is a special case of the fixed-interval and
parameterised interval strategy realisability problems for OEISs and CISs. We

obtain the following hardness result.

Theorem 21.4. The interval strategy verification, fized-interval realisability
and parameterised realisability problems for state-reachability and selective ter-
mination are square-root-sum-hard in unbounded OC-MDUPs.

Proof. The OC-MDP Q, and the threshold # = - can be computed in
polynomial time. Therefore, we need only comment on the correctness of the
reduction.

By Theorem 21.3 and due to the structure of Qx, we have
Pe<oo(0,), (s, 1) (R€ACh()) = Pr<oo (g, s,y (TEM(2)) = LS VTi- Let
Q2 € {Term(t), Reach(t)}. We clearly have Pe<oo(g,) (sie,1)(£2) > 0 if and only if
Y1 4/@i >y in light of the above, and thus the reduction is correct. O

21.1.3 Bounded one-counter Markov decision processes

We now establish the square-root sum hardness for the interval strategy verifi-
cation, fixed-interval realisability and parameterised realisability problems in
bounded OC-MDPs. Intuitively, in most cases, the reduction consists in adding
a counter upper bound to the reduction of Section 21.1.2. However, we will see

that this does not always suffice.

We fix inputs 1, ..., x, and y to the square-root-sum problem for the
remainder of the section and let m = max;<;<p z; and x = (x1,...,zy). Let
0= % denote the threshold used for the reduction. We assume that for all

i € [1,n], z; # 0, and thus that m > 1.
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We aim to determine a bound B € N5 such that

Pe<n(0,),(gme,1)(Term(t)) > 6 if and only if Z VT > y.
i=1
For all B € N, let ep = Pr<oo(gy),(gume,1) (Reach(Q x {B})). Using Theo-
rem 21.3, we obtain that for all B € Ny, we have

Pes(0,), (g 1) (TEM(E)) = Pesoo(0,) (g, 1) (TeM(t)) — €
T
= % Zz; \/JTZ — EB.
Therefore, we require a bound B € Ny with a polynomial-size representation
such that the positive error term ep above is small enough to ensure the
correctness of the reduction.

There is a particular case for which it is clear that no suitable B exists:
whenever )" | \/Z; = y holds. This is not an issue however: this equality can
be decided in polynomial time [BFHTS85], and thus we consider a reduction
that is conditioned on it. First, we check if the equality holds in polynomial
time. If it does, we reduce to a fixed positive instance of the considered interval
strategy problem (in bounded OC-MDPs). Otherwise, we mirror the reduction
of the unbounded case with a well-chosen counter upper bound B.

We now state the two main results that we prove to establish the viability
of the approach described above. First, the following result provides a lower

bound on the distance between Y., \/z; and y whenever these two values

differ.

Lemma 21.5. Let A be the sum of the bit-sizes of x1,...,x, and y. If

S VT A Y, then | Y, V& —y| > 272 O,

This bound is adapted to our formulation of the square-root-sum problem
from [Tiw92, Lem. 3|. We prove this result in the first half of Section 21.1.4
through field-theoretic reasoning.

Lemma 21.5 implies that our reduction is correct whenever we ensure that
n-m-ep < 272"+ where A denotes the sum of bit-sizes of the inputs to the
square-root-sum problem. Choosing B = 2"m - (A + 1) + nm? + 1 is sufficient
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to obtain the required bound on the approximation error due to the counter
upper bound. This value of B can be computed in polynomial time as n is the
number of inputs. We show that choosing this value of B is sufficient in the
second half of Section 21.1.4 by bounding the error eg from above. Formally,
we establish the following result.

Lemma 21.6. Assume that > | \/T; #y. Let X\ denote the sum of bit-sizes
of x1, ..., Tp and y. For all B > 2"m - (A + 1) +nm? + 1, it holds that

n -1 - Posoo(9,) (1) (RECh(Q X {B})) < 272",

By using Lemma 21.6, we can prove the square-root-sum hardness of our
interval strategy problems in OC-MDPs via the reduction sketched above.

Theorem 21.7. The interval strategy verification, fized-interval realisability
and parameterised realisability problems for state-reachability and selective ter-

mination are square-root-sum-hard in bounded OC-MDPs.

Proof. The reduction only differs slightly between the three considered problem:;
we discuss the verification problem and comment on the additional steps for
the other two problems below. The reduction is the same for state-reachability
and selective termination, and thus we only mention the target in the following
without specifying the objective. We consider inputs zi1, ..., z, and y to
the square-root-sum problem. We assume that for all ¢ € [1,n], x; # 0. Let
m = maxj<i<p &; and X = (z1,...,x,). We describe the reduction and prove
its correctness.

First, we check in polynomial time whether )" | \/z; = y. If this equality
holds, we construct an OC-MDP Q with a single state ¢ and a single action a
where the self-loop of ¢ labelled by a has weight —1. We reduce our instance
of the square-root-sum problem to the verification problem on Q with counter
upper bound B = 2, initial configuration (g, 1), target {¢} and threshold 6 = 1.
The reduction is trivially correct in this case and is in polynomial time.

If >0, V& # y, we construct the OC-MDP Q. Let B = 2"m - (A +
1) +nm? + 1 where X is the sum of bit-sizes of the inputs of the square-root-
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sum instance. We reduce our instance of the square-root-sum problem to the
verification problem on Qy with counter upper bound B, initial configuration
(Ginit, 1), target {t} and threshold § = —“-. This reduction is in polynomial time,
and thus it remains to prove its correctness.

Let ep = Pe<oo(0,),(gime1) (REACN(Q X {B})). It follows from Theorem 21.3
that we must show that 3" | \/z; —ep > 6 if and only if Y1, \/z; > v.
It is direct that % Y1 \/Zi —ep > 6 implies Y | \/z; > y. We prove the
converse implication. Assume that > " | \/z; > y. By Lemmas 21.5 and 21.6,
it holds that eg < -L| 3" | /& —y| = (37, /Zi — y). We obtain that
1 Y ic1v/Ti—€B 2 % -y = 6. This shows that the reduction is correct.

nm

It remains to comment on how to adapt the above reduction to the fixed-
interval and parameterised realisability problems. Instead of specifying the
strategy as an input, we specify the interval partition Z = [1, B — 1] for the
fixed-interval case, and the parameters d = 1 for the number of intervals and
n = B — 1 for the size of intervals in the parameterised case. These inputs are
such that we check the existence of a well-performing counter-oblivious strategy
(with respect to the threshold 6 specified above). O

21.1.4 Details for bounded one-counter Markov decision pro-
cesses

The goal of this section is to prove Lemma 21.5 and Lemma 21.6. The proof
of the former uses field-theoretic tools whereas the proof of the latter consists
mainly of computations used to derive an upper bound. We split this section
into two parts, one for each result.

We let x1,...,2, € Nand y € N be fixed for the remainder of this section.

Proof of Lemma 21.5

The goal of this section is to prove Lemma 21.5. This section has three parts.
First, we recall some field-theoretic notions that are required for the proof. We
refer the reader to [Lan02| for a reference on field theory. Second, we show that
all roots of the minimal polynomial of > ; \/z; — y are of a certain form. We

end with a proof of Lemma 21.5.
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Field-theoretic background. A complex number is algebraic (over Q) if
it is the root of a polynomial with rational coefficients. An algebraic extension
of Q is a field K such that Q C K C C (where C denotes the set of complex
numbers) such that all elements of K are algebraic. Let K C L C C be algebraic
extensions of Q. We write L/K as shorthand to mean that L is an extension of
K. The minimum polynomial of a € L over K is the unique monic polynomial
with coefficients in K of minimum degree that has a as a root. An algebraic
number is an algebraic integer if its minimal polynomial over Q has integer
coefficients. Algebraic integers form a sub-ring of the algebraic closure of Q.

Given algebraic numbers ai, ..., ap, we let K(aq,...,ar) be the smallest
algebraic extension of K containing «q, ..., ay. The degree of the extension
L/K, denoted by [L : K], is the dimension of L as a vector space over K, and
if L = K(«a), [L : K] is the degree of the minimal polynomial of o over K.
Degrees of successive extensions multiply, in the sense that, given F'/L, it holds
that [F: K] =[F:L]-[L: K].

An extension L/K is Galois if and only if any embedding of K in the
algebraic closure of Q induces an automorphism of K. Given a polynomial
P € K[X], the splitting field of P is the smallest algebraic extension of K
that contains all of the complex roots of P. If L/K is of finite degree, then
L/K is Galois if and only if it is the splitting field of a polynomial in K[X].
If L/K is Galois, the Galois group Gal(L/K) of L/K is the group formed by
the (field) automorphisms of L whose restriction to K is the identity function
over K. The order of the Galois group of a Galois extension is the degree of

the extension.

Minimal polynomials. The following lemma provides a set that is
guaranteed to contain all roots of the minimal polynomial of " | \/z; — .
Through this lemma, we can bound the coefficients of the minimal polynomial
of 1", /&; — y, which is the crux of the proof of Lemma 21.5.

Lemma 21.8. Let § = Y. | \/xi —y. The minimal polynomial of B over
Q has at most 2" roots and all are included in the set {> »  (—1)%/z; —y |

(br,...,by) € {0,1}"}.
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Proof. Let Pg denote the minimum polynomial of g and let K =
Q(y/1,...,/Typ). To bound the number of roots of Pg, it suffices to bound its
degree, i.e., [Q(S) : Q]. We have Q(8) C K because 8 € K by definition of K.
It follows that [Q(5) : Q] is a divisor of [K : Q]. We have that [K : Q] is at

most 2™ because

K:Q= [l Q... v&@i)  Qvar,. ... V&)

0<i<n—1

and the degrees in the product are one or two; for all 1 <+¢ <n, ,/z; is a root
of X2 — z;.

We now show that all roots of Pg are in {31, (=1)%/z; —y | (b1,...,byn) €
{0,1}"}. First, we note that K is the splitting field of the polynomial [}, (X2 —
x;). Therefore, K/Q is Galois (as its degree is finite).

We determine the Galois group of K/Q. Let R C {\/x1,...,\/Tn} be a
minimal set such that K = Q(R). Assume that R = {\/x1,..., /%y }. For all
1<i<n/,[K:QR\{yzi})] =2 and K/Q(R\ {\/:}) is Galois. It follows
that the group Gal(K/Q) contains, for all 1 < i < n/, the automorphism of K in
Gal(K/Q(R\ {y/x;})) that is such that \/z; — —,/x; that leaves other elements
of R unchanged. These different automorphisms commute. It follows that these
automorphisms generate the Galois group Gal(K/Q) whose order is 2.

Let L denote the splitting field of Pg (thus L/Q is Galois). It holds that
L C K, because K/Q is Galois and Pg has a root in K. On the one hand,
elements of Gal(L/Q) are the restrictions of elements of Gal(K/Q). On the other
hand, the action of Gal(L/Q) on the set of roots of P is transitive (because Pg
is irreducible in Q[X]). It follows that the roots are all of the claimed form. [J

Proof of Lemma 21.5. We now provide a proof of Lemma 21.5.

Lemma 21.5. Let A\ be the sum of the bit-sizes of x1,...,xn, and y. If

S VT E Y, then | S0 E —y| > 272D,

Proof. Assume that """ , \/z; # y. Let Pg denote the minimal polynomial
of B =" +xi —y. It has integer coefficients, because /3 is an algebraic
integer. Indeed, square roots of integers are algebraic integers and algebraic
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integers are a sub-ring of the algebraic closure of Q. We bound the coefficients
of Pg to conclude via the following result: the non-zero roots of a non-zero
polynomial with k-bit integer coefficients are greater than 2% in absolute value
[Hou70, Tiw92|.

Let d denote the degree of Pg. We have d < 2" by Lemma 21.8. By
the same result, it follows that the roots of Ps are of absolute value at most
Y mity< 2*. From the decomposition of Ppg in linear factors, we obtain
that its coefficients are sums of at most 2¢ products of roots of Pg, and thus
are strictly less than 24 - (22)¢ = 29031 in absolute value, i.e., their bit-size is
at most d(\ 4 1). We obtain that |3| > 274 +1) > 2=2"(A+1), O

Proof of Lemma 21.6

The goal of this subsection is to prove Lemma 21.6. For all B € Ny, we let
5 = Pec (@) (g (REEN(Q x {B))

First, we provide an explicit upper bound on the sequence (¢g)pen., that
depends on m and B.

Lemma 21.9. For all B € Nsg, ep < (mLH)B_l.

Proof. All probability notation P in this proof refers to the Markov chain
C=*°(Qx), and thus we omit the Markov chain from the notation to lighten it.

We have e; =1 = (mlﬂ)o, and thus the inequality holds trivially for B = 1.

To obtain the general result, we prove properties that hold for all B > 2.

For all B > 2 and i € [1,n], let 62) = P4, 1)(Reach((g;, B))) denote the
probability of hitting counter value B from (g¢;,1). For all B > 2, we have
EB = %Z?:l 55;) due to the structure of Q. To obtain the lemma, it suffices

to show that for all ¢ € [[1,n], we have 55;) < (mLH)B_l. We fix i € [1,n].

For all B > 2, we let 771(5? = IP(;,,B—1)(Reach((gi, B))) denote the probability
of reaching counter value B from (g;, B—1). To conclude this proof, we establish

three statements. First, we show that for all B > 2, we have 5%‘,)4_1 = 65;) . ng)_H.

Second, we show that for all B > 2, we have ng) < mLH Finally, we combine

these two properties to conclude using an inductive argument.
For all B € Ny and k € [1, B], we let Hy_,p denote the set of histories of
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M=>2(Qy) starting in (g;, k) and ending in (¢;, B) with only one occurrence of
this last configuration. The sets Hy_.p are prefix-free; the cylinders of their
elements are pairwise disjoint.

We now show the first claim. Let B > 2. All histories of Hi_pg can be
written as the concatenation of a history of Hq_,p_1 and a history of Hg_1_p.
We obtain

el =P, 1)(Cyl (H155))

= ) > Pl (Cyl (- h))

hi€Hi.p-1h2€HB 1B

= Z P 1) (Cyl (h1)) | - Z P(q.,5-1)(Cyl (h2))
hi€H1 -1 ho€Hp_15B

() i
=¢&p-1 '771(3)-

This proves the first claim.
For the second claim, we show that the sequence (ng)) B>2 is increasing and

convergent, and that limpg_, ng) < mLH Let us prove that (ng)) B>2 1s increas-
ing. Let B > 2. We consider the mapping fi1: Hp-1-5 — Hp_p+1 that in-
creases all counter values along a history by 1. This mapping is injective. Further-
more, for all h € Hp_1,p, we have P, p_1)(Cyl (h)) = P4, 5)(Cyl (f+1(h))).
It follows that

g = P.,8-1)(Cyl (Hp-1-B)) < P, B)(Cyl (HBB11)) = ngll.

This shows that (ng)) B>2 is increasing.

The sequence (ng)) B>2 is bounded and increasing, thus it converges. We

prove that limp_ o 77]_; = To this end, we establish an inductive

m4-/x;
relation on the elements of this sequence: we prove that for all B > 2, we have
ngll = % +(1- % )ng) . 77532)“- Let B > 2. By separating histories for which a
counter increment occurs first from those for which a counter decrement occurs

first, we obtain that

i 1 1 Zq
77(31-1 — 5 L 5 . (1 — m) -]P)(qi’Bfl)(Cw (HB—lﬁ\BJrl))'
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We obtain n§3)+1 5 +(1— P )ng) 1 ng) by observing that elements of Hp_1_ 541

can be written as concatenations of elements of Hp_1p and Hp_ g1 and
following the same reasoning as for E(é) above.
By taking the limits on both sides of the above inductive relation, we obtain

that limp_00 771(9) =2+ 25) - (limp 00 1753))2 If m =1, then z; = 1 (inputs

are positive) and we dlrectly obtain limp_, 17](3) — L _—m

2 T mt+x;

Otherwise,
if m > 2, we hav

that limp_, 77,(92) € {m::/xﬁ’ mf%} It follows from mf% > 1 and (ng))BzQ
being a sequence of probabilities that limp_, ng) = #
of the second claim, we observe that since (77}(5?) B>2 is increasing and x; > 1,

we have, for all B > 2, ng) < mfm < e
@)

We now combine the two claims to provide an inductive proof that 5’ <

(m"il)B ! for all B > 2. For B = 2, we have €g) =1< a7 (because m > 1).

To end the proof

We now assume that 553) <( "frl)B ! holds. Via the two clalms we conclude
that 6%’)—1-1 = 555? ‘77§5Z’)+1 = (mLH)B' o

The following result is a technical inequality required to show that the
candidate for B for the reduction is well-chosen. We separate it from the main
proof for the sake of clarity.

Lemma 21.10. It holds that 7,%1 <m.

gz(T)

Proof. The inequality above is equivalent to 1 + % > 9m. To prove this
equivalent formulation, we show that the function f: [1,+o00[ — R: z —
14+1-— 2 is non-negative. Let zg = —logy(In(2))~! > 1. We show that f is
increasing on [1, zg] and decreasing on [zg, +00[. This property implies that f
is non-negative. Indeed, on the one hand, we have f(1) = 0, implying that f
is non-negative on [1, zp]. On the other hand, because lim, 1~ f(z) =0, f is
necessarily non-negative on the interval [zg, +-00].

We study the sign of the derivative of f to determine its intervals of
monotonicity. We define g: [1,4+00[ — R such that, for all z € [1,+o0],
g(z) =1In(2) - 2: — 1. Forall z € [1,+00[, we have f'(2) = %g(z). We obtain
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that for all z € [1, 400, the sign of f/(z) depends only on the sign of g(z). The
function g is a decreasing function, because |1, +o00[ = R: z 2: is a restric-
tion of the composition of the decreasing function |0, +o00[ — R: z — % and the
increasing function ]0, +0o[ — R: z + 2. Because g(1) = 2In(2) —1 > 0 and
g(20) = 0, it follows that f is positive on the interval |1, zg] and negative on the
interval |z, +oo[. This implies the desired property for f, ending the proof. [

We can now show that choosing B = 2"m - (A + 1) + nm? + 1 (where X is
the sum of bit-sizes of the inputs to our square-root sum instance) is sufficient
to achieve the precision given by Lemma 21.5 that ensures the validity of the

reduction.

Lemma 21.6. Assume that > | \/T; #y. Let X\ denote the sum of bit-sizes
of x1, ..., xp and y. For all B > 2"m - (A + 1) +nm? + 1, it holds that

n-m - Pesoo () (gm.1) (REaCh(Q x {B})) < 272" A1),

Proof. We claim that it is sufficient to show that, for all B > 2"m - (A + 1) +
nm? 41,

B-1
_m < 272" O —nm, (21.1)
m+1 -
We observe that m, n € N5g implies that 27" < . Combining this with

Lemma 21.9 implies that, for all B € N5 such that Equatlon (21.1) holds,

B—1
m+1 nm

This guarantees that establishing Equation (21.1) for the relevant upper bounds
B is sufficient.

For all B € N5, Equation (21.1) is equivalent (by applying log, on both
sides then using algebraic manipulations) to

2" A+ 1) +nm
log, ( )

By Lemma 21.10, Equation (21.2) is guaranteed to hold whenever B — 1 >

B-1> (21.2)
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m(2™(A + 1) + nm), and thus the same applies to Equation (21.1). This ends
the proof of this lemma. ]

21.2 NP-hardness for interval strategy realisability

We now prove that the realisability problem for counter-oblivious strategies is
NP-hard for the selective termination objective. This implies the NP-hardness
of the fixed-interval and parameterised realisability problems: counter-oblivious
strategies are single-interval OEISs and are also CISs with a period of one.
We prove this hardness result by a reduction from the problem of deciding if
a directed graph has a Hamiltonian cycle. Formally, a Hamiltonian cycle is

defined as follows.

Definition 21.11. Let G = (V, E) denote a directed graph where V is a finite
set of vertices and E C V? is a set of edges. A Hamiltonian cycle of G is a
simple cycle vgv; ... v, such that r = |V, i.e., a cycle that passes through all
vertices exactly once, except the first vertex which is visited twice.

Deciding whether a finite graph has a Hamiltonian cycle is NP-complete
(e.g., [GIT9)).

We sketch a reduction from the problem of deciding if a graph has a
Hamiltonian cycle to the counter-oblivious strategy realisability problem for
selective termination. Let G = (V, E) be a finite directed graph. We fix an
initial vertex vini:. We derive an OC-MDP Q with deterministic transitions from
G by adding vertices and redirecting transitions. We add a copy v/, ¢ V of the
initial vertex and a fresh absorbing state ¢ ¢ V. All incoming transitions of vinit
are redirected to v/ ., and the only successor of v/, ., is set to be g. All transitions
are given a weight of —1. We assume a counter upper bound B € {|V|+ 1,00}
that exceeds the initial counter value chosen below.

We claim that there is a Hamiltonian cycle in G if and only if there

is a strategy guaranteeing (almost-)sure termination in v/ . from the initial

init
configuration (vinit, |V'|). Intuitively, all cycles of G from vy with k edges
(i.e., k + 1 vertices) are equivalent to a history from (vinit, |V]) to (v! .., |V| — k)

init?
in M<B(Q). If there is a Hamiltonian cycle in G, because it is simple, we

obtain a history of length |V| in M=5(Q) that can be obtained via a pure
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counter-oblivious strategy, and this strategy provides a positive answer to the
realisability problem. For the converse, we observe that any other simple cycle
from wvinit of G yields a history terminating in the additional state q. Therefore, if
there is no Hamiltonian cycle in G, all (randomised) counter-oblivious strategies

/

have a history consistent with them that either terminates in ¢ if v} ;, is reached

in under |V| steps or terminates in V.

Theorem 21.12. The problem of deciding whether there exists a counter-
oblivious (pure or randomised) strategy ensuring almost-sure selective termina-
tion is NP-hard. In particular, the fized-interval and parameterised realisability

problems for selective termination are NP-hard.

Proof. We provide a reduction from the NP-complete problem of deciding
whether a finite directed graph contains a Hamiltonian cycle. We fix a finite
directed graph G = (V, E') and an initial vertex vjnix € V' for the remainder of
the proof.

We consider Q = (@, A, §,w) such that @ = VU{v! .., q} (where v/ ., g ¢ V)
and A = V. The transition function is deterministic: we view it as a function
d: Q x A — Q. We formalise ¢ as follows. First, for all (v,v") € E such that
V" # Vinit, we let §(v,v") = v’. Second, for all v € V' such that (v, vinit) € E, we
let §(v, vinit) = v}, Finally, for all v € V, we let 0(v/,;,v) = 0(¢q,v) = ¢. All
weights are —1. Recall that counter-oblivious strategies can be seen as functions
o:Q — A.

We show that the three following assertions are equivalent:
(i) there exists a Hamiltonian cycle of G;

(ii) there exists a pure counter-oblivious strategy o of Q such that

IP)((Tvinit,|V|) (Term (Ui/nit>) = 1;

(iii) there exists a counter-oblivious strategy o of @ such that
IP)[(T’Uinit,|V|)(-I_errn(vi,nit)) = 17

We prove that (i) implies (ii) and that (iii) implies (i). The implication from (ii)

to (iii) is direct.
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We assume that there exists a Hamiltonian cycle vovy ... v}y of G. Assume
without loss of generality that vg = vinit. It is easy to see that the pure counter-
oblivious strategy o such that o(vy) = vgyq for all £ € [|V| — 1] ensures that
P?Uinmlv‘)(Term(vi’nit)) = 1. The strategy o is well-defined because vov1 ... vy |1
is a simple path. This shows that (i) implies (ii).

We now prove the contrapositive of the implication from (iii) to (i). As-
sume that there is no Hamiltonian cycle in G. Let o be a counter-oblivious
strategy. We show that termination occurs in a state other than v/ . with

positive probability. If P{ ‘V‘)(Term(v' )) = 0, then the claim is direct.

ini init
We assume that IP"(’U_ . |V|)(Term(v' )) > 0. Thus, there exists a history

it
h = (vo, [V])v1(v1, V] = 1) ... (=1, ))vinit(vp, 0) comsistent with o such
that vy = vinje. Since there are no Hamiltonian cycles in G and A induces a
cycle of G, there must be a state other than vy (due to the structure of Q)
that is repeated in this induced cycle. Let 0 < £ < ¢/ < |V such that vy = vpr.
It is easy to see that the history starting in (v, |V'|) that follows h up to index
¢" and then loops in the cycle between v, and vy until termination is consistent
with o and therefore ]P)E’vinitw')(Term(vi’nit)) < 1. This ends the proof that (iii)
implies (i).

To conclude, we note that Q can be constructed in polynomial time. This

ends our NP-hardness proof. ]
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CHAPTER 22

Conclusion

We close this manuscript with a conclusion and a discussion of future works. We
do not provide a summary in this chapter; we refer the reader to Chapter 3 for
an extended overview of our contributions. Summaries of each parts can also be
found in the first chapter of each part: see Chapter 4 for our results regarding
Nash equilibria, Chapter 8 for our classification of finite-memory strategies,
Chapter 12 for our results on the structure of payoff sets in multi-objective

MDPs and Chapter 16 for interval strategies in one-counter MDPs.

Contents
22.1 Conclusion . . . . . ¢ i i i v i i i e e e e e e e 389
22.2 Future works . . . . . . . @ i i i i i i e e e e 393

22.1 Conclusion

We circle back to one of the key questions highlighted in Chapter 1: what
makes a strategy complex? Our results lead us to believe that there are several
dimensions to strategy complexity. In this manuscript, we have explored three
faces of strategy complexity. We first focused on the classical notion of memory
measured by the size of Mealy machines implementing strategies. We have then
moved on to randomisation, exploring both the differences in expressiveness of
randomised strategies and randomisation requirements in multi-objective MDPs.
Finally, we have considered concise representations of strategies in one-counter

MDPs and provided verification and realisability algorithms for them. From a

389
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strategy complexity standpoint, this suggests that alternative representations
of strategies can provide insight into the structure of their memory and how
they make decisions. We briefly comment on each of these measures.

Memory. We first focus on memory via Mealy machines, the complexity
measure considered in Part II. Before we discuss strategy complexity, let us take
a brief step back and highlight why we believe that Mealy machines constitute a
natural model for memory, without referring to their well-established relevance.
Each state of a Mealy machine represents a piece of information summarising
the past of the ongoing play. The update function of the Mealy machine
models how this information progresses throughout the play: given the current
knowledge and the latest observation, it combines them into a summary of the
new history. Finally, the next-move function models the idea that decisions
should depend only on the current knowledge and the latest observation. In
fact, all strategies follow this scheme: for an infinite-memory strategy, it suffices
to keep track of the entire history of the ongoing play.

The above suggests that Mealy machines can be used to model all strategies
that conform to the intuitive idea of a finite-memory strategy. In a Mealy
machine, each memory state corresponds to a set of histories after which the
strategy behaves in the same way. Therefore, the memory of a strategy quantifies
the number of different (long-term) behaviours that the strategy exhibits from
some point on. The amount of memory of a strategy is a natural way of
quantifying strategy complexity. It is particularly useful from a theoretical
standpoint, as it enables the formulation of general results that hold for all
arenas (in a given class), regardless of their specific traits.

Nonetheless, memory by itself does not fully describe the complexity of a
strategy. This is due to this measure attributing the same complexity to all
strategies that can be implemented with the same amount of memory. This
can lead to an underestimation or an overestimation of strategy complexity
for practical applications. On the one hand, when reasoning with memory,
memoryless strategies are the base unit, and all are considered to be equally
simple. However, this is not necessarily the case: constant strategies are
simpler than injective strategies in general. On the other hand, even if a

large memory state space is required, it may admit a concise well-structured
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representation. Let us consider winning strategies in zero-sum energy-parity
games on deterministic arenas for the sake of illustration [CD12a]. Winning
strategies in these games require an exponential memory. However, it suffices to
use strategies that alternate between increasing a counter value up to a threshold
and reaching a good state. In other words, with our interval strategy terminology,
one can win in these games with two-interval OEISs. Therefore, there is a gap
between the complexity given by memory and a practical implementation of the
strategy. Such observations motivate our multi-dimensional vision of strategy
complexity, to complement the information given by memory measured through

Mealy machines.

Randomised strategies. We now move on to randomisation. We have
seen that there exist several ways of integrating randomisation in strategic
decision making. We can distinguish various classes of randomised strategies,
some of which appear more simple than others. The most general classes are
the classical mized and behavioural strategies. Beyond these strategies, several
classes of randomised strategies can be defined through variants of stochastic
Mealy machines, the expressiveness of which we studied in Part III. Finally, we
can define subclasses of randomised strategies independently of Mealy machines.
In particular, in Part IV, we showed that finite-support mized strategies often
suffice in multi-objective MDPs.

These different classes highlight that the randomisation requirements to
win, reach an equilibrium or achieve a vector in a game do not boil down
to simply evaluating whether randomisation is necessary or not, and can be
studied in a finer way. A finer understanding of randomisation requirements can
help in understanding why it is required, i.e., its purpose in the game, and to
what extent. It can also be useful to minimise randomness in decision making
if randomness is best avoided; think, e.g., of medical applications in which
randomness is undesirable.

Randomisation can fulfil several roles depending on the application at hand.
For multi-objective MDPs, we saw that the only interest of randomisation is
to balance different objectives. In the rock paper scissors game in Example 2.3
(Page 46), randomisation is necessary to make oneself unpredictable. In games

with imperfect information, randomisation can prove useful to compensate a
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lack of information (see, e.g., [RCDHO07]). In the latter two cases, randomisation
is used to optimise the performance of the strategy, and thus a natural question
is to understand how little randomisation suffices to this end.

Alternative strategy representations. As explained above, Mealy
machine representations may obscure the structure of the memory of a strategy;
this is undesirable when it is well-structured, e.g., based on counters. Further-
more, finite memory does not guarantee the existence of a finite representation
of the strategy if the state space is infinite. This latter observation motivates
and justifies our restriction to interval strategies in one-counter MDPs in Part V.

We believe that it is a worthwhile endeavour to understand when Mealy
machines are well-structured and to take advantage of this structure to obtain
more compact representations of strategies. Having a small representation
of the elements of the memory state space, e.g., as vectors of numbers that
can be represented concisely in binary (e.g., as in multi-dimensional energy
games [CRR14, JLS15]), is not sufficient in general to be able to concisely
represent strategies: it is also imperative that the next-move function can also
be concisely represented. This additional constraint increases the challenge of
identifying relevant models.

Nonetheless, representing strategies through approaches other than Mealy
machines can provide more concise strategy representations. Another advantage
that can be obtained through such representations is explainability, i.e., the abil-
ity to explain the decisions made by a strategy. Understanding the structure
of the memory of a strategy also benefits us from an explainability stand-
point. Explainability constitutes another motivation of works on decision tree
representations of memoryless strategies (e.g., [BCCT15, BCKT18, JKW23|).

We remark that conciseness and explainability are two different distinct
aspects of strategy complexity. For instance, neural networks are used in
reinforcement learning to learn and represent strategies in (discounted-sum)
MDPs (e.g., [SB18]). While neural networks yield relatively small strategies,
their behaviour can be quite opaque due to their numerous parameters.

The many faces of strategy complexity. Strategy complexity has
many different components and finding simple strategies can be seen as a



22.2 — Future works 393

multi-objective optimisation problem. This is highlighted by the trade-offs that
can arise between different aspects of strategy complexity. For instance, in
some games, memory can be traded for randomisation, i.e., we can reduce
memory requirements by increasing the randomisation power of the strategy
(e.g., [CdHO4, Hor09, CRR14, MPR20]|), or there can be a trade-off between
explainability and conciseness. Measures of strategy complexity can be quanti-
tative, e.g., the amount of memory required or the size of a representation, or
qualitative, e.g., the randomisation model or the level of explainability.

More generally, we believe that we would benefit from a comprehensive
theory of strategy complexity based on this multi-dimensional vision. A refined
understanding of strategy complexity is key to design simpler controllers for
practical applications. Through the work presented in this thesis, we provide a
first step in the direction of a general theory of strategy complexity.

22.2 Future works

We briefly comment on some future works that arise from each part of this
thesis.

Memory requirements for constrained equilibria. A natural varia-
tion of the main question tackled in Part II is to transpose it to other classes
of equilibria than Nash equilibria. We briefly comment on the challenges that
arise for a classical alternative to NEs: subgame perfect equilibria (SPE) [Sel65]
in non-zero-sum reachability games on deterministic arenas. Intuitively, an
SPE from an initial state is a strategy profile such that, for all histories starting
in the initial state, there is no profitable deviation from the profile when we
assume that the history has taken place (i.e., in the subgame starting from the
history). SPEs are a refinement of NEs that avoid the issue of non-credible
threats, i.e., it forbids players from threatening something that would negatively
impact their payoff.

In Part II, we constructed finite-memory NEs from NE outcome. For SPEs,
instead of a single outcome, we have to deal with a tree-like structure [BBGR21]
that accounts for all histories. This makes it more challenging to obtain finite-

memory SPEs in infinite arenas, and to obtain arena-independent memory
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upper bounds for reachability, even when considering move-dependent Mealy
machines. An avenue to establishing such results would be to prove that the
tree-like description of SPEs can be simplified as we have done for NE outcomes
(e.g., by removing redundancies between branches of the tree), in such a way
that we can derive small strategies from it.

The power of randomised strategies. In Part III, we have investigated
the expressiveness of different models of stochastic Mealy machines. Outcome-
equivalence is specification-agnostic: two outcome-equivalent strategies induce
the same behaviour. Therefore, a variant of the problem would be to identify
classes of specifications and arenas for which there are additional inclusions or
equalities in our lattice. We are currently investigating one of these variants: we
study how our lattice is affected when considering the value of a one-dimensional
payoff in zero-sum turn-based stochastic games.

It is crucial that some restrictions are made on the setting and range of
considered specifications. Indeed, for multi-objective specifications on subclasses
of finite concurrent stochastic two-player arenas, the examples presented in
Chapter 11 imply that our lattice in finite perfect information arenas would

remain unchanged with this comparison criterion.

Memory in multi-objective Markov decision processes. The results
of Part IV provide insight into randomisation requirements in multi-objective
MDPs: finite-support mixed strategies can match the expectation of any strategy
when dealing with universally integrable payoffs, and these strategies can be used
to approximate any expected payoff for universally unambiguously integrable
payoffs. These results assume strategies with possibly infinite memory. This
leads to the question of understanding when finite memory suffices in multi-
objective MDPs to achieve vectors. In general, such questions are addressed by
devising sufficient conditions on payoffs or through characterisations of such
payoffs (see, e.g., [GZ05, Gim07, BLO"22, BORV23| for such results for similar
questions). In addition to this question, one can also ask when RDD strategies
are as powerful as general strategies; this would yield a natural finite-memory

analogue of our result for universally integrable payoffs.
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Structure of strategies in finite-horizon MDPs. In Part V, we have
defined and studied interval strategies in OC-MDPs. In general, optimal strate-
gies need not exist in OC-MDPs. However, there is a special subclass of
OC-MDPs in which there are uniformly optimal strategies for state-reachability:
finite-horizon MDPs, i.e., OC-MDPs in which all weights are negative. Optimal
actions for all states with a given counter value can be determined via value
iteration (see Appendix A.2.2). Since uniformly optimal strategies are guaran-
teed to exist in this setting, one can ask whether they have any regular structure.
Examples 17.2 and 17.3 can be adapted to illustrate that OEISs and CISs are
not sufficient to play optimally in finite-horizon MDPs. These examples do not
exclude the possibility that strategies built on an ultimately periodic partition
suffice to play optimally from all configurations in a finite-horizon MDP; it is
open whether this is the case or not. This question can be generalised to the
study of the structure of optimal strategies in unbounded OC-MDPs whenever
optimal strategies exist.

Going further. As mentioned in the previous section, there is value in
a general theoretical framework for strategy complexity, e.g., to enable the
design of simple controllers. Developing such a framework can be done through
different lines of work. For instance, identifying relevant measures of strategy
complexity, both for theory and practice, appears necessary to thoroughly
grasp complexity. This also requires understanding the relationships between
these different measures, e.g., how they affect one another. For individual
specifications, determining ad hoc models that yield small controllers also falls
within the scope of this line of work: they can yield insight into the structure
of the memory (in the general sense) of strategies. We believe in the interest of
these questions, and intend to continue studying them.
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CHAPTER A

Additional preliminaries

This chapter complements Chapter 2. In Section A.1, we recall some topological
notions, which are of particular usefulness for Chapter 15, in which we study
continuous payoffs in multi-objective MDPs. We recall classical results regarding
maximal probabilities of reachability objectives in Markov chains and MDPs in
Section A.2. Sections A.3-A.7 contain proofs that were omitted from Chapter 2.
In Section A.8, we show that the downward closure of a compact subset of R?

is compact. Finally, we establish the continuity of some payoff functions in

Section A.9.
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A.1 Topology

This section recalls topological definitions as well as some classical results,
mainly used above and in Chapter 15. We refer the reader to [Mun97| for a

reference on topology.

A.1.1 Topology

Let X be a non-empty set. A topology over X is a set T C 2% of subsets of X
such that (i) 0, X € T, (ii) for any family (U;);er such that U; € T for alli € I,
Uicr Ui € T and (iii) if U, U’ € T, then UNU'" € T. The pair (X, T) is called
a topological space. Elements of T are open sets. A set F' C X is closed if it is
the complement of an open set, i.e., if there exists U € T such that F' = X \ U.

We say that (X, 7T) is a Hausdorff space when for any two distinct elements
z and y € X, there exists disjoint open sets U, and U, such that x € U, and
y € Uy. We assume that all topological spaces below are Hausdorff.

Simple examples of topologies include the discrete topology Tgis = 2% and
the trivial topology {0, X}. The discrete topology is Hausdorff. The trivial
topology is not Hausdorff whenever X has at least two elements.

A set N C X is a neighbourhood of x € X if there exists an open set U, € T
such that x € U, C N. A set is open if and only if it is a neighbourhood of all
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of its elements. A point x € X is an isolated point if {x} is a neighbourhood of
x.

Let Y C X. The closure cl(Y) of Y is the smallest closed set in which Y is
included. An element z € X is in cl(Y) if and only if all (open) neighbourhoods
of = intersect Y. The interior int(Y) of Y is the greatest open set that is
included in Y. An element z € X is in int(Y) if and only if there exists an
open neighbourhood N, of x such that N, CY. A set is closed (resp. open) if
and only if it is equal to its closure (resp. interior).

A base of T is a set B C T such that all elements of 7 are (arbitrary)
unions of elements of B. For instance, a topology is a base of itself. A base of
the discrete topology is the set of all singleton sets. Another example is the
usual topology of the extended real line R; a base of this topology is given by
the set of intervals

{]O‘aﬂ[a [—O0,0([,]O&,—FOO] ’ a,BER, a< /3}

This topological space is Hausdorff.

Given a non-empty set Y C X, we define the induced (or subspace) topology
Tind on Y as the topology defined by Ting = {UNY | U € T}. An element
x €Y is an isolated point of Y if it is an isolated point in (Y, Ting)-

A.1.2 Metric and normed spaces

Let X be a non-empty set. A metric over X is a function dist: X x X — [0, 400
such that, for all z, y, z € X, (i) dist(z,y) = 0 if and only if z = y, (ii)
dist(z,y) = dist(y,z) and (iii) dist(z,2) < dist(z,y) + dist(y,z). The last
condition is called the triangle inequality. An open ball centred in x € X of
radius € > 0 is the set B(z,e) = {y € X | dist(z,y) < €}. A base of the
topology induced by a metric is the set of open balls. A topological space
(X, T) is metrisable if there exists a metric that induces 7. We remark that all
metrisable spaces are necessarily Hausdorff.

For instance, the usual topology of R is metrisable and is induced by the
metric dist defined by dist(z,y) = |z — y| for all z, y € R. The extended
real line R with its usual topology is also metrisable; it is homeomorphic (i.e.,
topologically isomorphic) to [0, 1] with the induced topology inherited from
R. Topological spaces X with the discrete topology are also metrisable; the
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discrete metric distgisc defined by distgisc(x,y) = 1 whenever x # y induces the
discrete topology (observe that all singleton sets are open balls).

Let d € Nug. Any norm | -|| on R? induces a topology via the metric
dist(v,w) = ||v — w|| for all v, w € R?. All norms of R? are equivalent, i.e.,
induce the same topology, which is the usual topology of R%. For infinite-
dimensional spaces, which we do not consider here, some norms may not be

equivalent, and can induce different topologies.

A.1.3 Convergence

Let (X,7T) be a Hausdorff topological space. A sequence (z,)nen of elements
of X is said to converge to x € X if for all open neighbourhoods U, of z, there
exists ng € N such that for all n > ng, x, € U,. It is equivalent to universally
quantify only over open neighbourhoods of x in a fixed base of T instead of
all open neighbourhoods. The uniqueness of the limit is guaranteed by the
Hausdorff assumption. We note that in general spaces, sequences can have
several limits: e.g., for the trivial topology {), X'}, all sequences converge to all
elements of the set.

In a metric space (X, dist), this definition of convergence is equivalent to
the usual definition recalled hereafter: for all € > 0, there exists some ng € N
such that for all n > ng, dist(x,,z) < e (i.e., z, € B(x,¢)).

Convergence of (real) sequences in R in the above sense is equivalent to the

classical definitions for convergence to a real limit, +00 or —oo.

A.1.4 Continuity

A function f: (X, T) — (Y, T) is continuous at x € X if for all neighbourhoods
Ny €Y of f(z), f_l(Nf(z)) is a neighbourhood of z. If By is a basis of
(Y, T"), continuity can be checked by looking only at elements of the basis in
the following sense: f is continuous at z if and only if for all Uy, € By such
that f(z) € Uy, ffl(Uf(x)) is a neighbourhood of x. The function f is said
to be continuous if it is continuous at x for all x € X.

If f: (X,disty) — (Y,disty) is a function between metric spaces, the
definition above is directly equivalent to the usual -0 definition of continuity:
f is continuous at xz € X if for all € > 0, there exists 6 > 0 such that for all
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2’ € X, disty(z,2') < § implies that disty (f(z), f(2')) < e.

For functions between metric spaces, there exists a stronger variant of
continuity, called uniform continuity. A function f: (X, distx) — (Y, disty)
is uniformly continuous if for all € > 0, there exists some & > 0 such that
for all z,2’ € X, distx(z,2') < ¢ implies that disty (f(z), f(z')) < e. The
difference with continuity is the quantification order. For continuity, § may
depend on both ¢ and the point at which we check continuity, whereas for
uniform continuity, 6 may only depend on ¢ and must work for all points.

For instance, the function [0, +oo[ — [0, 400 : & — /7 is uniformly con-
tinuous. This can be shown via the observation that errors at a neighbourhood
of some z > 0 can be bounded independently of x, i.e., we have that for
all z > 0 and |h| < 2 (this ensures that v/z + h is well-defined), we have
IV +h — /x| < y/]h]. On the other hand, the function R — R: x — 22 is
not uniformly continuous. For any z € R and h € R, we have |(z + h)? — 2% =
|h? — 2xh/|, and thus, intuitively, we cannot choose & independently of z in the
definition of continuity because errors depend on x (which cannot be bounded).

For functions from a metric space to another, continuity at z is equivalent
to sequential continuity at z. A function f: (X,7T) — (Y, T’) is sequentially
continuous at z € X if for all sequences (x,)nen that converge to x, the
sequence (f(zy))nen converges to f(z).

We now prove a result implying that the non-negative and non-positive

parts of a continuous function are continuous (for later use).

Lemma A.1. Let (X, T) be a topological space, x € X, f: X — R be a function
that is continuous at x and M € R. Then the functions min(f, M): y —
min{ f(y), M} and max(f, M): y— max{f(y), M} are continuous at x.

Proof. We provide a proof only for min(f, M) as the argument is analogous for
max(f, M). We distinguish three cases.

First, assume that f(z) < M. Let Ny, be a neighbourhood of f(z) =
min(f, M)(z). We must show that min(f, M)~ (Ny,) is a neighbourhood of
r. By continuity of f at x, since Ny, N [—o0o, M| is a neighbourhood of f(z),
f*I(Nf(x) N[—o0, M) is a neighbourhood of z. To close the first case, it suffices
to establish that f~!(Ny(,) N [—o0, M[) C min(f, M)~ (Ny(). This inclusion
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follows from the fact that for all y € X, if f(y) < M, then f(y) = min(f, M)(y).
This ends the proof of the first case.

Second, assume that f(x) > M. Let Ny be a neighbourhood of
M = min(f, M)(xz). By definition of min(f, M), we obtain that for all
y € f1(M,+o0]), min(f, M)(y) = M. Tt follows that f~1(]M,+oo]) C
min(f, M)~} (Ny). By continuity of f at x, f~1(JM, +o0]) is a neighbourhood
of z. We conclude from the above that min(f, M)~!(Ny) is a neighbourhood
of x.

Finally, assume that f(z) = M and let Ny be a neighbourhood of
M = min(f, M)(x). It suffices to show that f~!(Nys) C min(f, M)~ (Na) by
continuity of f at x. Let y € X such that f(y) € Ny If f(y) < M, then
min(f, M)(y) = f(y) € Na. Otherwise, min(f, M)(y) = M € Njps. This shows
the required inclusion and ends the proof. O

A.1.5 Compactness

A topological space (X, T) is compact if for any open cover (U;);er of X (i.e.,
for all i € I, U; is open and |J,c; U; = X)), one can extract a finite open cover
of X, i.e., there exists I' C I finite such that |J;c;, Ui = X. A subset Y of a
topological space (X, 7)) is compact if (Y, Ting) is compact, where Tinq is the
induced topology. A compact subset of a Hausdorff topological space is closed.
For instance, any finite set with the discrete topology is compact. Any closed
bounded interval of R is also compact. This can be used to show that the
extended real line R is compact (without relying on the fact that R and [0, 1]
are homeomorphic).

In metrisable spaces, there is an equivalent characterisation of compactness
based on sequences. A topological space (X, T) is sequentially compact if for all
sequences (x,)nen of X, there exists a convergent subsequence. A metrisable
space is compact if and only if it is sequentially compact.

For subsets of R? (and more generally, of finite-dimensional normed vector
spaces), there is yet another equivalent formulation of compactness. A set
D C R% is compact if and only if it is closed and bounded.

Let (X, 7T) and (Y, T") be topological spaces and let f: X — Y. If (X, T) is
compact and f is continuous, then f(X) is compact. Furthermore, if (X, disty)

is a compact metric space and (Y, disty) is a metric space, f is continuous if
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and only if f is uniformly continuous.

A.1.6 Product topology

The product topology is a topology defined over Cartesian products of topological
spaces. Let I be an arbitrary non-empty set. For all i € I, let (X;,7;) be a
topological space. A base of open sets for the product topology over [[;c; X;
consists of the open sets Hiel U; where for all i € I, U; € T; and U; = X; for all
but finitely many ¢ € I. Such sets are called cylinder sets. The product topology
is the coarsest topology for which the projections [ [, ; Xir — Xi: (2i)irer =
are continuous for all ¢ € .

A simple example of the product topology is R?; the usual topology of R?
corresponds to the product topology of d copies of R with its usual topology.

A sequence in a product of topological spaces converges with respect to the
product topology if and only if it converges component-wise. This is formalised

in the following result.

Lemma A.2. Let I be a non-empty set. For alli € I, let (X;,T;) be a topological
space. Let i1 denote the product topology on [[;c; Xi. Let (x™),en be a
sequence of elements of [[;c; Xi and x = (z;)ien € [Lic; Xi- Then (x(™),en

converges to x if and only if for alli € I, (:L‘Zn JneN converges to ;.

A product of metrisable spaces need not be metrisable in general. However,
countable products of metrisable spaces are metrisable. This can be shown in
the same way that [Mun97, Chap 2, Thm. 9.5] proves that R“ with the product
topology is metrisable (where the usual topology is assumed on R).

Finally, we show that countable products of compact metrisable spaces are
compact. In full generality, arbitrary products of compact topological spaces
are compact; this result is known as Tychonoff’s theorem. Tychonoff’s theorem
is equivalent to the axiom of choice. Because of this, we provide an alternative

proof below for the case of countable products.

Theorem A.3. For alli € N, let (X;,T;) be a sequentially compact topological
space. Then ([ [;cn Xi, Tr) is sequentially compact, where Trp denotes the product
topology. In particular, countable products of compact metrisable spaces are
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compact.

Proof. The second claim of the theorem follows from the first and the fact that,
in metrisable spaces, compactness and sequential compactness are equivalent.
We thus focus on the first claim of the theorem. Let (x(™),cn be a sequence
of elements of [[,. X;. Our goal is to show that (x(™),.en has a convergent
subsequence.

First, for all i € N, we construct a subsequence (x(™),cs. of (x(™),cy such
that for all j < 1, (x§."))ne 1, converges in X;. We proceed by induction. We
let Iy = N for the base case. For the induction step, we assume that I; is
defined. By compactness of X;.1, there exists I;11 C I; such that (nvl(-n)),ﬁbeli+1
converges. The induction hypothesis holds by construction because (X("))ne Ii1
is a subsequence of (x(™),cr..

We now construct a convergent subsequence of (X(”))neN. Let ng = min I
and, for all ¢ > 0, let n; be the least element of I; 1 strictly greater than n;_;.
It is easy to check that (x("));cy converges via Lemma A.2. Ol

A.2 Reachability in Markov chains and Markov deci-

sion processes

In this section, we recall properties of reachability objectives in Markov chains
and Markov decision processes. We first describe a linear system characterising
reachability probabilities in Markov chains. We use such linear systems in
Chapters 18 and 19 to analyse memoryless strategies of MDPs induced by
one-counter MDPs. We then describe a value iteration scheme to approximate
the maximum reachability probabilities in MDPs. We use this scheme in
Chapter 17.3.2 to analyse an example. We refer a reader to [BK08, Chap. 10]
for details regarding the contents of this section.

A.2.1 Probabilities in Markov chains

Let C = (S,0) be a finite Markov chain and let 7' C S be a set of targets.
The probabilities (Ps(Reach(T")))ses are the least solution of a system of linear
equations. We recall this system.
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Theorem A.4. Assume that C is finite. Let {S—o,S=1,5} be a partition of
S such that S—g C {s € S | Ps(Reach(T)) = 0} and T C S—; C {s € S|
Ps(Reach(T)) = 1}. We consider the system defined by x5 =0 for all s € S—o,
s =1 forall s € S—y and x3 =Yg 0(s)(s") - xy for all s € S». The least
non-negative solution of this system is obtained by letting xs = Ps(Reach(T))
for all s € S. Furthermore, this system has a unique solution when S—y = {s €

S | Ps(Reach(T)) = 0}.

In the previous statement, the set {s € S | Ps(Reach(T")) = 0} only depends
on the topology of the Markov chain, i.e., which states are connected by a
transition. The transition probabilities do not matter: a state is in this set if

and only if there are no histories starting in this state and ending in 7.

A.2.2 Optimal probabilities in Markov decision processes

We now let M = (S, A, §) be a finite MDP and let 7" C S. The maximum reach-
ability probability vector (max,esaq) P (Reach(T)))ses can be approximated
by computing, for each state, the maximum probability of reaching 7" in no
more than k£ € N steps for increasing values of k. This maximum step-bounded
reachability probability can be computed through an inductive technique called
value iteration.

We introduce some notation for step-bounded reachability objectives. For
all k € N, we let Reach=F(T) = {spags1... € Plays(M) | 3¢ < k, sy € T}
denote the set of plays in Reach(T") such that 7" is reached in no more than k

transitions.

Theorem A.5. Assume that M is finite and let T C S. For all k € N, let
v = (07) se5 = (max,exm) P (Reach=*(T)))ses. For all s € T and k € N,
vgk) =1 and for all s € S\ T, Ugo) =0 and, for all k € N,

(k+1)

= max Y d(s,a)(t) - v, (A.1)
a€A(s) poye

v

To play optimally with respect to a step-bounded reachability objective, it is
necessary and sufficient to choose an action in the argument of the mazimum

in Equation (A.1) in s when k + 1 steps remain.
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A.3 Convex hulls of compact sets

We provide a proof of Lemma 2.2, which states that the convex hull of a compact

subset of R? is itself compact.

Lemma 2.2. Let d € Nug. Let D C R%. If D is compact, then conv(D) is also

compact.

Proof. Assume that D is compact. We assume that D is non-empty, as otherwise
the result is direct.

We first show that conv(D) is bounded. Let q € conv(D). Let oy, ...,
an, be convex combination coefficients and let p1, ..., pn € D such that
q=) . _; &mPm. By triangulation, we obtain that ||qll2 < > 1 | am|Pmll2 <
sup{||pll2 | p € D} € R, where the second inequality is a consequence of
>y @ = 1. It follows that conv(D) is bounded.

We now show that conv(D) is closed. Let q € R? such that there exists a
sequence (q(”))neN C conv(D) such that lim,, q\™ = q. By Carathéodory’s
theorem for convex hulls (Theorem 2.1), all elements of the sequence (q™),en
are a convex combination of no more than d + 1 elements of D. For all
n € N, let ozgn), ceey agjr)l be convex combination coefficients and let pgn), ceey
pgj_)l such that g™ = Z;lii ag-n)pyl). By compactness of [0,1] and D, we
obtain an increasing sequence of natural numbers (1, )men, convex combination
coefficients o, ..., agy1 and py, ..., pgr1 € D such that for all 1 < j < d+1,

m)

lim,;, oo agn = «a; and limy, o pgnm) = p;. It follows (from the uniqueness
of the limit) that q = Z?J:r% a;p;. This shows that q € conv(D) and ends the

proof that conv(D) is closed. O

A.4 Details regarding the topology over plays

Let n € Nyg and A = (5, (A(i))ie[[l,n]]v 0) be an N-player arena. In this section,
we present proofs of Lemma 2.9, which states that the set of history cylinders
is a base of the topology of Plays(A) and Lemma 2.10, which implies that
Plays(.A) is compact whenever A is finite. We start with Lemma 2.9.
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Lemma 2.9. The set {Cyl(h) | h € Hist(A)} of history cylinders is a base of
the topology of Plays(.A).

Proof. Tt suffices to show that any intersection of a (general) cylinder of (SA)¥
and Plays(M) can be written as a union of cylinders of histories.
Let U = (szl Ug) X Uﬁ?) X Ugﬂ) x (AS)¥ be a cylinder of (SA)“, where

US), ey Uéf“) are (open) subsets of S and UI%I), ey Uﬁ{) are (open) subsets of
A (all cylinders of (SA)* can be written this way). We obtain that U N Plays(.A)
is given by
Cyl (Hist(A) N (H UP x Uﬁ{’) X Ug+1>) :
/=1
which shows that U N Plays(.A) is a union of history cylinders. O

We now prove Lemma 2.10.

Lemma 2.10. The set Plays(A) is a closed subset of (SA)“. In particular,

Plays(A) is a compact space whenever A is finite.

Proof. The first part of the statement implies the second, because all closed
subsets of compact spaces are themselves compact [Mun97, Chap. 3, Thm. 5.2].

For all w € (SA)*, the set of continuations of w in (SA)“ is an open set (it
is a cylinder). Furthermore, any u € (SA)%\ Plays(A) has a prefix w, € (SA)*S
that is not a history. We obtain that, for all u € (SA)“ \ Plays(A), the set of
continuations of w, does not intersect Plays(.A). Therefore, (SA)“ \ Plays(.A)
can be written as the union of the sets of continuations of each w,,, thus is an
open set. We have shown that Plays(A) is closed. O

A.5 Distributions and mixed strategies

In this section, we prove two results. First, we prove Lemma 2.16, which
states that the function mapping pure strategy profiles to the probability of a
measurable set of plays is measurable. Second, we prove Lemma 2.17, which

states that the probability of a measurable set of plays under a mixed strategy
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profile can be written as an integral over the probability of this set under pure
strategies profiles.

Lemma 2.16. Let 2 C Plays(A) be measurable and let s € S. The function
Po: [Ty Bhue(A) = 0,1] : 0 = PI(Q) is measurable.

Proof. We prove the above property in three steps. We first establish it directly
for history cylinders. We extend the result to open subsets  of Plays(A)
showing that Pq can be written as a sum or series of the form ), -5, Pcyn) for
a countable set of histories . Finally, we generalise to all measurable sets by
induction on the Borel hierarchy (described below), by writing the function as
a pointwise limit of measurable functions.

Let h € Hist(A) and let Q = Cyl(h). We assume that s = first(h), as
otherwise Pq is the constant zero function and the result is direct. By definition
of probability measures over plays for pure strategies, there exists a constant 6
such that, for all strategies profiles o € []1" Efwre(A) such that h is consistent
(resp. inconsistent) with o, we have Po(o) = 0 (resp. Po(o) = 0). For each
i € [[1,n], the set of pure strategies of P; with which h is consistent is a generator
of Fsie(a)- It follows that Pq is a linear combination of two indicators of
measurable sets, and is therefore measurable.

We now assume that € is an open subset of Plays(.A). By Lemma 2.9, we
can write Q as a countable union of histories, i.e., @ = Cyl (H) for a countable
set of histories H. We assume that the cylinders of histories in ‘H are pairwise
disjoint, as two cylinder sets have a non-empty intersection if and only if one is
included in the other. It follows that Po =) 4 Peyiny (by sigma-additivity
of P7 for all pure strategy profiles o. This shows that Py is the pointwise limit
of a sequence of measurable functions and is thus measurable.

We now introduce the Borel hierarchy to handle general Borel sets. We refer
the reader to [Kec95] for an extended exposition. Borel subsets of a metrisable
topological space can be arranged in a hierarchy. Let wy be the first uncountable
ordinal. For Plays(.A), this hierarchy is as follows. We let X{ be the open subsets
of Plays(.A). For each ordinal 1 < & < wy, we let Hg = {Plays(A)\U | U € Z‘g}
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be the complements of the sets in X2, and if £ > 1, we let

E?:{UUZ|UgeH§e,§g<§,€eN}

LeN

be the set of countable unions of sets in [ Jg/_, Hg,. Every Borel set is in one of
the sets Eg for some £ < wy and for all 1 < ¢ < € < wy, we have Eg, C Eg and
ITg, C 112

In the previous point, we have shown that Py is measurable if 2 € ¥9. This
is our base case. For all ordinals 1 < ¢ < wy, by showing that Pq is measurable
for all Q € X2, we obtain that Py =1 — Ppiays(4)\q 1s measurable for all 2 € Hg.

Let 1 < £ < wi. We assume by induction that for all 1 < & < £ and for
all Q € Hg,, Pq is measurable. Let Q) € Hg. We show that Pq is measurable.
Let (Q¢)een be a sequence of elements of (Jg ¢ Hg, such that Q = [J,cy Q.
We let Q<p = Uy, Q. Since the sequence of sets (Q<y)sen increases to €, it
follows from the (_:ontinuity of probability measures that Pq is the pointwise
limit of (Po_,)sen. Thus, to conclude, it remains to show that for all £ € N,
Q< € Ug/ <; Hg, to conclude with the induction hypothesis. This property
follows from the fact that for each £ < &, Hg, is stable by finite unions [Kec95,
Prop. 22.1]. We have shown that P is measurable, which ends the inductive
argument and the overall proof. O

Lemma 2.17. Let j1 = (f1i)icq1,n] be a mized strategy profile and sinix € S be

an initial state. Let py X --- X p, denote the (unique) product measure over
T2, Shue(A) obtained from puy,- -, pin. For all measurable Q C Plays(A), we
have

Pi,sinit (Q) = Pfél,s;n;t (Q)d(:ul X X :U’n)(o-)

/;EH?Zl E|i3ure ('A)

Proof. Let v € D(Plays(.A), F4) be such that for all measurable 2 C Plays(.A),

v(Q) = P e (D1 X -+ X f1n)(0):

/061_[?—1 Shure (A)

The above integral is well-defined: we integrate a non-negative measurable
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function (see Lemma 2.16). It is easily checked that v is a well-defined element
of D(Plays(.A), F.4) (o-additivity follows from linearity of the Lebesgue integral
together with the monotone convergence theorem).

It suffices to show that Pk

s (§2) agree over cylinders of histories starting
in sipit to end the proof. Let h € Hist(A, sinit). For any pure strategy profile

0 = (04)ie1,n] it follows from the definition of Pg _(Cyl (h)) that

Sinit

n =1l
Pg (vl (B) = [T s (03) - T 0Cse,@e)(se4),
=1 =0

where, for all ¢ € [1,n], E%l is the set of pure strategies of P; that is consistent
with h. We obtain that v(Cyl (h)) = P%, . (Cyl (h)) by injecting the above in the
definition of v and applying Fubini’s theorem. O

A.6 Distributions over memory states of Mealy ma-

chines

The goal of this section is to prove Equation (2.1), which describes how the
distribution over memory states of a Mealy machine changes from one step of
a play to the next. To lighten notation, we only consider the two-player case.
The argument is analogous if there are more than two players. We thus assume
that A is a two-player arena, i.e., A = (S, AW A@) 9), for the remainder of
the section.

We establish Equation (2.1) for a Mealy machine of P;. We fix a Mealy
machine 9 = (M, pinit, nxton, upgy) of Py for the remainder of the section. We
must first formalise what we mean by the distribution over M after w € (SA)*
occurs. We do this via the Markov chain over Hist(.A) x M obtained when P;
plays according to 0 and Ps plays according to a strategy oo from an initial

state sinit. We then prove Equation (2.1) by analysing this same Markov chain.

A.6.1 Induced Markov chain

We fix a strategy oo of Py and sjhir € S an initial state. We describe the
Markov chain induced by playing 9t and o9 from sj,; in A. The state space
of this Markov chain is Hist(.\A) x M. Transitions connect pairs of the form
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(h,m) € Hist(A) x M to pairs of the form (has,m’); such a transition occurs
with probability

S(last(h),a)(s) - upgy(m, last(h),a)(m’)-
nxtgn (m, last(h))(a™M) - o4 (h)(a?).

A play of this Markov chain from (sjnit,m) is of the form
(SU, mo)(Soc_L()Sl, ml)(SOC_L()SlalSQ, TTLQ) -

and, therefore, we view it as a pair (7, m) € Plays(.A) x M where m = spags . . .
and m = momq.... We write P for the probability over Plays(.A) x M%
induced by the above Markov chain with respect to the initial distribution
Vinit € D(Hist(A) x M) defined by vinit(Sinit, m) = pinit(m) for all m € M (and
0 elsewhere).!

We now introduce some random variables over Plays(A) x M“ to use in
our derivation of Equation (2.1). Let (7,m) = (soaosi...,momi...). We
use the following random variables. For all £ € N, we let Sy((m,m)) = sy,
Ay((m,m)) = a;, My((x,m)) = my. We let Aél) and Aéz) be the random
variables such that A, = (A@l), A((ZQ)). We write W, for the random variable
describing the sequence Wy = SgAoS1A; ...Sy_1A_1 which is the sequence
read by 91 prior to step £. Similarly, we write Hy for the random variable
Hy, = WS, that describes the history at step £.

Next, we introduce some convenient notation. Let B denote a set. For any
random variable X : Plays(A) x M¥ — B and b € B, we write {X = b} for
X~1({b}) and omit the braces when evaluating PP over such sets, e.g., we write
P(X =b) for P({X = b}).

We now list three properties of the above random variables that are useful
to formally derive Equation (2.1). First, we note that memory updates and

state updates are independent. In particular, we have the following.

Claim A.6. Let h = soag . ..a¢—15¢ € Hist(A) such that P(H; = h) > 0. For

!Given a Markov chain ¢’ = (S’,§’), the distribution over plays of C’ following an initial
distribution e € D(S”) is defined by Per ,, () = 37, cor Vinit(s) - Per 5 (Q) for all measurable
Q C Plays(C").
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all m € M, we have
P(M; = m | Hy = h) = P(M; = m | Wy = w),

where w denotes sgag . ..Sp—10¢—1-

Proof. By definition of a conditional probability, it suffices to show that for all
me M,

P(Mg =mAHy= h) = P(Mg =mAW,= w) . (5(84_1, dg_l)(Sg) (AQ)

and that
]P)(Hg = h) = ]P)(Wg = w) s 5(84_1, c_lg_l)(Sg).

We remark that the second equation can be obtained from Equation (A.2)
by summing over all m € M. Therefore, we focus on Equation (A.2) for
the remainder of the proof. The result follows directly from the definition of
probabilities in Markov chains.

We let my € M. Let s, € S and hg, = ws. We note that, hy;, = h. We can
write P(My = my A Hy = hg, ) as the sum

> P A Mj=m;AHy=h,,
(mo,...;mg—1)EM?E Jeld
The sets described in the summed probabilities are cylinder sets of our Markov
chain over Hist(A) x M. Therefore, we can rewrite P(My; = my A Hy = hy,)
as the following sum of products, by definition of distributions over plays of
Markov chains:

> (IP’< N\ Mj=m;AHpy = hSH)-

(mo,...,m[,l)GMé jE[[Z—lﬂ
@y . (2) .
nxton(m, se—1)(a,_;) - o2(h<e—1)(a,”)
0(8¢—1, Gg—1)(5) - upgp(me—1, 8@—1,@—1)(7'%'))-

The term 0(s¢—1,ar—1)(s+) can be factorised in front of the above sum. Equa-
tion (A.2) follows from the above equation and from the equality P(M, =
TrLg/\Wg:’u}):ZS*GSP(Mgzmg/\HgZhs*). Il
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Second, we have the following fact regarding memory updates.

Claim A.7. Let w = soag . ..sedy be a history prefic and m’ € M such that
P(Wy=wA My =m') > 0. Then, for allm € M,

P(Myr1 =m | Wesg = w A My =m') = upgn(m’, s¢, ag)(m).

Proof. Let m € M. We directly compute the above conditional probability to
obtain the result. We first study P(My 1 = m AWy = wA My =m'). We can
write this probability as follows:

Z Z]P’ /\ M; =m; NHpp1 = ws |,

(mo,...,mp_1)EM? SES JE[+1]

where my = m/ and my,; = m. Fix (mg,...,my_1) € M* and s € S. Let
h' = spag . .. sy be the prefix of w obtained by removing its last action profile.
By definition of P, we obtain that

P /\ M; =mj N Hpp1 = ws
jele+1]

=P | A\ Mj=m;AHy =1 | -nxton(, 50)(af") - oa(R) (af?):
el

d(se,a)(s) - upgm(m’, se, @) (m).

The factor upgy(m/,sg,a)(m) in this last equation does not depend on
(mg,...,my_1) nor on s. It thus follows (from all of the above) that P(M;1; =
mAWy1 = wA My = m') can be factorised as an expression of the form
upsn(m’, sg,a)(m) - P(m/, w) for some function P that only depends on m’ and
w, not on m.

Because the argument above can be adapted by replacing m by any m” € M,
we obtain that P(Wy1 = w A My = m/) can be written as the sum

Z upgn(m’, s¢,a)(m”) - P(m/,w) = P(m/, w).
m/'eM

This yields the desired result. O
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Finally, we observe the following equality regarding action choices of the
two players.

Claim A.8. Let h = spag...s; € Hist(A) and m € M such that P(H; =
h A My =m) > 0. For all action profiles a = (a™V),a®) € A(last(h)),

P(A, =a| Hy = h A My = m) = nxton(m, last(h))(aV) - oa(h) (a'?).

Proof. We can rewrite P(Ay = a | Hy = h A My = m) as the sum
Z Z P(Ag:&/\Sg_H =5sANMpq =m/ | Hg:h/\Mg:m).
seSm'eM

By definition of the transitions in our Markov chain, we can rewrite this sum as

> <nxtsm(m, s0)(a)) - aa(h)(a®)-

seSm'eM

d(s¢,a)(s) - upgn(m, sy, d)(m')) .

By rearranging this sum and recalling that d(s¢, a) and upgy(m, s¢, a) are distri-

butions, we obtain the claim. O

A.6.2 Establishing Equation (2.1)

For any m € M and w = 50@151 ...5¢_10¢_1 € (SA)*, the probability i, (m)
over memory states after w occurs when P; follows 9t is formalised by the
conditional probability P(My, = m | Wy = w). This formulation suggests
that this probability depends on o3. However, a by-product of the inductive
relationship expressed by Equation (2.1) (recalled in Equation (A.3) below), is
that it does not depend on oy. We now prove Equation (2.1).

Lemma A.9. Let w' = sqags1ay ...s¢_10¢—1 and w = w'spay € (SA)* such
that P(Wyy1 = w) > 0. For any m € M, let py(m) = P(My=m | Wy = ')
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and py(m) =P(Mpr1 =m | Wyp1 = w). For allm € M, we have:

S ens Hawr () - upan(m’, 50, ) (m) - ctan (2, 50) (0l
Zm’eM L (M) + nxton(m/, sz)(agl))

fw(m) = (A.3)

In particular, p,, is independent of .

Proof. We fix m € M for the whole proof.
It follows from the law of total probability (formulated for conditional
probabilities) that

pw(m) = P(Mep1 = m | Wepq = w)
= Z P(Myyq :m‘Wg+1 :wAMg:m’)-P(Mg:m' ‘ W1 = w)

m'eM

Therefore, Claim A.7 implies that

P (m) = Z upgn(m’, s¢,@p)(m) - P(My = m | Wyi1 = w). (A.4)
m'eM

We note that, for any m’ € M, the probability P(My; = m’ | Wy = w)
is not pyy (m') = P(My =m' | Wy = w'). Using Bayes’ theorem, we obtain a
relation between P(My, = m’ | Wy11 = w) and p,y(m'). We let b’ = w'sy, i.e.,
I/ is the history obtained by removing the last action pair of w. We note that
{Wyy1 = w} and {H, = h'} N {A, = a,} both denote the same set. We obtain

the following chain of equations:

P(My =m' [Wyy1 = w)
=P(My=m' ANHy=h | Wy = w)
C PWgi=w | My=m' ANHy=h) -P(My=m'ANHy=h)
B P(Wie1 = w)
P(Ag=a; | Mg=m/ NHy=HW) -P(My=m'| H = h')
P(A;=ay | Hy=HW) ’

The first equality is a consequence of Wy, = w implying H, = h’. Bayes’
theorem is used between lines two and three. To go from the third to the fourth
line, both the numerator and denominator of the fraction have been multiplied
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by P(Hy; = 1) and the definition of conditional probabilities has been used to
rewrite the denominator and the rightmost factor of the numerator.

We now analyse the three terms of the fraction above. First, by Claim A.6,
we have P(My=m/ | Hy=1h)=P(My =m' | Wy = w') = p(m’). Second, it
follows from Claim A.8 that

P(/_lg = ay | Mg =m/ A Hé _ h/) — nthm(m,,Sg)(a(l)) . O'g(h/)(a(Z)).
We now rewrite P(Ay = ay | Hy = 1) as

> P(Ag=ag | My =m" NHy=H) -P(My =m" | Hy = h')
m//

P(Mg:m”‘Hg:h,)>0
By Claim A.8, this is equal to
() () Y mxtan(m”, 5)(af”) - s (m").
m//eM

By injecting all of the above in Equation (A.4), we directly obtain Equa-
tion (A.3) (note that any term appearing in a denominator is non-zero by the
assumption P(Wy 1 = w) > 0). O

A.7 Pure Nash equilibria in deterministic arenas

Let n € Nyg and A = (S, (A(i))ie[[l,n]]a 0) be a deterministic n-player arena. We
provide a proof of Lemma 2.41, which states that in a multi-player game on A,
a player has a profitable deviation from an initial state with respect to a pure

strategy profile if and only if they have a pure profitable deviation.

Lemma 2.41. Assume that A is deterministic and that, for all i € [1,n], f; is
a cost function. Let s € S and o = (Ui)ie[[l,n]] be a pure strategy profile. Let
i € [1,n] and write o = (0;,0—;). The following statements are equivalent:

(i) P; has a profitable deviation with respect to o from Sinit;

(ii) there exists a play ™ from sinit consistent with o_; such that fi(7m) <

fi(OUtA(U, Sinit))-
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(iii) P; has a pure profitable deviation with respect to o from sinit;

In particular, o is an NE from sinit if and only if no player has a pure profitable

deviation.

Proof. We observe that (iii) implies (i). It suffices to show that (i) implies (ii)
and that (ii) implies (iii) to prove the lemma.

We first assume that there exists a profitable deviation 7; of P;. By definition,
we have that Eg) " (f;) < fi;(Outa(o, sinit)). It follows (from the compatibility
of the Lebesgue integral with the order) that the set of plays {m € Plays(A) |
fi(m) < fi(Out4(a, sinit))} has positive P57~ probability. Since the set of plays
that do not start in sj,;; or that are inconsistent with o_; have zero P;fn’f =
probability (see Remark 2.13), it follows that there exists a play 7 starting in
sinit that is consistent with o_; such that f;(m) < f;(Out4(0o, sinit)). This proves
that (i) implies (ii).

We now prove that (ii) implies (iii). Let m = spagsia; ... be a play from sjnit
consistent with o_; such that f;(m) < fi(Out4(c, sinit)). We let 7;: Hist(A) — A
be a pure strategy such that 7;(7<¢) = aéi) for all £ € N. We obtain that (7;,0_;)
is a pure strategy profile and it is each to check that Outa((7i,0_;), Sinit) = 7.
By our assumption on 7, we conclude that 7; is a profitable deviation of P; with
respect to o from sjnit. This ends the proof. O

A.8 Downward closures of compact sets

We prove that the downward closure of a closed set of R is a compact subset

of R, The main tool used in the following proof is sequential compactness.

Lemma A.10. Let D C R? be closed (i.e., compact) with respect to the topol-
ogy of RY. Then down(D) is compact with respect to the topology of R and
down(D) NR? is closed with respect to the topology of RZ.

Proof. Recall that R? is a compact metrisable space. Thus, it suffices to show
that down(D) is closed with respect to the topology of R? to end the proof.
Let q € R? and (qn)nen a sequence of elements of down(D) such that
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qn — q when n — co. We must show that q € down(D). The idea of the proof
is to bound q from above by a vector that is the limit of some sequence of
elements of D.

For alln € N, we let p,, € D such that p,, > q,. By (sequential) compactness
of D, (pn)nen has a convergent subsequence. Let p € D denote the limit of one
such subsequence. It follows that q < p. This shows that q € down(D), and
thus down(D) is a closed subset of RY. Since the topology of R? can be seen as
the topology induced on R? by that of RY, it follows that down(D) NR% is a
closed subset of R?. Ol

Remark A.11 (Assumption of Lemma A.10). The subsets of R? that are closed
with respect to the topology of R? are the compact subsets of R?. Therefore,
the assumption of Lemma A.10 does not apply to all closed subsets of R?.
We present a closed subset of R? the downward-closure of which is not a
closed subset of R%. We consider D = {(—2,n) | n € No}. To see that D is
R2-closed, consider a convergent sequence of elements of D. As it is a Cauchy
sequence, from some point on, all subsequent elements of the sequence are at
a distance of at most % from one another. Because the distance between two
different elements of D is at least 1, it follows the sequence that is considered
is ultimately constant, thus its limit lies in D. This shows that D is R?-closed.
We now argue that down(D) and down(D) NR? are not closed: (0,0) is in
the closure of these sets, but not in them. To show that (0,0) € cl(down(D)), we
observe that the sequence ((—1,0)),en, is a sequence of elements of down(D)
that converges to (0,0). On the other hand, we see that for all n € N,
(0,0) < (—1,n) does not hold, i.e., (0,0) ¢ down(D). <

A.9 Examples of continuous payoffs

We present examples of continuous payoffs in this section. First, we show that (a
generalisation of ) the discounted-sum payoff is continuous. Second, we show that
the shortest-path payoff is continuous whenever the considered weight function
bounded from below by a positive constant. Finally, we provide characterisations
in finite arenas of objectives whose indicator is continuous, and of prefix-

independent payoffs that are continuous. We fix an arena A = (S, (A(i))ie[[l,n]] ,0)
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for the remainder of the section.

A.9.1 Discounted-sum payoff

In the main text, we defined the discounted-sum payoff with a fixed discount
factor. Certain authors study a variant of this payoff where the discount factor
changes at each step of the play depending on the current state. We define
a generalisation of such discounted-sum payoffs in which both the discount
factor and the weights depend not only on the current state-action pair, but on
the history and current action at each step. We provide sufficient conditions
ensuring that this generalisation is well-defined and continuous.

We consider a history-dependent weight function w: (SA)* — R and a
history-dependent discount factor function A: (SA)* — [0,1]. We assume that
w is no more than W € R in absolute value and that X is bounded away from
1, i.e., there exists Ay € [0, 1] such that A(u) < A, for all u € (SA)T. We define
the generalised discounted-sum payoff as the function GDSu mﬁ} defined, for all
T = 80ap$1 - - - € Plays(A), by

[ee) r—1
GDSumf,‘J(W) = Z (H A(soag - - .s@)) w(Soao - - . SpGr).
=0

r=0

This function is well-defined for all plays: the defining series is absolutely
convergent by the assumptions on w and A\. We now prove that GDSu mﬁ} is

continuous.

Lemma A.12. Let w: (SA)T — R be a history-dependent weight function such
that w is no more than W € R in absolute value and \: (SA)™ — [0,1] be a

history-dependent discount factor function such that there exists A, € [0, 1] such
that \(u) < A\, for all u € (SA)*. Then GDSum), is a continuous payoff.

Proof. Let m = spays; ... € Plays(A) and € > 0. Let ¢ € N such that V_V)iﬁ <e

(whose existence is guaranteed by A € [0,1]). Let 7 = toboto ... € Cyl (m<y).

2.
1

For all r € N, let u, = sodo...sqa, and ul. = tgbg...t.b.. By definition of
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GDSum?,, we obtain that

‘GDSumi‘U(W) — GDSumg(w')‘

00 r—1 r—1
S (( A(un>) wuy) - (H A(um) w(um)‘
r=¢ n=0 n=0

S
r=>~0

2. W AL
W
X €,

We have shown that GDSum)) is continuous in 7. O

A.9.2 Shortest-path payoff

We consider a weight function w: S x A — R and a target T C S. The
shortest-path payoft SPathg is continuous over Reach(7'), since the payoff of a
play depends only on its prefix prior to the first visit to T. However, without
imposing any conditions on w, the shortest-path payoff SPach is not necessarily

continuous everywhere.

Example A.1. Consider a two-state MDP M = ({s,t},{a},d) (in fact, M
is a Markov chain) such that d(s, a) is the uniform distribution on {s,t} and
d(t,a)(t) = 1. Let w be a the constant zero weight function and consider the
target T = {t}. The payoff SPathl is not continuous at 7 = (sa)”. Indeed, for
all £ € N, the play 7’ = (sa)*™(ta)® is such that <, = 7., and SPath’ (7’) = 0.
Therefore, for SPathg to be continuous, 0 would have to be in all neighbourhoods
of SPath? (1) = 400, which is not the case.

The same example can be used to show that Tgreach(7) is not continuous in
general. <

The problem occurring in the previous example is that there is a play with
an infinite payoff that can be approached (in the sense of convergence) by plays
that have a bounded payoff. A sufficient condition to avoid this phenomenon is
to require that all weights are bounded from below by some positive constant;

in finite arenas, this is equivalent to assuming that all weights are positive.
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Under this condition, the payoff of a play is no less than the smallest weight
multiplied by the number of actions occurring before the first visit to 1. We
show that this condition implies the continuity of SPathZ.

Lemma A.13. Let w: S x A — R be a weight function and T C S be a target.
Assume that there exists n > 0 such that w(s,a) >n for all s € S and all a € A.
Then SPathl is continuous.

Proof. Let ™ = soagsy . .. € Plays(A). First, assume that SPathl (7) € R, i.e.,
7 € Reach(T). Let r € N such that s, € T. By definition of SPathl for all
7' € Cyl (r<,), we have SPathl (1) = SPath’ (’). This implies that SPathZ is
continuous in 7.

Now, assume that SPathl(7) = 4+00. Let M € R. Let 7 € N such that
M < r-n. We claim that for all 7' € Cyl(n<,), SPathl(z') > M. Let
' € Cyl(m<,). If 7’ ¢ Reach(T'), the sought inequality is direct. We now
assume that 7’ € Reach(T"). Because no state of T" occurs in 7<, and all weights
are non-negative, we obtain that

r
SPathl (n') > "w(sg,ag) >r-n> M.
=0

We have shown that SPath? is continuous. 0l

A.9.3 Objectives and indicators

We now characterise objectives that have a continuous indicator function in a
finite arena. Let €2 be an objective. The co-domain of an indicator function is
{0,1}. This implies that 1q is continuous if and only if, for all plays 7, there
exist £ € N such that, for all plays 7’ € Cyl (7<), we have 7’ € Q if and only if
m € Q. Furthermore, if A is finite, it follows from uniform continuity that £
can be chosen independently of the play in the previous statement. Therefore,
in finite arenas, 1q is continuous if and only if membership in 2 depends only
on a bounded prefix of plays. We show below that this is also equivalent to 2
being both open and closed.
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Lemma A.14. Assume that A is finite. Let Q be an objective. The three

following statements are equivalent:
(i) 1q is continuous;

(i) there exists £ € N such that for all 1 € Plays(A), Cyl(mw</) is either
included in or disjoint from §;

(iii) € is open and closed, i.e., there exist finitely many histories hq, ..., hy

such that Q@ = _; Cyl (hum,).

Proof. We show that (i) and (ii) are equivalent, then that (ii) and (iii) are
equivalent. In the interest of this proof being self-contained, we also show that
the two properties in (iii) are equivalent at the end of the proof.

We first prove that (i) and (ii) are equivalent. Since 1g is real-valued and A is
finite, the payoff 1 is uniformly continuous, i.e., for all € > 0 there exists £ € N
such that for all plays m, 7" € Plays(A), if 7<y = 7, then [1o(7) — Lo(7')| < e.
It follows from the co-domain of 1 being {0, 1} that 1q is continuous if and only
if there exists ¢ € N such that for all plays m, 7" € Plays(A), if #’ € Cyl (7<),
then L1o(m) = Lo(n’) (the non-trivial direction follows by choosing € = 1), i.e.,
Cyl (m<¢) is included in or disjoint from 2. This establishes the equivalence
of (i) and (ii).

Next, we establish that (ii) and (iii) are equivalent. First, assume
that (ii) holds and let £ € N be given by this property. We obtain that
Q = U,eqCyl(m<¢). There are finitely many histories of the form <,
(m € Plays(A)) because A is finite. This shows that (iii) holds. Conversely, as-
sume that (iii) holds and let hy, ..., hy, € Hist(A) such that Q = [, _; Cyl (hy,).
Property (ii) follows by letting ¢ be the greatest number of states in the histories
hi, ..., hy or zero if there are no histories.

For the sake of completeness, we close the proof by showing that the two
properties given in (iii) are equivalent. First, assume that € is open and closed.
A base of the topology of Plays(\A) is the set of history cylinders (Lemma 2.9),
therefore 2 is a union of history cylinders. Since Plays(A) is compact and €2 is
closed, it follows that €2 is compact. We conclude that €2 can be written as a

finite union of cylinder sets by compactness.
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Conversely, assume that Q = J;_, Cyl (hs,) for some histories hi, ..., hy.
It suffices to show that Cyl(h) is open and closed for all h € Hist(.A). Let
h = soag . ..ar—15, € Hist(A). By definition of the product topology, Cyl (h) is
open. To show that Cyl (h) is closed, we consider m € cl(Cyl (h)) and show that
7 € Cyl (h). By definition of closure, the cylinder Cyl (r<,) intersects Cyl (h),
i.e., there exists a play with the prefixes 7<, and h. It follows that 7<, = h, and
thus 7 € Cyl (h). We have shown that Cyl (k) is both open and closed, ending
the proof. O

A.9.4 Prefix-independent payoffs

Prefix-independent functions assign the same payoff to any two plays that share
a common suffix. Formally, a payoff f: Plays(A) — R is prefiz-independent if
for any play = € Plays(A) and any r € N, f(w) = f(7>,). The goal of this
section is to characterise prefix-independent payoffs in finite arenas. We thus
assume that A is finite for the remainder of the section.

We first introduce some notation. For any play m = spags; ... € Plays(A),
we let inf(m) ={s€ S| VreN, 3l >r sy =s} denote the set of states that
occur infinitely often in 7.

Let f: Plays(A) — R be a prefix-independent payoff. Assume that f is
continuous. We claim that the payoff of a play m is uniquely determined by
inf(7). Let m and 7’ be two plays such that inf(7) = inf(7"). To prove that
f(m) = f(n'), it suffices to show that in all neighbourhoods of 7, there is a play
whose payoff is f(7’). Indeed, this property together with the continuity of f
implies that f(7’) is in all neighbourhoods of f(7). By prefix-independence
of f, we need only establish that in all neighbourhoods of 7, there is a play
that shares a common suffix with 7. Let ¢ € N such that last(r<;) € inf(7).
We construct a play 7”7 in Cyl (m<¢) such that f(7”) = f(n) as follows. Since
inf(m) = inf(n’), there exists € N such that the first state of 7%, is last(m</).
We thus define 7" = w<, - 7l,,. By prefix-independence of f, we obtain that
f(@") = f(#L,) = f(x). This shows that all neighbourhoods of 7 contain a
play whose p_ayoff is f(7') and this closes our argument.

This argument above can be adapted to establish a more general property
of continuous prefix-independent payoffs: for any two plays m and 7/, if inf(7)

is reachable from inf(7’), then both plays have the same payoff. We show that
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this property characterises continuous prefix-independent payoffs.

To formalise our characterisation, we define the strongly connected compo-
nents (SCCs) of (the graph induced by) A. An SCC is a maximal set of states
C C S such that, for all s, t € C there exists a history of A with at least one
action starting in s and ending in t. An SCC C' is reachable from an SCC C” if
there exists a history starting in €’ and ending in C.

We obtain the following characterisation. For the sake of conciseness, we
apply the convention 0 - (+00) =0 (—o00) = 0 below.

Lemma A.15. Assume that A is finite. Let f be a prefix-independent payoff
function. Let C1, ..., Cy be the SCCs of A. Then f is continuous if and only
if there exist constants o, ...,a € R such that f = Zle @; - Igjichi(cy) and,
for all i,i’ € [1,k], a; = ayy whenever Cy is reachable from C;.

Proof. We first observe that the set of states visited infinitely often along a play
is a subset of an SCC. In other words, for all plays m € Plays(A), there exists a
unique SCC C' such that 7 € Biichi(C'); we say that 7 stabilises in C' for short.

We first assume that f is continuous. Let 7, ' € Plays(.A). We show that if
7 stabilises in an SCC C and 7’ stabilises in an SCC C” such that C' is reachable
from C’, then f(m) = f(n’). Let r € N such that 7>, starts in a state of C.
For all £ € N, since C' is reachable from C”, there exists a play 7(© € Cyl (7r’<e)

such that 7>, is a suffix of 7). By prefix-independence of f, for all £ € N, we
have f(m(®)) = f(r). Furthermore, all neighbourhoods of 7’ contain at least one
play 7(® by construction. It follows from the continuity of f that f (m) is in all
neighbourhoods of f(7'), i.e., f(7) = f(«').

The previous argument implies that the payoff of a play depends only on the
SCC in which the play stabilises. For all 1 < i < k, let ; be the payoff of any
play that stabilises in C;. From the above, we obtain that f = Zle ;- Lgiichi(c;)
and that the coefficients «; satisfy the required conditions. This ends the proof
of the first implication.

We now let aq,...,a; € R such that f = Zle @i - Lgjichi(c;) and, for all
i,i" € [1,k], a; = ay whenever Cy is reachable from C;. We show that f is
continuous. Let 7w € Plays(.A). It suffices to show that f is constant over a
neighbourhood of . Let 1 <4 < k such that 7 stabilises in C; and let » € N
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such that all states of 7>, are in C;. Let 7’ € Cyl (7>,). Then 7’ stabilises in
an SCC that is reachable from C;, thus f(7') = a; = f(7). We have shown that
f is constant over Cyl (7>, ), ending the proof of the second implication. O






CHAPTER B

Details of Section 14.1

In this section, we formally prove the statements made with respect to the
example presented in Chapter 14.1. We recall the MDP and its payoff set in
Figures B.1a and B.1b. Throughout this section M refers to the MDP depicted
in Figure B.1a and w denotes the two-dimensional weight function from the
illustration. Recall that we consider the two-dimensional payoff f = (f1, fo)

given by the discounted-sum payoffs f; = DSumz’U/l4 and fo = DSum%U/QQ.

First, we prove that the description of Pay§'"(f) given in Chapter 14.1 is
accurate. Second, we establish that all pure payoffs are extreme points and
that all of these points except (0,2) are Pareto-optimal. Finally, we close the
section by proving that all payoffs of pure strategies can only be obtained by
playing without randomisation, and comment on the consequences in terms of
strategy complexity.

Throughout this section, M refers to the MDP of Figure 14.1a.

Determining the set of payoffs of pure strategies

We provide the computations necessary to obtain the description of Pay§ " (f) of
Chapter 14.1. The argument is based on the fact that there are no randomised
transitions in the MDP we consider. Therefore, the payoff of a pure strategy
from sq is the payoff of a single play. In the following proof, we directly compute

the payoff of each play from sg.

429
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E(f2). .2)

1 E(f1)

(a) An MDP with deterministic transi- (b) The set of expected payoffs for the
tions. Pairs next to actions represent two- MDP of Figure B.1a for the payoff f; =
dimensional weights. DSumf’U/l4 and fy = DSum%U/f.

Figure B.1: An MDP with a two-dimensional discounted-sum payoff f such

that extr(Pay, (f)) is infinite.

Lemma B.1. We have

PayP"s(f) = {(0,2), (1,2)} U {(1 + %,2 - 21_1> |r e N} .

Proof. There are no randomised transitions in M. For this reason, any pure
strategy induces a single play in M from any starting state. We compute the
payoff of all plays of M from sy to obtain the desired result.

We first consider the three plays soc(s1a)®, spa(s2a)® and sob(ssa)® that
never leave their second state once it is reached. By definition of discounted-sum
payoff functions, we have f(soc(s1a)?) = (0,> 50, 2%;) = (0,2), f(soa(s2a)*) =
(1,320 5) = (1,2) and f(sob(sza)) = (1 + 225(3)%,0) = (5,0) = (1 +
T —

It remains to deal with the plays that move from sg to s and then eventually
move to s3. It suffices to show that for all » > 1, we have f(so(as2)"b(s3a)*) =
(1+ 45’—;, 2 L ). Let » > 1. We obtain, by definition of discounted-sum

- or—1

payoff functions, that

(e.e]

X qf r Y4 r
3 3 3 3
f1(50(0“92)rb(53a)w) :1"‘; E = 1"‘111“‘;04@ :1+F7
=r =
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and
T w = 1 1 — QLT 1
fz(SO(CLSQ) b(SSCL) ) = Z ? = 1_71 =2 — F
=0 2
This proves the required equality to end the proof. ]

Extreme points and Pareto-optimality

We now show that extr(Pay, (f)) = Pay2’"(f) in the context of this example
(this property does not hold in full generality). It follows from Pay, (f) =
conv(PayRU"(f)) that all extreme points of Pay, (f) are the payoff of a pure
strategy. It remains to show that Pay?""*(f) C extr(Pay, (f)). We first observe
that (0,2) € extr(Pay,, (f)) because it is with the least first component among all
elements of Pay?™( f). The main difficulty lies with the elements of Payf"(f A\

{(0,2)}.

We handle the remaining points with a two-part argument. First, we
show that any non-extreme element of the boundary of Pay, ( f) is a convex
combination of two extreme points. This implies that all Pareto-optimal
elements of Pay, ( f) are convex combinations of no more than two vectors.
Second, we prove that for all vectors q € PayR"(f) \ {(0,2)}, q is either
incomparable or strictly greater (with respect to the component-wise ordering)
to convex combinations of any two vectors of Pay, (f)\ {q}. We prove this by
reasoning on a strictly concave real function whose graph includes Pay5 "™ (f )\
{(0,2)}. The graphical intuition is as follows: any segment joining two points
of the graph of a strictly concave function is beneath the curve, so any points
on the segment that are comparable to q must be smaller. This approach also
yields that all vectors of Pay?""*(f)\ {(0,2)} are Pareto-optimal elements of

Pay2r™().

We now prove a generalisation of the first property formulated above: given
a compact set D C R? any vector in the boundary of conv(D) is a convex
combination of no more than two elements of D. This can be seen as a refinement
of Carathéodory’s theorem for convex hulls (Theorem 2.1) when considering
the boundary of the convex hull of a compact set in a two-dimensional setting.
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Lemma B.2. Let D C R? be compact. For all q € bd(conv(D)), either
q € extr(conv(D)) or q is a convex combination of two vectors of D\ {q}.

Proof. If D is empty or a singleton set, the result is direct. We thus assume
that D has at least two elements. Let q € bd(conv(D)). Because D is compact,
conv(D) is closed (Lemma 2.2) and thus bd(conv(D)) C conv(D). We let
pM, ..., p™ € D and oy, ..., a, €]0,1] be non-zero convex combination
coefficients such that q =Y _; anp™.

We first show that the vectors q, p"), ..., p{"” lie on a single line. If aff(D)
is a line, then this is direct. We thus assume that aff(D) is not a line. We obtain
that aff(D) = R?: it contains a line because D has at least two elements, and
therefore its dimension must be two. This implies that ri(D) = int(D), and thus
that q ¢ ri(D). By the supporting hyperplane theorem (Theorem 2.4), there
exists a non-zero linear form x* such that for all p € conv(D), z*(q) > z*(p). It
follows that for all 1 < m < n, we have z*(p(™)) = z*(q) (by linearity, because
o™ £ 0). In other words, q and the p™ lie on the line (z*)~'(z*(q)).

We have shown that q and the p(™ lie on a single line. There exists a
non-zero vector v € R? such that for all 1 < m < n, there exists 8, € R such
that p™ = q + B, - v. There must exist 1 < m,m’ < n such that 3, > 0
and B,y < 0. We conclude that q € [p(m), p(m/)]. We have shown that q is a
convex combination of at most two elements of D. Ol

We now introduce the strictly concave function F: [1,5] — R used in the

remainder of our argument. For all = € [1, 5], we let

_ log,/5(2)
Flz)=2—- <x3 1>

We observe that F is well-defined in 0 because logy/3(2) > 0. We recall that
F is strictly concave if and only if for all z, 2’ € [1,5] such that x < 2/ and all
B €10,1][, we have SF(z) + (1 — 8)F (') < F(Bz + (1 — B)z’). We now show

that F is decreasing and strictly concave.

Lemma B.3. The function F is decreasing and strictly concave.
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Proof. To prove that F is decreasing (resp. strictly concave), it suffices to
show that it is differentiable over |1, 5[ and its derivative F' is strictly negative
(resp. decreasing). For the strict concavity of F, in practice, we show that the
second derivative F” of F (defined over |1,5[) is negative. For all z € |1, 5[, we
have

, T — 1 log4/3(2)—1
Fiz)=— 10g4/3(2) : 3

and

r—1 10%4/3(2)*2
F(a) = ~logys(2) - (ogs@ ~ 1) - (57 .

To prove that 7' and F” are negative over |1,5[, it suffices to show that
logy/3(2) > 0 and log,/3(2) —1 > 0. The second inequality implies the first
and can be shown to be equivalent to 2 > %. This ends the proof that F is
decreasing and strictly concave. O

Next, we prove that Pay?"(f)\ {(0,2)} is included in the graph of F.

S0

Lemma B.4. The graph of F includes Pay?""(f)\ {(0,2)}, i.e., for all (z,y) €

Payt"(f), F(x) = y.

Proof. First, we observe that F(1) = 2, i.e., (1,2) is in the graph of F. It

remains to show that for all £ € N, we have

3¢ 1

We let £ € N. We obtain the following equalities:

3@ 3(—1 10g4/3(2)
7 (+5) -2 (=)

(f—l)'lo&x/a(?)
()

4
logy3(2) —(=1)
3
g 1

201"
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We have shown that all elements of Pay?"(f) \ {(0,2)} are in the graph of

S0

E =

We now prove that all vectors q € PayP"¢(f)\ {(0,2)} are not smaller than

S0

convex combinations of two elements of Payt™(f) \ {q}.

Lemma B.5. Let q € Pay?™(f) \ {(0,2)}. For all p1,p2 € Pay?""*(f) \ {a}

S0 S0

and all a € [0, 1], q is incomparable to or strictly greater than «a-p1+ (1 —«)-pa.

Proof. Let q = (q1,q2). Let p1,p2 € Pay?"(f) \ {q}. We fix a € ]0,1[;

S0

the above statement for a € {0, 1} is covered by the cases p; = pa. We let
p = a-p1+(1—a)-p2. In the first part of this proof, we assume that p; # (0, 2)
and po # (0,2) and discuss the case when this assumption is lifted at the end
of the proof.

By Lemma B.4, we have g2 = F(q1) and we can write p1 = (21, F(z1))
and p2 = (22, F(x2)) where x1 and x5 are the first components of p; and ps
respectively. We assume without loss of generality that 1 < xo. All elements

Pure(f) have different z-components, hence z1 # ¢; and x2 # ¢i.

50

We first assume that x; < x9 < ¢1. In this case, by Lemma B.3 (F is

of Pay

strictly decreasing), we have F(x1) > F(z2) > ¢1. It follows that q and p are
incomparable: the first component of q is greater than that of p but the second
component of q is smaller than that of p. In the case that ¢ < 1 < x9, we
obtain in a similar fashion that q and p are incomparable.

We now assume that 1 < ¢1 < x3. We let 8 € ]0,1[ such that ¢; =
B-x1 + (1 — B)z2, which exists because g1 € |z1,z2[. If p is not comparable to
q, there is nothing to show. We assume that these two vectors are comparable
and show that p < q. We proceed by contradiction and assume that p > q.

We consider the linear form z*: R? — R defined by z*(v) = —% .
v + ve for all v = (v1,v2) € R2  We have z*(p;) = x*(p2) and thus

(x*)~1(2*(p1)) is the line carrying the segment [p1, pa]. Because F is decreasing
F(x2)—F(21)
To—x1
the sense that for all vi,vy € R?, v < vy implies that z*(vy) < 2*(va).

Let v = (q1,8 - F(z1) + (1 — B)F(x2)). We have v < q by strict concavity
of F (Lemma B.3). Furthermore, we have 2*(v) = 2*(p) because both of these

(Lemma B.3), we have < 0. This implies that x* is increasing in
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vectors are in the segment [p1, p2]. We obtain, because x* is increasing and
v < q < p, that 2*(v) < 2*(q) < 2*(p) = 2*(v). This is a contradiction. This
ends the proof in the case that p; # (0,2) and p2 # (0,2).

Next, we assume that p; = p2 = (0,2). We obtain that p = (0,2), which is
smaller than (1,2) and incomparable to all elements of Pay?""(f)\{(1,2), (0,2)}.
Finally, we assume that only one of p; or ps are (0,2). We assume without loss of
generality that p; = (0,2). If p > q, then we would have o+ (1,2)+ (1 —«) -p2 >
P > q, which would contradict the first part of the proof. O]

With Lemma B.2 and Lemma B.5, we directly obtain that all elements of
Pay?"*(f) \ {(0,2)} are Pareto-optimal elements of Pay, (f): if they were not

50
Pareto-optimal, then they would be dominated by an element of the boundary

of Pay, (f) which would be the convex combination of two vectors in PayPu™(f).

Lemma B.6. Let q € Pay§"(f)\{(0,2)}. Then q is a Pareto-optimal element

of Pay, (f)-

Proof. Assume towards a contradiction that there exists p € Pay, (f) such that
q < p. We show that there exists p’ € bd(Pay,,(f)) such that p’ > q. This
yields a contradiction with Lemma B.2 and Lemma B.5.

If p € bd(Pay,,(f)), then we let p’ = p. We thus assume that p €
int(Pay, (f)). Let a = sup{8 > 0 | p + 81 € Pay, (f)}. We have o € R
because p € Pay, (f) (i.e., 0€ {8>0|p+ 1 € Pay, (f)} thus & > —oc0) and
Pay,, (f) is bounded (thus o < +00). Furthermore, because Pay, (f) is closed,

we have p + al € bd(Pay,, (f)). We obtain the announced contradiction by
letting p’ = p + ol > q. O

We conclude this section by showing that the set of extreme points of
Pay,, (f) is the set of pure payoffs.

Lemma B.7. We have extr(Pay, (f)) = Pay?""*(f).

50
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Proof. First, we show that extr(Pay, (f)) C Pay®""®(f). It suffices to show
that all vectors q € Pay, (f) \ Pay?“"(f) are not extreme points of Pay,, (f).
Let q € Pay, (f) \ Pay?"®(f). By Theorem 14.4, we have q € Pay, (f) =
conv(Pay?""®(f)). This implies that q € conv(Pay,,(f) \ {q}) because q ¢
PayPu"(f), and thus q ¢ extr(Pay, (f)).

Conversely, let q € Pay?'™(f f). First, we assume that q = (0,2). The first
coordinate of all other vectors of Pay""( f f) is greater than or equal to 1. This
therefore also applies to any convex combination of vectors in Pay?""(£)\{(0,2)}.
It follows that q € extr(Pay,,(f)). Second, we assume that q # (0,2). Assume
towards a contradiction that q ¢ extr(Pay, (f)). By Lemma B.6, q is a Pareto-
optimal element of Pay, ( f), and thus lies on the boundary of this set. We
obtain that q is the convex combination of two elements of Pay?""(f) \ {q} by
Lemma B.2 (which is applicable because Pay,(f) is closed) and the assumption
that q ¢ extr(Pay,, (f)). This yiclds a contradiction with Lemma B.5, which
states that there is no convex combination of two vectors of Pay?""®(f) \ {q}
that is greater than or equal to q. O

Memory cannot be traded for randomness

We prove that the only way to obtain an expected payoff in Pay£™( f) is through
a strategy that induces a single play from sq (i.e., intuitively, a strategy that is

pure in practice).

Lemma B.8. Let 0 € X(M) be a strategy such that at least two plays starting
in so are consistent with o. Then EJ (f) ¢ Pay?""*(f).

Proof. We consider the following enumeration of the set of plays of M that
start in sg. We let m_o = spc(s1a)®, m—1 = spa(s2a)®, and, for all r € N, we
let 7, = so(as2)"b(s3a)”. We have f(m_3) = (0,2), f(7_1) = (1,2) and, for all
reN, f(r,) = (1 + 45’—;, 2 — 2%1) (refer to the proof of Lemma B.1 for the
relevant computations). Due to the absence of randomised transitions in M,
Payp“re(f) is the set of payoffs of the plays starting in sg. Therefore, to end the
proof, we must show that for all » > -2, E7/ (f) # f(xm,).

For all 7 € {-1, -2} UN, let o, = P{ ({7 }). Through this notation, we
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obtain that

ES,() = ) arf(m). (B.1)

First, we show that E (f) ¢ {(0,2), (1,2)}. If there exists € N such that

» > 0, then we have EJ (f2) < 2, which implies that EJ (f) ¢ {(0,2), (1,2)}.
Next, assume that o, = 0 for all r € N. Then a_s and o_; must sum to one.
Furthermore, since o has at least two outcomes, both a_o and «_; must be non-
zero. It follows that EZ (f1) € ]0,1[. We conclude that EJ (f) ¢ {(0,2), (1,2)}
in this case as well.

We now fix 7 € N and show that EZ (f) # f(m,). We proceed by contradic-
tion. Assume towards a contradiction that E (f) = f(m,). Our goal is to con-
tradict Lemma B.7, i.e., to show that f(,) is not an extreme point of Pay, (f).
We do so in two steps. First, we show that EJ € cl(conv(PayP "(f) \ {f(m)})).
Next, we prove that conv(PayP"(f) \ {f(wr)}) is closed. Together, these
statements imply that f(m,) € conv(Pay?:"*(f) \ {f()}), which is the sought
contradiction.

We now establish that EJ € cl(conv(Pay? " (f) \ {f(m)})) It follows from
EZ, (f) = f(m,) and Equation (B.1) that EJ (f) = dootr ol f(mg). We obtain
from this last equality that EZ (f) € cl(conv(Pay?"(f) \ {f(mr)}))-

It remains to show that conv(PayR'"(f) \ {f(m,)}) is closed. The vector
f(m) is an isolated point of PayP"™®(f): all other elements of Pay?""*(f) are at
distance at least 27" of f(m). Therefore, Pay?""®(f) \ {f(m,)} is closed (when
removing an isolated point from a closed set, the resulting set is still closed),
and thus conv(Pay?""*(f) \ {f(m,)}) is closed by Lemma 2.2. O

We close this section by commenting on the significance of Lemma B.8 in
terms of memory requirements. When we only consider pure strategies, some
Pareto-optimal payoffs may require strategies with an arbitrarily large memory,
in the sense that we may need to count to some high (but finite) counter
value to enact a given number of loops in sy to obtain certain expected payoffs.
Lemma B.8 implies that we cannot substitute this counting by randomisation,
even when only considering Pareto-optimal payoffs. In particular, for this
example, we obtain that although all expected payoffs can be obtained with
strategies that only count up to a finite number of steps (i.e., to count loops in
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s9), we cannot bound this number of steps uniformly for all expected payoff

vectors.
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set of real numbers
extended real line R U {—o00, 400}

set of complex numbers

TTQRERO
3

| set of natural numbers between n,n’ € N
shorthand for [0,n], where n € N
[z, y] closed interval (of R)
|z, y[ open interval (of R)
14 indicator of a set A
f~YB) inverse image of set B by a function f
f7Hb) inverse image of a singleton {b} by f
Im(f) image of a function f
|A| cardinality of a set A
A* set, of finite words over a set A
At set of non-empty finite words over a set A
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Probability symbols

D(A) set of distributions over a countable set A
supp(u) support of a discrete distribution p
D(B,F) set of distributions of a measurable space (B, F)

Topology notation

(X,7) topological space
cl(D) closure of a set D
int(D) interior of a set D
bd(D) boundary of a set D
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(v, w) scalar product of vectors v and w

Iv]|2 Euclidean norm of vector v

ker(L) kernel of linear map L

x* y* linear forms

aff(D) affine span of a set D C R?

ri(D) relative interior of a set D C R?
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conv(D) convex hull of a set D C R?

extr(D) set of extreme points of a convex set D C R?

Arenas and Markov decision processes
General notation

n number of players (in multi-player arenas)
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S »
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Plays(.A)

7 € Plays(A)
Hist(.A)

h € Hist(.A)

w
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last(h)
hi - he

h-m

Cyla (h), Cyl(h)
Cyla (M), Cyl (H)
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A®)
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<y

>y

h = sp@oS1 ... Qr—1Sy

player ¢

arena

state space of an arena
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set of plays of A

play

set of histories of A
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action space of an MDP or a turn-based arena
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M= (S, A,0) Markov decision process (MDP)
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m™ = Spapsq .. .

<y
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h = spap$1 . ..Gr_1S,
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EEUFG(A)
o, T
(M)
Z:Pure(-/\/l)
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A S
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= (1,5 pn)
L

n-player turn-based arena

two-player turn-based arena

play of a turn-based arena

prefix spagsi .. .ag_1s¢ of a play m = spagsy . . .
suffix spagspyq ... of a play m = sgagsy . ..
history of a turn-based arena

set of histories ending in a state of P;

Markov chain
play of a Markov chain
history of a Markov chain

(pure or behavioural) strategies of P;

(pure or behavioural) strategy profile

strategy profile, highlighting the strategy of P;
set, of strategies of P; in an arena A

set of pure strategies of P; in an arena A
strategies of an MDP

set of strategies of an MDP

set of pure strategies of an MDP

subset of strategies of an MDP

measure induced by strategy (profile) o from s
measure over plays of a Markov chain C from s
outcome of a pure profile o with A deterministic
mixed strategy of P;

mixed strategy profile

mixed strategy of an MDP
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Mealy machines

M, N Mealy machine

M, N state space of a Mealy machine
m, n memory states

Minit, Vinit initial distribution

Minit, Ninit initial memory state

nxton, NXty next-move function

UPgy, UPgy update function

(M, pinit, NXtox, Upsn ), Mealy machine tuple
(N7 I/inita nXt(nv Upfn)

(M, minit, nXton, upgy) tuple with deterministic initialisation

M”LUv Vw

UPgn

distribution over memory states after w occurs
iterated deterministic update function

Objectives and payoffs

Q

f

EZ(f)
Reach(T)
Reach(t)
Safe(U)
Safe(t)
Biichi(T)
Biichi(t)
coBiichi(U)
coBiichi(t)
w: SxA—R
DSum?)
TRew,,
SPathl
geR

objective

payoff or cost function

expectation of f when following ¢ from s
reachability objective for target T'C S
reachability objective for target {¢}
safety objective for unsafe set U C S
safety objective for unsafe set {¢}

Biichi objective for target T'C S

Biichi objective for target {t}

co-Biichi objective for unsafe set U C S
co-Biichi objective for unsafe set {¢}
weight function

discounted-sum payoff (weight w, discount \)
total-reward payoff (weight w)
shortest-path cost (weight w, target T')
threshold to be ensured
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Games

G = (A, (fi)iepin]) n-player game on A with payoffs

G = (A, (Q)icpn]) n-player game on A with objectives

G=(ATf) two-player zero-sum game with a payoff/cost

g = (A,Q) two-player zero-sum game with an objective

alg(s)

Imperfect information

Z;
ObSi

B
(A, (Z24,0bs;)ic[1,n])

One-counter MDPs

Q

¢, pte
=(Q, A, dw)

keN

s = (q’ k)

B e Ny

M=F(Q)

o=B

Reach(T")

Term(T)

value of state s in zero-sum game G

observation space of P;
observation function of P;
arena with imperfect information

tuple for an arena with imperfect information

state space of an OC-MDP

states of an OC-MDP

one-counter MDP (OC-MDP)

counter value in an OC-MDP

configuration of an OC-MDP

counter upper bound

MDP over configurations induced by Q
transition function of M<5(Q)
state-reachability objective for target T' C Q)
selective termination objective for target T C )

Notation for the construction of Nash equilibria (Part II)

W1(Q)
Wa(Plays(A) \ 2)
A;

Gi

Valg (s)

winning region of P in a zero-sum game (A, )
winning region of Py in a zero-sum game (A, )
derivative of A for a coalition game against P;
coalition game against P;

winning region of P; in a coalition game (A;, §2;)

value of state s in a coalition game G;
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sg segment of a play

S segment decomposition of a play

VisP19 () players whose targets are visited (Reach, SPath)
VisPos? (1) positions of target visits in m (Reach, SPath)

Classification of randomised strategies (Part III)

XYZ Mealy machine X: initialisation; Y: outputs; Z: updates

XYZ strategies strategy induced by an XYZ Mealy machine
Eﬁl set of pure strategies of P; consistent with h
FP

i fin. arenas with perfect recall for P;

szf , inf. arenas with perfect recall for P;
Ci ! fin. arenas with or without perfect recall for P;
Cilz inf. arenas with or without perfect recall for P;

Multi-objective MDPs (Part IV)

d number of payoff functions

f=( je[Ld] multi-dimensional payoff

ft =max(f,0) non-negative part of a one-dimensional payoff f
f~ =max(—f,0) non-positive part of a one-dimensional payoff f
q, p expected payoff vectors or achievable vectors
4, Dj components of expected payoff vectors

Pay,(f) expectations of f from s for all strategies
Ach,(f) achievable vectors

PayP""¢(f) expectations of f from s for all pure strategies
AchPU"¢(f) purely achievable vectors

PayZ(f) expectations of f from s for all o € ¥

AchZ(f) achievable vectors witnessed by some o € X
distproba metric over distributions in Chapter 15.1

E=(F,Ag) end-component of an MDP
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Interval strategies in OC-MDPs (Part V)

General notation

Z,J,K
IeT
bt b
OEIS
CIS

p

interval partition of set of counter values
interval of N

upper and lower bounds of an interval
open-ended interval strategy

cyclic interval strategy

period of an interval partition or a CIS

Compressed Markov chains

C7(9Q), 7
ST

St

07

B, Br

«

Hsucc(sa 3/)

h

R% =(R7,07)

compressed Markov chain for ¢ on Q w.r.t. 7
state space of C7

absorbing states of C7

transition function of C7

denotes logy(|I] + 1) for some [ € Z

natural number smaller than 5 or S

histories from s to s’ with no other C7-successor
history of C

one-counter Markov chain for C7 if o is a CIS

Transition probabilities in compressed Markov chains

We refer the reader to the text prefacing Theorem 18.6 (unbounded case,

Page 326) and Theorem 18.9 (bounded case, Page 330) for a more precise

description of the notation described below. In the following, induced MC' refers

to the induced Markov chain from which we derive a compressed Markov chain.

(g D)
Ha((a, k) /' p)
[(a, k) / Pla
((g,k) /D)o

variable in the unbounded case

sets of histories for bounded case
probability of H.((q, k) /" p) in induced MC
variable for probability of H,((¢, k) 7 p)
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Hal(g, k) (D)
[(g, k) \Pla
((g,k) (D)o

sets of histories for bounded case
probability of Ha((g, k) “\( p) in induced MC
variable for probability of Ha((g, k) \ p)

Verification and realisability (logical formulae)

boldface letter, e.g., z
starred variable, e.g., z*

Y, Ys
zéa, 2!,z
7_Z

Cr* C7
07", 0%
X, Tg
@g(x,z)
g (x,y)
07
Cx(R%)
Sk(Ryz)
S

ok [R%]
V, Us.s'
X, T35
\I/g(v, z)
25 (x,v)
o (x,y)
LT B ()
@f’zl(z)
o7 (2)

vector or set of variables

valuation of the variable (vector)

variables for probabilities of the objective
variables for strategy probabilities

interval strategy parameterised by z
compressed Markov chain for 7,

transition function of C%

variables for probabilities in CZ (OEIS)
formula for transition probabilities of C% (OEIS)
formula for objective probabilities in C% (OEIS)
one-counter Markov chain inducing C% (CIS)
transition function of R%

compression of C=*(R%) with respect to K
state space of Cx(R%)

element of Sx(Ry)

transition function of Cic(R%)

variables for probabilities in R%

variables for probabilities in Cic(R%)

formula for transition probabilities in R?%
formula for probabilities in Cxc(R?%) (CIS)
formula for objective probabilities in Cc(R%)
formula for strategy probabilities (bounded)
formula for strategy probabilities (OEIS)
formula for strategy probabilities (CIS)

Square-root-sum hardness

L1545 Tn, Y
X:(x17"'axn)

inputs to the square-root-sum problem
vector of square-root-sum inputs other than y
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m max;e[1,,] Li I & square-root-sum instance
Ox one-counter Markov chain used in our reduction
ep error on termination probability in CS5(Qy)

NP-hardness

V

veV
ECVxV
G=(V.E)

(finite) set of vertices
vertex

set of edges

directed graph
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